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The Oscillation of Functions of an Orthogonal Set.* 

By O. D. EiiLLooG. 



1. Introductory. 

The sets of orthogonal functions which occur in mathematical physics have, 
in general, the property that each changes sign in the interior of the interval 
on which they are orthogonal once more than its predecessor. So universal is 
this property that snch sets are frequently referred to as sets of " oscillating 
functions/^ The question arises, is this property of oscillation inherent in that 
of orthogonality? That it is not, is evidenced by a simple example. If the 
first function does not vanish, it is clear that the second must change signs, but 
the example shows that it does not follow that the third must change signs 
twice. Thus let ^o{x) =1, while ^i (re) is defined on the interval (0, 1) as follows : 

For 0<a;<i, <^(a;) =27a:— 8, 
iS^Sh 4>i(a;)=18a;— 5, 
i<^:^f> <^i(a?)=— 18a;+13, 

Let ^t{x) =^i(l — x). Then the three functions are orthogonal on the interval 
(0, 1), while the second two change signs but once each. 

If ^{x) changes signs but once, say at a;=a, the function ^o(^)^i(^) — 
^{a)^o{x)y which is orthogonal to ^{x), can not have a;=a, where it vanishes, 
as the only point where it changes signs, since two orthogonal functions must 
be of the same sign in part of the interval and of opposite signs in part. 
Hence, if we make the supposition ^o(^o)^i(^) — ♦0(^1)^1(^0) >0 for 0<a?o< 
x^<l, 4>,(a:) must change signs twice in the interior of the interval. 

These considerations suggest the determinant Condition of the next para- 
graph. It is interesting to note that it is essentially the condition that a func- 
tion Co^o(^) +Ci^i(^) + . . . . +<?n^«(^) can be found which will coincide with a 
given function f{x) at any n+1 interior points of the interval, the difference 
being merely the substitution of a definite sign for the being different from 



* Read before the American Mathematical Society, November 29, 1913. 
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zero. Also it should be noted that it is a condition satisfied by the more com- 
mon orthogonal sets, like the sines, sin TtXy sin 2712;, sin SnXj . . . . ; the Legendre 

polynomials; and the Bessel functions, VxJo{aix), VxJo{a2x)y VxJoiasX)^. . . ., 
where ai, 02, a,, . . . . are the roots of Jo{x) =0. The subsequent paragraphs 
will be devoted to deriving some oscillation and other properties from the sug- 
gested conditions. 

2. Oscillation Properties. 

Let i>o{x)yiPi{x)j . . . ., ^n{^)i .. - • be a set of real continuous functions, 
normed and orthogonal, on the interval (0, 1). Let the determinants 

♦o(a?i), <?>i(a?i), , 4>»(iri), 



D{xQyXijX2, ,a?^) = 



be positive for any Xq^ Xu . . . .^ x^ia the interior. of the interval (0, 1) and in 
ascending order of magnitude, this condition to hold for w=0, 1, 2, . . . ., Do(^o) 
being understood as ^o(^o)- Let 4>«,h(^) denote the function c^<p^{x) + 

The following theorems are either evident or are made so by the brief 
proofs indicated : 

(1) Given n+1 distinct points Xq^ Xi, . . . .j x^ in the interior of (0, 1) 
Co, Ci, . . . ., c„ may be so chosen that 4>o.«(iP) will take on any given values at 
these points. 

(2) 4>o,«(ic) can not vanish at n + 1 distinct points in the interior of (0, 1) 
without vanishing identically. 

I. If 4>o,«(ic) vanishes at n distinct points^ it changes sign at each. For 
it may be written in the form 

*o.n(^) =kD{x, Xoy rri, , rr^_i), 

where fc is a constant other than zero, and D(a?, a?o, a^i, . . . ., ^^n-i) is positive 
or negative according as the number of inversions in the sequence rr, Xq^ Xu 
• • • M ^11-1 is even or odd. 

(3) ^ni^) ^<^^ ^<5^ vanish more than n times. For otherwise D{Xoj Xi 
. . . . , o;^) could vanish, the arguments being all different. 

IL Every continuous function '^/{x) orthogonal to ^o{<^)y ♦i(^)>----7 
^n{^) on the interval (0, 1) changes signs at least n+1 times. For, if '4^{x) 

changed signs at iCo , a^ , y Xj^ only, k being less than w, we could determine 

a function 4>o.t+i(a:) which would vanish at these points, and which at one other 
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point, O/jfc+i, would take on the value sgn -^(iCA+i)* by (1) ; moreover 4>o,»+i(^) 
would be orthogonal to '4^{x) since, k+1 being less than or equal to n, every 
term of 4>o.ib+i(a?) would be orthogonal to '4^{x). But this is impossible, since 
'^(^)*o,A+i(^) is continuous, not identically zero, and never negative, by I. 
Another aspect of this theorem is this: The best approximation curve y=9o,n{^) 
to a continuous curve y=f{x), in the least square sense {i, c, fo[f(x) — 
^o^^{x)ydXy a function of Cq, Ci^ . . . .c^^ is a minimum) ^ crosses this curve at 

least n+1 times. For /(a;)— 4>o.n(^) is orthogonal to ^o(^)> ♦iC^)? • • • •>^ii(^)« 
ni. From (3) and II, it follows that ^, (a;) vanishes exactly n times j and 
changes sign at each zero. 

TV. The system ^o(^)> 4>i(^)> • • • •> ♦nC^)? • • • • ^s closed with respect to 
all continuous functions having a finite number of sign changes; i. e., there is 
no continuous function, other than 0, with a finite number of sign changes 
orthogonal to all the functions of the set, of which we of course suppose there 
are an unlimited number. More especially, the system is closed with respect 
to all continuous functions having only a finite number of maxima and minima. 

V. The function <D«. ^ (a?) = c^<^« {x) + c^+i4>«+i {x) + +c^^^{x), for any 

fiooed values of c^ , c^^^ ,...., c^ , not all zerOj changes sign at least m times and 
at most n times. This follows from (2), since 4>«,n(^) is * special case of 
4>o,n(^)> fti^d from 11. 

3. Separation Properties. 

VI. No two successive functions ^n«i(a?) and ^„(a;) have a common root 
in the interior of (0, 1). This may be proved by a reductio ad absurdum. 
Suppose ^n-iia) =^^{a) =0, 0<a<l. We form n — 1 functions *o.n-2(^)> 

F,{X) = Oio ♦o (a?) + flu ♦!(«?) + +ai.n-2*n-2(iZ:), 



^n-2(^) =«n-2,0<?>o(aj) + ^^^-2, 1 ^1 ( ^ ) + +«n-2. »-2 ♦»-2 (^) > 

subject to the conditions Fo(a):^0, F^{a) =0, Fi{a) =0, , F^2(a) =0 and 

that the functions Fo(a?), Fi(a?), . . . ., F^_2(^) b^ orthogonal on the interval 
(0, 1). If these functions are normed, the quantities a^^ will be the direction 
cosines of w — 1 perpendicular directions in hyperspace. The remaining con- 
ditions are then simply that one of these directions shall be given by the direc- 
tion ratios ^o(^)> ♦iC^)? . . - ., ^^2{a)yWheTe ^o(fl)=#=0, so that the conditions 
are certainly compatible. 

Now Fo{x) changes signs, at most, at w— 2 points in the interior of (0, 1). 
In any event there are n — 2 points, % , dg , , a„_2 , dividing the interval (0, 1) 
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into «— 1 parts in each of which Fq (a?) does not change signs. As F© (a) :p 0, the 

point a need not he one of the set Oi , 02 , , a«_2 • Suppose it comes between 

a< and a<+i . The function 4>(a?) = CiFi{x) + c^F^ix) + + c^_2^n-s(^) + 

c^-.i^n-i(^)+^n^n(^) ^lU ^^ orthogouai to Fo{x) for every choice of Ci,C2, 
. . . . , c« . We chose these constants so that 

S^Fo{x)<P{x)dx=Sl\Fo{x)^{x)dx= .... =Sl,Fo{x)^{x)dx 

=SV*^Fo{x)^{x)dx= .... =Si:;:Po{x)<P{x)dx=o. 

This gives n — 1 homogeneous linear equations in the n constants c^y so that the 
conditions are compatible, the c^ not all vanishing. But as fQFQ{x)^{x)dx=09 
it follows also that Pa^Fo{x)^{x)dx=0. But Fo{x) keeps its sign in each 
interval of integration; hence 4>(a;) must change signs in the interior of each, 
or n times. But it also vanishes at one end point a, since each term vanishes 
there. Thus we are led to the conclusion that 4>(a;), which is a function 
*o.«(^)» vanishes n+1 times, and this contradicts theorem V. Hence, <fn-i(^) 
and ^^{x) can not have a common root. 

VII. ^,-i(^) changes sign between two successive roots of ^^{x). Sup- 
pose this were not the case. Let a and h be two successive roots of 4>n(^). 
We may then, without loss of generality, suppose ^n{^) positive in the open 
interval (a, 6), and ^n-^iix) positive in the closed interval (a, 6), for it will not 
vanish at a or fe, by VI. Consider the function 4>(a;, i)=^n-i(^) — *0ii(^). 
For i=0 it is positive in the closed interval a < a? < 6, and the same is true for 
sufficiently small positive values of t. For some finite positive value of f, 
say jT, 4>(a;, T) will have some negative values in the same interval. There 
is therefore a value of t, say r, such that for every positive e less than r 
4>(a?,r — b) >0 throughout the interval a<rr<6, whereas <I)(a;,r+f) has negative 
values in this interval. The function 4>(ir, t) can not be negative in the interval 
(a, 6), since ^{x^ t) is continuous. For the same reason its minimum can not 
be positive. Hence in the closed interval (a, fe), 4>(rr, t) is never negative, 
but vanishes at one or more points, which, by VI, must be in the interior. 
But as <I)(a?, r) is a function ^n-\.n{^)i i' must change signs at least n— 1 
times, by V. These sign changes must occur outside (a, &), so that altogether 
4>(a;, t) vanishes n times, without, however, changing signs at all n points. 
This contradicts theorem I, so that ^^i{x) can not keep its sign between two 
successive roots of ^,»(a?). 

(4) The roots of ^ni^) <^^d ^,_i(a;) occur alternately. This is an imme- 
diate corollary of VII, since ^ni^) has exactly n roots and ^n-i(^) exactly n — 1. 
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4. Remarks. 

Essentially the conditions on a set of functions which have been employed 

are (1) orthogonality on some interval 7, and (2), D{xof a?j, ,a?,) >0 when 

Xq, Xif . , . .J x^ are in the interior of the interval / and in ascending order of 
magnitude, for all n. The functions 1, sin a;, cos x^ sin 2xy cos 2Xj . . . . do not 
satisify the second condition for every n, the interval I being (0, 2n). They 
do, however, for every even n. This suggests a modification of the condition 
in which we merely assume an infinite sequence of integers ni , ^2 , ns , . . . . for 
which the D{xo,Xi^ . . . .yX^)>0. Theorems of the same type as those obtained 
follow, with appropriate modification. Thus, in place of V we would have 

v. If ni<m and w<w,., then for any fixed c^, c^+i, . . . ., c^, not all zerOy 

*m.«(^)=^«*«(^)+^«+i*m+i(^) + +Cn<?>«(^) changes sign at least w,-fl 

times and at most n^ times. 

The closure property of theorem IV is weaker than is desirable. All we 
can conclude from it, in the matter of the determination of a function by its 
generalized Fourier constants, is that the function is determined but for an 
additive function which is zero at an infinite number of points. 

It is further desirable to make the connection of the above theory with 
that of integral equations. The chief matter of interest would be to find a 
condition on the kernel of the integral equation which corresponds to the 
determinant condition on its characteristic functions. I hope to have some 
results along these lines in the near future. 

Columbia, Mo., May 11, 1015. 



On Some Properties of the Medians of Closed Continuous 

Curves Formed by Analytic Arcs. 

By Arnold Emgh. 



§ 1 . Introduction. 

m 

In two recent articles* of this journal I have investigated the properties 
of the medians of closed convex curves with continuous tangents and of closed 
convex curves formed by a finite number of ordinary analytic arcs, including 
convex rectilinear polygons. By means of continuous sets of medians corre- 
, spending to a continuous set of orthogonal directions it was possible to prove 
the theorem that to every such curve at least one square may be inscribed in 
such a manner that the vertices of the square lie on the curve. 

In what follows I shall generalize the result for any closed continuous 
curve composed of a finite number of analytic arcs with a finite number of 
inflexions and other singularities. 

The following two propositions of analysis situs will be used in this 
demonstration : 

I. Consider a singly connected region R of a plane, bounded by a con- 
tinuous curve B formed by analytic arcs without multiple points, and assume 
that the points of the boundary belong to R. Any continuous curve C formed 
by analytic arcs without multiple points, that connects any two distinct points 
of the boundary and has no segment in common with the boundary, and whose 
points belong to 22, separates this region into two distinct sub-regions Ri and R2 . 
All points of Ri and R^ , except those of C, shall belong to R. 

Choose now any two points, Pj in Ri and Pa in flj » and join them by a 
continuous curve JJT, composed of analytic arcs, that has no segments or singular 
points in common with C, and lies entirely within R. 

Such a curve K cuts C in an odd number of points. When Pj and P^ are 
both in Ri or in R^y then K cuts C in an even number of points. 

II. Let Pi, Pj, Ps, Pi be four distinct points of an ordinary closed contin- 
uous curve B without multiple points, which follow each other in the given order 
when the curve is described uniformly in the same sense, and for which 

Pi Pa = PiPg^^^ Pz Pi = P4 Pi • 

The figure formed by four such points I call an inscribed rhomb of the first kind. 



♦ Vol. XXXV, pp. 407-412; Vol. XXXVII, pp. 19-28. 
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Let P[ P2 P'z P[ be another rhomb inscribed to the same curve B, such that 
the vertices follow each other in the given order when the curve is again de- 
scribed continuously in the same sense, and 

p{p: = p:p', = p',Pi = p',p[. 

This figure shall be called an inscribed rhomb of the second kind. 

A continuous set of rhombs of the first kind and a continuous set of rhombs 
of the second kind attached to the same curve B can have no rhomb in common. 
In other words^ it is impossible to deform a rhomb of the first kind continuously 
into a rhomb of the second kind. 

Indeed, when Pj P2 Ps Pa is a rhomb of the first kind, to pass continuously 
in the same sense along the curve from Pi to Pg, either the point P^ or the 
point P4 is met. Hence, a continuous change of the rhomb Pi Pg Ps P4 in which 
we pass directly along the curve from Pj to Ps could only occur after P^ and P4 
had crossed Ps into the two parts of the curve B determined by Pi and P^ as 
extremities. Hence, in the continuous deformation of the rhomb of the first 
kind we would have rhombs with two coincident consecutive vertices. This, 
however, is impossible on a curve without double points. 

§ 2. Medians or Mid-point-Curves of Systems of Parallel Chords. 

1. Continuous Sets of Parallel Chords. Consider first a closed continuous 
curve • with a continuous tangent without multiple points and with no other 
singularities than inflexions, and the system of all secants and tangents of 
this curve parallel to a given direction t. From the definition of such a 
curve it follows that there are two extreme tangents between which the 
curve is located. In case of an oval, there are just two and no other tan- 
gents to the curve for every direction. In case of a general closed ordinary 
curve we shall first assume that there are no multiple or inflectional tangents 
for a particular given direction r. Let A^ and Z^ be the points of tangency 
of the extreme tangents, and let the secant move parallel to r from A^ to Z^ . 
In the neighborhood of A^ every secant cuts the curve in two points, Ei and E2 
(Fig. 1). In case of more than two (an even number) tangents, the secant, in 
moving from A^ to Zr , becomes for the second time tangent to the curve at some 
point Ti . As this point counts for two points of intersection, there are on this 
secant an even number of intersections, beside this tangency. Evidently the 
system of parallel chords between A^ and Tj thus obtained forms a continuous 
set Arf EiE^f E[Ezj ...., TiSi. From this last position move the secant 
such that Ti continues its motion along the curve in the same sense as from 
Ar to Tj. As there is no tangency between A^ and Si, the Ti must necessarily 

* We restrict this expression throughout to curves as defined in the introduction. 
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move into a new point of tangency I'j* while the other extremity 8i of the 
tangent chord moves to St . Again, the system of parallel chords Tj Si j B^S'i^ 
. . . .y T2S2 forms a continuous set. Continuing the motion of the secant such 
that Tg continues to move on the curve in the same sense as from Ti to T^ , and 
if there are no other tangents between Tj *3i ai^d Z^ , the chords parallel to t 
between these two positions form a continuous set. In case that there are 




Fig. 1. 



other tangents, either T^ or S2 will move into the next point of tangency. 
Suppose that S2 move into such a point S^ , and T^ into T^ ; then the chords 
between T^ S^ and Ts S^ form also a continuous set. Continuing this process, 
all points of tangency, and finally Z^ , are reached. In this manner we have 
formed a continuous set of chords parallel to a given direction between the two 
extreme tangents. 

Since SiTi was the first tangent, we see that in the piece A^Si of the 
curve there is no tangency. Hence, there lies an S- shaped portion of the 
curve between the tangents at Ti and T2. The chords determined by this 
curve, T'lT^TtTtj form a continuous set Tj, B^Bt, CiC^y T^T^, C^C^, B^B^ 




Fig. 2. 



TiTJ, B^Bzy CgCs, 1\. Such a set we may call a secondary set. Another 
example of a secondary set is shown in Fig. 2, consisting of all chords forming 
a continuous set with the chord A-i A2 as one of the elements. 

2. Medians. The locus of the mid-points of the chords of the continuous 
set of parallel chords between A^ and Zr is a continuous curve with the ex- 
tremities Ar and Zr . As before, this locus may be called the median M^ of the 
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curve associated with the direction r. The loci of mid-points of the chords of 
secondary sets we call secondary medians Sr- Let y=mx+b be the equation 
of a secant cutting the curve at Ei and E^ . In the neighborhood of these points 
the coordinates of the points of the curve may be represented as uniform con- 
tinuous differentiable functions of the parameter 6 : 

^=/(6), yi=9{h), {E,), 
x^=h{b), y^=]{b), (Ei). 

For the coordinates of the mid-point M of the chord E^ E^ we get 

^=i[f{b)+h(b)], 

y!=i[g{b)+j{b)]. 

When b varies, these are the parametric equations of the median. Desig- 
nating by X and y current coordinates, and by (') derivatives with respect to fe, 
the equations of the tangents to the curve at Ei and E^y and to the median 

at Mj are 

y[x—x[y+x[yi—y[x^=Oy 

y^x—x'^y-k'd^y^—y^x^=^, 

But from y=ma;+6 and m= ^^ ^^ we find by differentiation 

iti — x^ 

and from this 

^lyi+a?2y2— 3/1^1—2/2^2 = ^%y\^-Ay^—^^y\—^\y^' 

The equation of the tangent to the median assumes therefore the form 

and appears as the sum of the left-hand members of the equations of the 
tangents at E^ and E^ . The three tangents are therefore concurrent. 

This fact may be stated as 

Theorem 1. // E-^ and E^ are the extremities^ and M the mid-pointy of a 
chord in a continuous system of parallel chords of an ordinary curve^ then the 
tangents to the curve at j&\ and E2 , and to the median at Mj are concurrent. 

From this we gain immediately the 

CoROLLABT 1. For a tangent chord like TiSu the three tangents at Ti, Si 
and M are concurrent at Si^ so that the median touches the tangent chord at M. 
When Ti is a point of inflexion^ then M also is a point of inflexion of the median. 

Taking for r a general direction (determined by slope m as before), and 
excluding multiple tangents, the preceding results may be summed up in 

Theorem 2. The median of an ordinary closed curve without multiple 
points associated with a given direction is an ordinary continuous curve without 
2 
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multiple points or cusps. Also the secondary medians are continuous and are 
always located between tangents that lie between A^ and Z^. All medians are 
tangent to the corresponding tangent chords. 

When T^ is an inflexion, the secondary median in this neighborhood shrinks 
to the point T^ . 

3. Case of Double Tangent. When there is a double tangent d^ parallel 
to the given direction r, such that d^ besides the points of tangency has no 
other points in common with the closed curve, choose slightly different from r 
a direction ta and construct in the neighborhood of d^ the medians Mr. ^ud 8r.^ 
indicated by dash lines in Fig. 3. Now change the direction Ta continuously 




Fig. 3. 

(in the figure clockwise) till it coincides with that of t, and continue the change 
in the same sense to some direction Tb also near that of r. As Ta approaches 
the direction of d^ , the points ^i and L^ both approach the mid-point G between 
the points of tangency Dj and Dg of d^ ; and when Ta coincides with the direction 
of ^2, then, according to Theorem 1, the curves Mr and Sr will both be tangent 
to ^2 at G. In the figure they are drawn as heavy lines : Mr , from D^ over G 
to H, results by continuous deformation from 3f r. ; Sr , from D^, over G to S^ 
results continuously from Sr.. As To continues to change over t to T5, the 
characters of the curves Mr. and S'r. are partly interchanged. The part of 
Mr. from Zr. to N^ changes to the curve between Di and 6r, and from this to 
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the part T2 Lg of the curve Sr^ . At the same time the portion Li Si of 8r^ 
changes continuously into L282 of 6V>. The remaining portions NiAr^ of Mr. 
and LiTi of Sr^ change continuously into Mr^. Both Mrt and 8r^ are indicated 
by dotted curves. From this it is seen that in the change from Ta to T5 in the 
neighborhood of a double tangent as assumed^ there is a continuous change in 
the system, of medians Mr and Sr . 

In this change, Afr., in passing over into Mr^y loses the portion Zr^Nu while 
Ni At^ will remain. Zr. Ni acquires Li S^ to form after deformation Sr^ . 
Ni Ara , on the other hand, acquires Li Ti to form Mr^ . 

4, Continued Deformation of Sr^. When r continues to change from T5 
in the same sense as before, then the point of tangency T^ of the corresponding 
tangent will move along the curve as indicated by the arrow, as long as there 

\ / 7'"--- 

\ h - ,' / y 2 

• / ^.— "^ — r- — "^ ' 

\ v/1,. cy—^i Z ' 

X /*% / — ■,<■ ^^1 » 

\ / «:>c^^ ' ' ' 

\ K 'V* ^ / 

vA — .^c > 

Fig. 4. 

is no other intersection with the curve in the continuous change from Di D^ to 
T2 Q. In this case the extremities T^ and S^ of /S^r* will move as indicated by 
the arrows. Assuming the uniqueness of Q in the continued deformation, 8^ 
and Ts will simultaneously approach the point of inflexion / ; and as the tangent, 
proceeding from T^ , approaches the tangency at 7, 8r^ shrinks to nothing at 
the inflexion 7. 

On the other hand, when, in the change of the tangent from T^, other points 
of intersection than Q enter, this must occur the first time by a tangency, say 
at TJ (Fig. 4). The point of tangency L^ of 8r^ with T^Q moves from G con- 
tinuously to the position C in Fig. 4. The median 8r^ consists of the arcs 
T^A, A Li, V^B, BC, CD, DE, ES^. To the portion T^L^ of 8r, in Fig. 3, 
corresponds the part of the curve, in Fig. 4, from T^ over A, Lg and B to C. 
Now, as Tg Q continues to move as a tangent to the closed curve in the neigh- 
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borhood of T^ in the same sense^ as indicated by the arrow, Sr^ breaks up as 
in case of the double tangent d^ in Fig. 3. After a slight deformation there 
will be a curve S^^ arising from the arcs T^A^ AV^oi 8rt (Fig. 4), and a new 
arc L2S2. Another curve S'r^ arises from the remaining arcs LJB, BC, CD, 
DE^ E82 of 8r^ and the new arcs U V and F Lj . In Fig. 3 we see that when 
the piece Zr.^i drops from 3fr. in the deformation to itfr», it is tangent to d^, 
at Di and G. Likewise, at the moment when the piece T^ L^ is added to Mr^ , it 
is tangent to d^, at D^ and G. Similarly in Fig. 4, When T^ A L^ drops from 
Sr^y it is tangent to T^Q at T^, and Lg. The remaining piece L^BC of the 
deformed part of Mr^ that dropped in the position DiG connected with the 
double tangent ^, is also tangent to T2Q at L2 and C. As to the further 
deformation of S^^^ either the case of its shrinkage to the point of inflexion 
between T2 and 82 may occur, or the same process as described in connection 
with Fig. 4 may repeat itself. In the continued deformation of 8'^^ similar 
conditions arise. We need only pay attention to the piece L2BC. Portions 
may drop off or be added as explained above, or the whole section may remain 
as is the case in Fig. 4. As the direction of T2Q moves to a, L2BC is de- 
formed into L2B'C'j where the points of tangency L2 and C" with the deformed 
tangent of T2Q are preserved. Owing to a break-up in the deformation caused 
by the double tangent in the neighborhood of 82 and 82 ^ another arc joins 
Lg B' C", so as to form an 8-shaped curve X, which finally shrinks to a point. 
To sum up, we may state 

Thborem 3. When a median M^ breaks up on account of an external 
double tangent d2f it loses a section that touches ^2, in two points. On the 
other handy it gains a section that also touches ^2, in two points^ of which one 
coincides with one of the points of tangency of the other section. A secondary 
median 8r is either deformed in such a manner that it ultimately vanishes at 
a point of inflexionj or^ owing to further double tangents^ is broken up into 
sub-medians /S!^, iS'^', . . . ., such that the lost and remaining sections^ like T2AL2 
and LJ B C, always touch the corresponding tangent T2 Q in two points each, 

§ 3. Case of Closed Curve Formed by Rectilinear Segments, 

generally by Analytic Arcs. 

A curve of this kind may contain reentrant angles, but shall have no 
double points, i. e., points where two segments cross each other. Exactly as 
in the cases considered above, and in case of a convex polygon, it is found that 
with every direction r is associated a median Mr that extends from A^ and Z^, 
such that the whole curve lies between the straight lines through Ar and Z^ 
parallel to r. The extremities A^ and Z^ are either vertices of the polygon 
(curve) or mid-points of rectilinear segments. As in case of a convex polygon, 
a domain (P) exists entirely within the domain P enclosed by the curve, such 
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that amoDg the entire system of mediaBS M^j associated with all possible 
directions, no two medians intersect in the region within P and outside of (P). 
In the construction of the median M^ we must explain how to construct 
the segment of Mr associated with a segment BC ot a reentrant angle (Fig. 5) 
when BC 18 parallel to the direction r, and when ABCD and LK form parts 
of the contour. Draw LL" \\ BCy prolong BC to the intersection C" (or B") 
with KL, and let L' be the mid-point of LL\ B' that of BB\ Then, B' U 
is a portion of the median, and its prolongation passes through the intersection 
8 of BA and KL produced. Also draw KK'' \\ BC, and let K' be the mid-point 
of KK" and C that of CC\ Then, B'C and C K' are also portions of the 
median, and B'C'=^BC. Again, DC, K'C and KL produced are concurrent 
at a point T. 



B 




K 



Fig. 5. 

Next we must consider the variation of the median in the neighborhood of 
an external double tangent. The result is essentially the same as in case of 
Fig. 3, except that D^ and D^ are vertices of the polygon. B^S and D^8 form 
now a reentrant angle ; T^ and Z^^ coincide with D^ ; 8-^ and 8^ with 8 ; T^ and 
Zr^ with Dft . We shall continue to call D^ , (7, D^ also in case of a polygon 
points of tangency. The variation of the median takes place according to the 
same principle, when one of the points D^ or Dg remains an ordinary tangency 
while the other is an angular point. Also the variation of secondary medians 
8r occurs according to the principles stated in connection with Fig. 5. 

In Fig. 6 the change of M^^ , 8^^ into M^^ , S^^ is shown for a special poly- 
gonal line ADi8 BC D, with the reentrant angle Di8B and with the prolon- 
gation of C B or ^2 passing through D^ . Again, in the change from r^ to Tf, , 
passing over rfg > -M^r. loses the portion with its extremities at Di and G on d^. 
(The notation and its meaning is the same as in Fig. 3.) On the other hand, 
the remainder of M^. to pass into M^^ simply has to be joined to the piece 
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resulting from the portion of 8^^ that, at the moment when r coincided with the 
direction of d^ , had its extremities at D^ and G in dg . 

When a closed cnrve without multiple points (where branches of the curve 
cross each other) formed by. ordinary analytic arcs is given, we can inscribe to it 
a rectilinear polygon, as in case of a convex curve, and consider the given curve 
as the limit of such a polygon. As in the former case, the relations between 
M^ and S^ and their changes in the neighborhood of a line d^ are not destroyed 
by the limit-process. 



»* 




Fig. 6. 

Calling a line tZg that touches a curve in at least two distinct points, and 
with all points of the curve on one and the same side of rfg, a base-line of the 
curve, we can now state 

Thbobbm 4. When r changes continuously and in the same sense from 
r^ to Tj , two directions close to that of a base-line^ and enclosing itj then^ in the 
change of M^^ to M^^ associated with those directions and a closed curve formed 
by ordinary analytic arcs without multiple points^ M^^ drops the portion that has 
its extremities in dg > o,nd becomes M^^ by joining to its remainder the portion 
of 8^^ that has its extremities also in d^ . 

In the further deformation of the secondary median 6\, due to a con- 
tinuous change of r from r^ in the same direction^ the same process repeats 
itself: the parts dropped off and those that are added have their extremities 
in the correspondiny internal base-line {DiQ in Fig. 4) resulting continuously 
from di . 
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§ 4. Intersection of Medians Associated with a Pair of Orthogonal Directions. 

As has been shown in the previous papers, two medians M^ and M^ asso- 
ciated with two orthogonal directions a and r intersect in an odd number oif 
points within the fundamental domain (R). It is evident that no extremity 
(J^, Z^) of one median can coincide with an extremity {Ar, Z^) of the other, 
or lie in the other, and be the center of an inscribed rhomb. Hence, when, in 
a continuous change (2, T) of the pair (a, r) in which neither 2 nor T encloses 
a base-line, points of intersection of M^ and M^ disappear, they can not dis- 
appear separately. The only possibility is that two points first move to coin- 
cidence and then vanish. In other words, two distinct consecutive intersections 
of M^ and M^ must first coincide by M^ and M^ becoming tangent to each other. 
After the tangency M^ and M^ separate. Suppose next that a approach the 
direction h of an external base-line d^ . The points of M^ in common with those 
of M^ , when cr = 5, if they exiat, are the mid-points of chords, with the direction 
T, that have one of their ends in the portion of the closed curve immediately 
above the base-line {DiS D^ in Fig. 3). 

Clearly within the domain (B)* M^ can have no points in common with d^. 
When <T = 5, let M^ be the part which M^ drops, and M^ the remainder. According 
to I, ^ 1, M^ and Mf, cut Mr respectively in an even and an odd number of points. 
Denoting by 8^ the portion of 8^ with its extremities in d^ then also 8^ cuts Mr 
in an even number of points. Hence, in passing from the intersections of 
M^^ and Mr^ to those of M^^ and Mr^ in the neighborhood of a base-line^ an even 
number of points are lost and an even number gained. The same is true when 
a change of r encloses the direction of a base-line, and when in a special case 
a and r simultaneously reach the directions of base-lines. 

After a continues to change from h in the same sense, the even number of 
points of intersection of M^ and M^, which belongs to the original system, 
begins to decrease as ilf^ breaks up. The portion of Mr that contains these 
points can have no points in common with the changed position of d^ , like D^ Q 
in Fig. 4. The points common to Jf„ and Mr are the mid-points of chords 
having one of their extremities again on the portion of the closed curve directly 
supported by the interior base-line D^Q. The same argument applies to the 
cases where Mr breaks up. Hence also the points of intersection of M^ and Mr 
and possible further disintegrations, as long as they result from the original 
system of intersection by continuous change, when they exist, must disappear 
in pairs through previous tangencies of M^ and Mr , or of parts resulting from 
them. We have therefore the 

* When the curve has no other singular points than inflexions, this restriction is not necessary. 
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Theobem 5. In the change of the system of points of intersection of two 
medians associated with two continuously and uniformly changing orthogonal 
directions^ points can disappear only after previous coincidence. 

As no point can disappear singly, when a changes through a right angle, 
in general, these points in groups describe closed curves. 

§ 5. Classification of Points of Intersection of Medians, and Mode of 

Description of Closed Curves by these Points. 

A point of intersection of two medians M^ and Mr is either a center Ai of 
an inscribed rhomb of the first kind of the closed curve C, or a center Bj, of an 
inscribed rhomb of the second kind. According to 11, § 1, no point Ai can ever 
coincide with a point Bj^ through a tangency of M^ and M^ . The points A^ and 
the points B^ , if they exist simultaneously, form therefore two separate sys- 
tems. Now the number of A/s and ^^'s is odd, so that the number of A/s and 
the number of ^^^'s can not both be either even or odd ; i. e., when one is even, 
the other is odd. 




Fig. 7. 

Suppose that the number of A/q be odd. The .4/s in groups describe a 
finite number of closed curves, such that no points of one curve are permuted 
with points of any of the other curves. At least one of these groups has an 

odd number of points, which shall be denoted by Ai, Azf A^, , A,, (n odd 

and <i). In general, every point of the closed curve K described by these 
points is the center of only one of the inscribed rhombs of the first kind. The 
curve K may have double points and double arcs as shown in Fig. 7. Every 
double point and point of a double arc is the center of two inscribed rhombs. 
Higher multiplicities yield accordingly corresponding numbers of rhombs with 
the same center. 

Consider now a quarter of a full revolution of the direction a. Obviously, 
since the couple (<j, r) leads to the same set of points Ai, A^, . . . ., A^ as the 
couple (t, <t), after a quarter-revolution of a the same set of points appears. 
The points A are merely permuted according to a definite law that depends 
upon the shape of the curve. During a quarter-revolution the same two con- 
secutive points Ay, and ^x+i can iiot vanish and reappear again through contact 
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of Siff and M^ without colliding with adjacent points. If they could, A^ and 

Ax+i would then describe a closed curve which necessarily would be identical 

with the curve K; and Ax and -4x+i would move into coincidence with other 

points of the set {A)y since these describe parts of the same curve. Supposing 

that ^x 8.nd Ax+i were describing only a part of K, and that Ti were the point of 

contact of M^ and M^ where Ax and Ax+i enter, and T^ the point where they 

disappear through contact, then Axj to reach Tg (Fig. 8), would have to pass 

over an infinite number of positions which Ax+i occupied before. There would 

therefore be an infinite number of points on K as centers of more than one 

inscribed rhomb. Ax and ^x+i would describe a closed curve consisting of two 

— >- 
coincident branches and forming a segment X Y of the curve K. Denoting the 

remaining arc of K by <-XY^, this part would have two free ends X and Z, 

which is not possible. 



\ ': 



•••-... ..... -K 

Fig. 8. 

Any pair of orthogonal directions is contained in the set of all directions a 
within a quarter-revolution and the corresponding orthogonal directions r. 
Consequently, the set of points {A) describes the curve K just once when a 
turns through a right angle. 

In the continuous change from <j to r an even number of points (E) of the 
set (A) vanish and reappear through contact of M^ and M^. Consequently, 
in the same set (A) an odd number of points (F) exists, such that each of these 
points moves to a neighboring point of the set (-4) during the change from a 
to r. Exactly the same results are obtained with respect to a group of an odd 
number of Bj/s generating a closed curve. * 

* In tbe deformation of secondary medians that result from the breaking up an Mff , parts 8' may 
enter whose continuous deformations never will form a part of an i/<r. In the deformation of S\ its free 
end on K may meet Mr in a point L. In the further deformation the intersection of 8' and Mr , if it 
exists, describes a curve with two free ends L and Li on C. The points of such a curve are also centers 
of inscribed rhombs, but there is no continuous connection between these points and the points of a curve 
JT. The points L and Li are centers of degenerate rhombs in which a pair of opposite vertices coincides 
with L in one case and with L^ in the other. Points of such a curve may even be centers of inscribed 
squares, although this is not in general true. As cases of this kind do not affect the set {A) and tbe 
curves described by its points, no further attention will be given them. 

3 
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§ 6. System of Inscribed Rhombs Associated with a Curve K. 

Consider again the curve" £" described by the set (A). Denote the rhomb 
associated with the center Ai by R\ j Rl^ Rij R\. Let Ax , -4x+i be two points 
of the type (E) associated with the initial direction a. To the change from 
<T to r corresponds a set of rhombs connecting continuously R^R^RlR) and 
jRi"^^ Ri^^ Rs^^ R)^^ in the given order. We say that in this case the two rhombs 
are directly connected, and that the continuous set connecting them is a direct 
set. Taking two points A^ , A^^i of the type (F) , then, in the change from a to r, 
as A^ moves to ^^+i, Rf^R^RiRi changes continuously into Bf +^ 2iJ+^ /??+' flf +\ 
such that after a has reached r, R^ coincides with R^^^^ Ri with Ri'^\ Ri with 
Ri^\ Ri with flf+^ (or, as another possibility: Bf with 2if+\ B? with 2if+S Ri 
with -B?"*"^ R^ with Rs^^). The two rhombs are connected by a continuous set 
of rhombs that permutes the original order of the diagonals. The two rhombs 
are said to be indirectly connected, and the set connecting them is an indirect set. 
Now, according to § 5, the number of direct sets is even, that of indirect sets 
odd. The effect of two indirect sets is evidently the same as that of a direct 
set. The effect of all direct and indirect sets is therefore that of an indirect set. 
Consequently, if we start from the rhomb RiR^R^R^ with the center Au we can 
in succession pass through a continuous set of rhombs to those with centers 
A2y A^j . . . .jA^^ and finally back to the original rhomb in the order R^R^RiRi 
(or R^RiRzRs)' In other words, RiRzR^R^ can be continuously deformed into 
itself such that Ri R^ Rs R4 will respectively move to R^ R^ R^ R^ . 

The same is true with respect to a set {B) of the second kind and of the 
same type. 

We can therefore conclude as before, that among such a system of rhombs 
there must be at least one square. 

But it is established that at least one such system, either of the first or of 
the second kind, always exists. There may, of course, be several systems ; for 
example, one group of an odd number of ^'s and two groups each of an odd 
number of B's. In this case there would be at least one inscribed square of 
the first and two inscribed squares of the second kind. 

The theorem on the inscribed square of a closed curve is therefore proved 
for any closed curve formed by a finite number of analytic arcs without double 
points and with a finite number of inflexions and other singularities. 

The restriction on double points can, however, immediately be removed. 
From a closed curve with multiple points we can always in a number of ways 
detach closed curves without multiple points, to which, according to the fore- 
going result, a square may be inscribed. Hence the 

Theorem 6. It is always possible to inscribe at least one square in a 
closed curve formed by a finite number of analytic arcs with a finite number 
of inflexions and other singularities. 



Theorems on the Groups of Isomorphisms of Certain Groups. 

By Louis Clark Mathewson. 



Introduction. 

The properties of the group of isomorphisms of a group are such that the 
importance of these groups is being widely recognized. The theory of the 
group of isomorphisms includes the theory of primitive roots,* Fermat's and 
Wilson's theorem, t the determination of the various groups of which a given 
group is an invariant subgroup, J and the solvability of equations by means of 
radicals. Because of the numerous uses, and since only a limited amount of 
theory has been developed, this paper has for its object the presentation of 
several theorems bearing on the groups of isomorphisms of certain familiar 
groups. 

The theory of an isomorphism between two different groups, which is 
indispensably connected with the complete determination of the intransitive 
groups of a given degree, § seems to have been studied first. In general, two 
groups are said to be isomorphic, if to each operator of the first there corre- 
sponds one or more operators of the second, and vice versa, in such a way that 
to the product of any two operators of the first corresponds the product of 
the corresponding operators of the second. If the correspondence is 1:1, 
the isomorphism is termed simple; if a : 1, it is called multiple. The impor- 
tance of the idea of simple isomorphism between two groups lies in the fact 
that abstractly two such groups have the same properties; that is, both are 
simple or both composite, abelian or non-abelian, etc. In 1868 Jordan intro- 
duced and defined an a:l-isomorphism,|| and ten years later Capelli gave the 
generalized idea of an a: 6- isomorphism.^ Others who have studied these 
isomorphisms are Netto, Maillet, Dyck, Weber, Miller, Burnside, Dickson, etc. 

* Miller, Bulletin of American Mathematical Society (2), Vol. VII (1900-01), p. 350. 

t Miller, Philosophical Magazine, Vol. CCXXXl (1908), p. 224; Transactions of American Mathe- 
matical Society, Vol. IV (1903), p. 168; Annals of Mathematics, Vol. IV (1903), p. 188. 

t Burnside, "Theory of Groups," 1897, § 165. 

§ For a detailed discussion see Bolza, American Journal of Mathematics, Vol. XI (1889), 
pp. 195-214. 

II Comptes Rendus Acad. Sc. Paris, Vol. LXVI (1868), p. 836. 

i Oiomali di Matematiche, Vol. XVI (1878), p. 33. 
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The theory of the group of isomorphisms of a group with itself had its 
genesis, like most other extensive theories of science, in the discovery and study 
of isolated cases, and some of these cases seem to have been worked out before 
it was realized that every finite group has a single group of isomorphisms 
which also is of finite order. Betti credits Galois with having given without 
proof an expression for the group of isomorphisms of a group of order p"*,* 
and Dickson makes a comment upon Betti's remark! and refers to a fragment 
of a posthumous paper, "Des equations primitives qui sont soluble par radi- 
caux.'^t In his own paper Betti obtains his "massimo moltiplicatore'' of the 
cyclic group of order p"*. Jordan took the next step by starting with the 
abelian transitive linear group defined by cr^^a;<+^< (i=l, • • • •, w), and found 
the non-homogeneous linear group as the largest group of linear substitutions 
under which the given group is invariant. § Other special cases were observed 
by Giersterll and Klein, jf As applied to finite abstract groups, the conception 
of the group of isomorphisms was developed by Holder** and by Moore ft 
independently of each other. 1 1 

If a group G be written twice with 1 : 1 -correspondence between its opera- 
tors such that to the product of two operators of the first arrangement corre- 
sponds the product of the two corresponding operators in the second arrange- 
ment, the group is said to be simply isomorphic with itself. §§ Frobenius has 
called this an automorphism, \\ \\ while Miller has employed the term holo- 
morphism. ^If If G be written as a regular substitution group, then operators 
on the same letters exist which transform it according to any of these simple 
isomorphisms.*** If any isomorphism is effected by an operator of G itself, 
the isomorphism is called cogredient or inner \ all others are called contra- 
gredient or outer. In his article of 1893 Holder first proved that "the totality 
of the different isomorphisms of a group with itself form a group /,'' ttt and 
later states that the cogredient isomorphisms always form an invariant sub- 

* Annali di Scienze Matematiche e Fisiche, Vol. VI (1855), p. 34. 

t Transfictiona of American Mathematical Society, Vol. I (1900), p. 30, foot-note. 

X <<Oeuvres Math^matiques D'Evariste Galois/' 1897, p. 58. 

§ Traits des Substitutions, 1870, §§ 118, 119. 

II Mathematiache Annalen, Vol. XVIII (1881), p. 354. 

j[ " Vorlesungen ttber das Ikosaeder,*' 1884, p. 232. 

** Mathematiache Annalen, Vol. XLIII (1893), pp. 313 et acq, 

ft Bulletin of American Mathematical Society, Vol. I (1894-95), p. 61. 

%i. Bulletin of American Mathematical Society, Vol. II (1895-96), p. 33, foot-note. 

§§ Cf. Burnside, "Theory of Groups," 1911, p. 81. 

nil Sizungaberichte der Berliner Akademie, 1901, p. 1324. 

i^ Bulletin of American Mathematical Society (2), Vol. IX (1902), p. 112. 

♦♦♦ Frobenius, Berliner Sizungaberichte, 1895, pp. 184, 185. 

ttt Mathematiache Annalen, Vol. XLIII (1893), p. 314. 
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group of this group of isomorphisms 7. * It is readily seen that the group 
of cogredient isomorphisms is simply isomorphic with the quotient of the given 
group with respect to its central, t and if the given group G has no invariant 
operators besides the identity, the group of cogredient isomorphisms is simply 
isomorphic with G itself. If G has no invariant operator besides the identity 
and admits of no contragredient isomorphism. Holder has called it a complete 
group, and has proved explicitly that the symmetrical group of degree n 
{n>2j n^6) is a complete group.* Frobenius defines as characteristic any 
operator or subgroup of a given group G which is transformed into itself by 
all the operators of the group of isomorphisms of G;t and Burnside has intro- 
duced the term holomorphy to mean the group composed of all the substitutions 
on the letters of a regular substitution group G which transform G into itself. § 

Following the developments made by the two pioneers in the theory of the 
group of isomorphisms of a group, more general work began and applications 
of the theory were made. Burnside's "Theory of Groups'' (1897) was the 
first text-book to elaborate the theory; Miller determined the groups of iso- 
morphisms of all the substitution groups of degree less than 8, in connection 
with which he proved several far-reaching theorems.il In all, upwards of forty 
articles have appeared in mathematical literature on isomorphisms of a group 
or on properties of the group of isomorphisms of a group. Many of these 
have been written by Miller, most of the others being by Burnside, Dickson 
and Moore, who have been mentioned previously, and by Young ( J. W.) and 
Banum. 

I. Theorems on Certain Groups Involving a Characteristic Set. 

Definition. A characteristic set in a group. G consists of one or more 
complete sets of conjugates under the group of isomorphisms of G. 

This definition includes the notion of a characteristic set of operators of G 
as well as that of a characteristic set of subgroups of G. The distinguishing 
property in a characteristic set, either of operators or of subgroups, is thus 
seen to be that the set contains a definite number of operators which as an 
aggregate correspond among themselves in all the isomorphisms of G. If a 
characteristic set consists of but two conjugates, it may be called a character- 

* Maihematische Annalen, Vol. XL VI (1895), pp. 325 et acq. 

t Given implicitly first in Mathematiache Annalen, Vol. XLIII (1803), pp. 320, 330. 
t Frobenius, Berliner Sitzungaberichte, 1895, pp. 184, 185. 
§ "Theory of Groups," 1897, p. 228. 
Philosophical Magazine, Vol. GCXXXI (1908), pp. 223 of acq. 
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istic pair; in case the set consists of a single operator or subgroup, this is 
characteristic as already noted. 

It results immediately from the fundamental property of a characteristic 
set of subgroups that if G is the direct product of a characteristic set of sub- 
groups, the I of G is the product of the groups of isomorphisms of these sub- 
groups extended by operators corresponding to whatever isomorphisms are 
possible among these subgroups themselves. 

In the present discussion, unless the contrary is stated, the definition of a 
characteristic set of subgroups of G will be restricted to mean a single complete 
set of conjugate subgroups under the group of isomorphisms of G. A few 
special products will be considered, the different cases arising from different 
kinds of groups in the characteristic set. 

Thbobem I. If G is the n-th power of an indivisible group H whose 
central is the identity ^ then the I of G is the n-th power of the group of iso- 
morphisms of H extended by operators which permute these n groups of iso- 
morphisms according to the symmetric group of degree n. If i is the order of 
the group of isomorphisms of H, then the order of the I of G is nit*.* 

For the proof of this theorem, as well as for the proof of a later theorem, 
it will be useful to have some auxiliary observations established. Accordingly, 
it will be shown first that if G is the direct product of two indivisible groups 
Gi and G^y neither of which contains an invariant operator besides the identity^ 
then Gi and G% form a characteristic pair {according to the unrestricted defi- 
nition).^ 

In proving that Gi and G^ form a characteristic pair (or set), it is neces- 
sary and sufficient to show that neither G^ nor G^, can correspond to any sub- 
group containing operators outside this pair. Now G^ and G^ have the following 
properties: neither is divisible and neither contains an invariant operator 
besides the identity ; every operator of one is commutative with each operator 
of the other ; and their direct product is G. Since they have similar properties, 
it will suffice to show that Gi could not, in any of the isomorphisms of G with 
itself, correspond to a subgroup outside this original pair. Supj)Ose, if possible, 
that G' were a subgroup neither Gi nor G^ which could correspond to G^ in some 
isomorphism of G. Since G^ is not a direct product, G' could not be a direct 
product. Hence, this G' must be constructed by some isomorphism between 

* By the "n-th power" is meant the direct product of n identical groups. An indiviaihle group 
is one which is not a direct product. Diviaihle is first used in English by Easton, ''Constructive Develop- 
ment of Group Theory," 1902, p. 47, being a translation of "zerfallend," which was introduced by Dyck, 
MatKematisohe Annalen, Vol. XVII (1880), p. 482. 

t Cf. Reraak, Crelle'a Journal, Vol. CXXXIX (1910-11), pp. 293-308. 
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the original factor groups, or one of them and a subgroup of the other, or 
between invariant subgroups from both of them. Supposing that G' were 
formed by an a: 6- isomorphism, it will be shown that it could not be simply 
isomorphic with Gi . 

If G' were formed by an a:6-isomorpnism, then G^ could not correspond 
to itself (because not all of its operators would be commutative with its con- 
stituents in G'j since G^ contains no invariant operator besides the identity), 
but must likewise have a G" correspond to it in this particular isomorphism 
of Gj and G" would likewise be the result of some a': 6' -isomorphism. Since 
every operator of Gj is commutative with each operator of G2 , every operator 
of G' must be commutative with each operator of G"y and accordingly the 
constituents of Gi found in the operators of G' must be commutative indi- 
vidually with the constituents from Gj found in the operators of G" (the same 
would be true respecting the constituents of G^ as found in G' and in G"). 
From this fact it will now be shown that [G\ G"] would not contain Gi. From 
the conditions just stated about the commutability of constituents, if any con- 
stituent of Gi in G' also appeared in G"j then Gu if generated at all, would 
contain at least one invariant operator besides the identity ; and if the constit- 
uents of Gi in G' were all different from those in G", then Gj would be a direct 
product. But both results are contrary to the original hypothesis that Gi 
contain no invariant operator besides the identity and be indivisible. Hence, 
[G', G"] does not contain Gu or, in other words, G is not generated by G' and 
G". Therefore, in no isomorphism of G with itself can Gj or G^ correspond 
to a subgroup outside this generating pair, or Gi and G2 constitute a character- 
istic pair (or set) of subgroups of G.* 

The development of this proof further shows that G can not be the direct 
product of another pair of indivisible groups neither of. which contains an 
invariant operator besides the identity. Moreover, no factor of G could con- 
tain an invariant operator besides the identity, for then the central of G would 
not be the identity. Accordingly, if G is the direct product of two indivisible 
groups neither of which contains an invariant operator besides the identity 
then if G can be represented as the direct product of two other factors, at least 
one of these must be divisible. If G were the product of several factors, the 
same line of proof would establish the generalization of this statement ; viz. : 
If G is the direct product of n indivisible groups G^j . . . ., G^no one of which 

* If, in addition to the conditions already imposed upon O^ and G,, it is given that Oxi^gt, then 
evidently 0^ and G, are themselves characteristic subgroups, and the 1 of G is the direct product of the 
groups of isomorphisms of these subgroups. Cf. Miller, TransticUona of American Mathematical Socioty, 
Vol. 1 (1900), p. 396. 
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contains an invariant operator besides the identity j and if G can he represented 
as the direct product of other factors not all of which are identical with the 
former n, then at least one of this second set of factors is divisible. From this 
it is evident that if G were the product of n such indivisible groups, no outside 
subgroup could correspond to any of these in any automorphism of G\ and 
accordingly the preliminary observation becomes : // G is the direct product of 
n indivisible groups no one of which contains an invariant operator besides 
the identity^ then these n groups form a characteristic set {according to the 
unrestricted definition).* 

To proceed with the proof of Theorem I, let H, , ffj , . . . . , i?„ be the n 
similar groups each simply isomorphic with i7, and let Iij I29 . . . . , ^n l>® their 
respective groups of isomorphisms. These will also be simply isomorphic 

among themselves and have the same order i. Since G ^ [H^ , , H^] , G is 

invariant under each of these Ps and hence under their direct product. More- 
over, in each of the t" different isomorphisms effected by [/i, ....,/„] each of 
these n generating Ws corresponds to itself. Now G is the direct product of 
the n indivisible groups no one of which contains an invariant operator besides 
the identity; hence, from the preceding observation no outside subgroup of G 
can correspond to any of the H's in any of the isomorphisms of (?, or these 
n Wb form a characteristic set. 

From the fact that the original n generating H's constitute a characteristic 
set, the remaining isomorphisms of G are those arising when the n H's corre- 
spond among themselves; and this is possible, since they all are simply iso- 
morphic and distinct. Now if an operator 5^ of one of the H% say Hi , corre- 
sponds to an operator s^ of H^j then Hi and H^ must correspond in simple 
isomorphism throughout, because, since no ff is a direct product nor contains 
an invariant operator besides the identity, and since no operator from outside 
the groups of the generating set can correspond to an operator of the generating 
set, evidently the operators of Hi are the only ones in the generating set which, 
with Siy form a subgroup H which could be simply isomorphic with H^. Hence, 
the correspondences among the n generating H'8 of the characteristic set can 
be effected in exactly n I ways, corresponding exactly to the symmetric group 
of degree n. 

The / of G, therefore, is of order nit" and is simply isomorphic with 
[/j , /g , ....,/»] extended by operators which permute the Ps according to 
the symmetric group of order n 1 . 

* Cf. Remak, loc, cit., p. 304. 
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Example. Suppose that G^{abcd)po& {efgh)jpoQ (ijkl) pos. Then the 
/ of G is [ (abed) all (efgh) all {ijkl) all] • (eat • bfj • cgk • dhl) • {ae •bf^cg* dh) . 

By means of this theorem it is easy to establish the following one on a 
system of groups of isomorphisms which are complete groups : 

Theorem IL If H is the group of isomorphisms of a simple group 8 of 
composite order^ then the I of the n-th power of H is a complete group of 
order n I /i" which is the n-th power of H extended by operators which permute 
the n H's according to the symmetric group of degree n. 

In proving this theorem, use will be made of a proposition due to Bum- 
side, " If G is a simple group of composite order, or if it is the direct product 
of a number of isomorphic simple groups of composite order, the group of 
isomorphisms L of (7 is a complete group/' * 

Since S is a, simple group, it is indivisible and contains no invariant 
operator besides the identity. Hence, from Theorem I, the group of iso- 
morphisms of the n-th power of S is L^[Hi, . . . ., -ff^J extended by operators 
which permute the H's according to the symmetric group of degree w, and from 
Burnside's theorem, L is a complete group. 

The quoted theorem states that H also is a complete group. It accordingly 
contains no invariant operator. Moreover, it is indivisible. To show this 
it will first be proved that if a group which is the direct product of indivisible 
factors no one of which contains an invariant operator besides the identity^ 
contains an invariant simple group, then that simple group is contained wholly 
in one of the factors. For this simple group could not be the direct product 
of invariant subgroups from different factors, nor could it be the result of any 
isomorphism, not 1:1, of such subgroups from different factors, because in 
both cases the group formed would be composite. Since no factor contains 
an invariant operator besides the identity, the required group could not be the 
result of a 1:1- isomorphism, for in this case the group formed would not be 
invariant under the entire group. Hence, if an invariant simple subgroup 
occurs, it must be wholly in one of the factors. 

Now to complete the proof that H is indivisible, suppose it were divisible. 
8 is its own group of cogredient isomorphisms, and hence it is contained in H 
invariantly. Then from the statement just established, if H were divisible, 
8 would necessarily be contained wholly in one of the factors. But this would 
lead to an absurdity, for then 8 would be transformed in the same way by more 
than one operator in its group of isomorphisms, since every operator of the 
other factors would transform it in exactly the same way as the identity. 
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Accordingly, H is an indivisible group. Then since H contains no invariant 
operator besides the identity and is indivisible, the preceding Theorem I can 
be applied to the w-th power of i7, and the group of isomorphisms is seen to be 
/ ^ [i7, , . . . . , i7„] extended by operators which permute the J?^s according to 
the symmetric group of degree n. Furthermore, since I is seen to be the same 
as the complete group L, / is likewise a complete group. 

Example. The group of isomorphisms of the simple group of order 168 
and degree 7 is known to be simply isomorphic with the group of order 336 
and degree 8. Hence, the I of the w-th power of (abcdefgh)^ is a complete 
group, which may as a substitution group be obtained according to the theorem. 

CoBOLLARY I. The I of the n-th power of a symmetric group whose degree 
i5 >4 and ^6 is a complete group. 

Because these symmetric groups are the groups of isomorphisms of their 
respective alternating groups which are simple and of composite order.* 

Corollary II. If H is the group of isomorphisms of a simple group S of 
composite order, then the I of the square of H or of 8 is a complete group 
which is the double holomorph of H. 

From the given theorem this I is seen to be the square of H extended by 
an operator of order 2 which interchanges the two systems. Since ff is a 
complete group, the resulting I is the double holomorph of H. t 

Again, in connection with the groups of isomorphisms of the squares of 
certain groups, another theorem which is closely related to the preceding two 
will be given. 

Theorem III. If G is the square of an indivisible group H whose central 
is the identity and which is simply isomorphic with a characteristic subgroup 
of its group of isomorphisms, then the I of G is simply isomorphic with the 
double holomorph of the group of isomorphisms of H. 

In proving this theorem it may be supposed that H is written as a regular 
substitution group. Then the operators transforming it according to its pos- 
sible automorphisms can be written as substitutions on the same letters. $ 
Furthermore, since H contains no invariant operator besides the identity, and 
is thus its own group of inner isomorphisms, it is identical with the character- 
istic subgroup of its group of isomorphisms (Ijj) with which it was known to 
be simply isomorphic. Since no two operators of the group of isomorphisms 
of a group transform that group in the same way, no operator besides the 

* See Burnside, "Theory of Groups," 1911, §§ 162, 139. 

t This term was introduced by Miller. See Tranaaciiona of American Mathematical Society, Vol. IV 
(1903), p. 154. 

t Frobenius, Berliner Sitzungaherichte, 1895, pp. 184, 185. 
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identity in Ig can be commutative with all the operators of H. Hence, I^ con- 
tains no invariant operator besides the identity, or is its own group of inner 
isomorphisms. 

Now i7 is a characteristic subgroup of I^ , and accordingly the possible 
automorphisms of Ig with the operators of fl in some fixed correspondence 
form an invariant subgroup of the group of isomorphisms of I^. But since 
no two operators in 7^ and outside H transform the operators of H in the 
same way, the total automorphism of 7^ is fixed if the automorphism of H is 
fixed. Hence, the 7 of the group of isomorphisms of H is not of greater order 
than is 7^ itself. But its group of inner isomorphisms has been seen to be of 
that order. Accordingly, since 7^ contains no invariant operator besides the 
identity and admits of no outer isomorphism, it is a complete group. * 

Finally, from Theorem I the 7 of 6? is seen to be the square of a complete 
group extended by an operator of order 2 which interchanges the two systems, 
and therefore this G is the double holomorph of the group of isomorphisnis of H. 

Example. If G ^ (abed) pos (efgh) pos, then 7 ^ [ {abed) all (efgh) all] . 
{ae 'bf ' eg ' dh)y which is the double holomorph of the symmetric group of 
degree 4. 

This part of the discussion is concluded with the following theorem and 
corollaries on conjoints : t 

Theorem IV. If an indivisible group H and its conjoint H' generate Gj 
where the order of the central of H is not greater than 2, then if G contains 
no other pair of subgroups simply isomorphic with H and H'j the I of G is 
simply isomorphic with the square of the group of isomorphisms of H extended 
by an operator of order 2 which simply interchanges the two systems. 

Suppose that C is the central of H. From the nature of the construction 
of the conjoints, C is also the central of 77', and the cross-cut of the two groups ; 
accordingly, it is the central of G. By hypothesis C is either the identity or 

■ 

the identity and a characteristic operator of order 2. 

It will be proved that these two conjoints form a characteristic set or pair. 
Let the operators of H outside C be represented by s's, those of H' by t's ; thus, 

±i ^ G , ^2 ' ^8 9 • • • • J ^fc 5 
xl ^= O , tij fr 8 J • • . • , *A • 

Since by hypothesis there are no other pairs of subgroups which could 
correspond to H and 77', it is sufficient to show that no subgroup exists in G 



* Burnside gives a different proof (loo. ciU, p. 95) . 

t The term conjoint ir due to Jordan. See " Traits des Substitutions," 1870, p. 60. 
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which could correspond to one of these conjoints and with the other form a 
generating pair in some automorphism of G. Any such subgroup would have 
to contain an operator or some operators from outside H and Z7'. But none 
of the operators outside H and H' is commutative with all the operators of H 
or with all those of H\ This is because all such operators are of the form 
Si tj{ij j = 2, . . . .J h)y where neither factor is from the central of C; so that 
the product can not be commutative with all of Sg, . . . ., 5^ nor with all of 
<2 ,...., <A • Accordingly, no subgroup exists which could replace either con- 
joint in an automorphism of 6r; so that, under the hypotheses, they constitute 
a characteristic pair of subgroups. 

Since the operators of each conjoint are commutative with each operator 
of the other, and each conjoint subgroup is independent of the other, evidently 
each can correspond exactly according to its own group of isomorphisms while 
the other remains fixed in identical correspondence. Furthermore, the conjoints 
themselves can correspond, and they correspond throughout if some operator 
outside the central of one is in correspondence with an operator of the other. 
That is, if some 5 corresponds to some f, then H and H' correspond entirely. 
Otherwise, it would be possible to form from the operators of H and H' two 
groups each simply isomorphic with fl, each containing both s's and t'&, and 
they would possess the property that every operator of one was commutative 
with every operator of the other. Since H is not a .direct product, this 
would necessitate that some one or more of the s'b (or t's) be commutative 
with all the other s's (or f's), making the order of the central greater than 
that of (7, which would be contrary to hypothesis. Hence, if one operator 
(outside C) oi E corresponds to an operator of Z7', all of H corresponds to fl'. 

Hence, G has the isomorphisms of IT, combined with all those of H\ and 
finally those additional ones resulting from making H and H' correspond, and 
it has no more. The I oi G is thus representable as a substitution group by 
extending the square of the group of isomorphisms of E by an operator which 
simply interchanges the two systems. 

Should H contain no invariant operator besides the identity, from the 
auxiliary facts established in the proof of Theorem I, E and its conjoint 
would constitute a characteristic pair, and the conditions would be a special 
case of Theorem I with w = 2 ; viz. : 

Corollary I. // G is generated by an indivisible group E and its conjoint 
E'j where E contains no invariant operator besides the identity j then the I of G 
is simply isomorphic with the square of the group of isomorphisms of E ex- 
tended by an operator of order 2 which simply interchanges the two systems. 
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If, in this theorem or the corollary just stated, the group of isomorphisms 
of H should be a complete group, the I ot G would be simply isomorphic with 
the double holomorph of the group of isomorphisms of H. 

If two conjoints such as those of the theorem generate a group G which 
contains other pairs of simply isomorphic subgroups (which could correspond 
to H and ff' in some automorphism of 6r) , then from the preceding proof, where 
it was shown that no one subgroup could be in two different pairs of conjoints, 
the following statement can be made regarding the order of the group of iso- 
morphisms of G : 

Corollary II. // G is generated by an indivisible group H and its con- 
joint H'j where the order of the central of E is not greater than 2, then the 
order of the I of G is twice the product of the order of the group of isomorph- 
isms of H by the number of pairs of subgroups which can correspond to H 
and H' in the automorphisms of G. 

Example, The group G s; [ {abcd)^ {^fgJ^)^]^,^ (^^ -bf - eg ' dh)^ which is 
of degree 8, well illustrates most of the theory brought out in connection with 
this theorem. This group is generated by two conjoint quaternion groups 
having a common central (the identity and a characteristic operator of order 2) 
and nothing else in common; furthermore, it contains no other quaternion 
subgroups. Now the symmetric group of degree 4 is the group of isomorphisms 
of the quaternion group,* so that the 7 of (r is simply isomorphic with the 
square of the symmetric group of degree 4 extended by an operator of order 2 
which simply interchanges the two systems ; or since the symmetric group of 
degree 4 is a complete group, this I is the double holomorph of this symmetric 
group, its order being 1152. 

Again, it may be noted that this G is generated by a pair of conjoint octic 
groups. If there were but one pair, I would be of order 128 ; but there are 
nine distinct pairs of octic groups, each pair having the properties of conjoints 
and being generators of G; so that the / of (? is of order 9x128 = 1152. 

II. Theorems on the Direct Product of Particular Dissimilar Groups. 

In the theorems of this section the group G is the direct product of two 
subgroups, one of which {A) is characteristic, and the other {B) may have 
conjugates under the group of isomorphisms {Iq). A and J?, therefore, have 
the following properties : every operator of B is commutative with each oper- 
ator of A ; the identity is their only common operator ; A and B generate G ; 
A always corresponds to itself ; and B may correspond to some other subgroup. 

* Cf. Miller, Bulletin of American Mathematical Society (2), Vol. V (1898-99), p. 294. 
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Since A always corresponds to itself, any group B' which corresponds 
to J? in any automorphism of G can have only the identity in common with A ; 
hence, B' could not be the direct product of any subgroup from A and any 
subgroup of B. Accordingly, if B' exists, it must be formed by some iso- 
morphism. Every operator of B' must be commutative with each operator 
of A ; hence, any operators of A appearing as constituents in B' must be from 
the central of ^. B' could not be formed by an isomorphism of any subgroup 
from B of index > 2 with a subgroup from the central of Aj for the group 
generated by such a group and A would not contain 5, hence would not be G. 
Hence, since B' is to be of the same order as 5, every possible B' must be 
formed by a rf : 1-isomorphism of B with some subgroup from the central of A. 
Such a group and A would evidently generate B and accordingly G ; moreover, 
it would be simply isomorphic with G and would have only the identity in 
common with A. With this introduction the following auxiliary proposition 
will be established for immediate use in the following four theorems: 

Theorem V. // the group G is the direct product of two groups A and B 
such that (a) A is characteristic in G; (b) B and all its conjugates contain a 
common subgroup D of index p {p being any prime); (c) the operators of 
order p in the central of A form a characteristic subgroup which admits of 
a-holomorphismSj* a=l, . . . ., {p — 1), under the I of A: then the I of G is 
simply isomorphic with the direct product of the group of isomorphisms of 
B (Ig) and a group /'. 

From the statement of the conditions it is obvious that all the conjugates 
of B are formed by a d : l-isomorpKism between B and cyclic groups of order p 
from the central of A, all of these conjugates having the same head Z>, which 
is thus a characteristic subgroup of G. It will first be proved that the I of G 
is simply isomorphic with a group generated by 7^ , Z^, , and operators repre- 
senting certain transformations of B into its conjugates. Ultimately it will be 
shown also that 7' is generated by the group of isomorphisms of A (7^) and 
operators corresponding to the transformation of B into its conjugates in 
which the order of the B -constituents is the same as the order of the operators 
of B itself. 

In the automorphisms of G, A can correspond according to all its possible 
isomorphisms while B remains in identical correspondence, and vice versa. 
But each such set of transformations forms a group, 7^ and Is , respectively, 
which have nothing more than the identity in common. Hence, the I of G has 

* Defined by Young (J. W.)» Transaotiona of American Mathematical Society, Vol. Ill (1902), p. 186. 
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subgroups simply isomorphic with 7^ and with Ig (all the operators of one 
subgroup being commutative with each of those of the other) and a subgroup 
simply isomorphic with their direct product. When referring to these simply 
isomorphic subgroups, they will be called /^, Z^, etc., rather than "the sub- 
group simply isomorphic with 7^ /' etc. With the characteristic subgroup A 
in identical correspondence, B can correspond to itself according to Ig and can 
correspond to each of its conjugates. Thus, the group generated by 7^ and 
operators corresponding to the transformation of B into its conjugates is an 
invariant subgroup of the 7 of G, and since the quotient group is the 7^ , and 
the 7 of (? is known to contain 7^, none of whose operators (excepting the 
identity) is in the invariant subgroup, therefore the 7 of G is generated by 
Ia7 Ibi aiid operators representing the transformation of B into its conjugates. 

It will now be proved that the I ot G contains a subgroup, simply iso- 
morphic with 7b, every operator of which is commutative with the operators 
effecting the automorphisms of A and the transformation of B into its conju- 
gates leaving the order of the operators of B unchanged as they become 
constituents of a B\ 

Suppose that m — 1 subgroups can be formed to correspond to B (besides 
itself) . 7>, the characteristic head of all these conjugates, and any one of the 
m tails form a group simply isomorphic with B. Since p is a prime, the co-sets 
with respect to 7> in J? (or in a B') are transformed among themselves cyclically 
if they are permuted at all ; and if the co-sets of one conjugate are permuted, 
the corresponding co-sets of all the conjugates permute in the same order. 
Consider an operator which transforms B into itself according to some one of 
its automorphisms. If each one of the following m — 1 tails does not go into 
itself under this transformation of the operators of J5, a different transforming 
operator can be found which will effect the same automorphism of B and simul- 
taneously transform each tail into itself. Such an operator can be found by 
taking the product of the original transforming operator by an operator from 
I A which effects the same w-holomorphism among the operators of order p in 
-4*8 central as is effected by the original transforming operator among the co- 
sets of the tail of 5. If R is such an operator of the 7 of G, and any operator 
of J5, as ti (which for convenience may be supposed in the first co-set after 7)), 
is transformed into t^ in the w-th co-set (where w = l, . . . ., p — 1, supposing 
that the order of the co-sets is that of successive powers), and if c is an oper- 
ator of order p from the central of Aj then 

R"H^r=tn (7?~^c7? = c*). (1) 

Now let V be dny operator of the I oi G which transforms B into a J5' leaving 
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the order of the -B-constituents the same as that of the corresponding operators 

of B. Then 

V-H^V=t,c' {V-H',V=t',c^'). (2) 

Transforming (1) by F and (2) by i? gives 

R^' V-' t^ VR=R-' ti c'R = tn c-\ 

Hence, VR=^RV. But the totality of the iJ^s constitute a subgroup of the I of G 
simply isomorphic with Ig. Accordingly, each operator of this i?-subgroup 
is commutative with each operator transforming B into a J5', under the con- 
ditions stated. 

It must also be shown that every R is commutative with the operators 
effecting the automorphisms of A, The only automorphisms of A which need 
be examined in this relation are those affecting the c'a in some way. If W is 
an operator effecting some such automorphism of -4, it is commutative with t ; 
hence, WR and RW transform B in exactly the same way. Suppose that 

W-'cW=c' {W'HW=t); (3) 

then, from (1) and (3), 

W-'R''cRW=c'\ 

Hence, the jR's are individually commutative with the operators of 7^ ; and, 
accordingly, there is in the 7 of G a factor which is simply isomorphic with 7^ . 

Since the Ig is a factor, the other factor (7') depends only upon the iso- 
morphisms of A and those of the tails. Hence, in determining 7', the opera- 
tors of B can be used in some arbitrary order. If letters be placed before 
each of the m{p — 1) co-sets of the m tails with respect to D (a letter before 
each such co-set), and letters before such operators of A outside its largest 
characteristic subgroup (none are needed if all the operators are commutative 
and of order p) as are necessary to determine its group of isomorphisms, then 
the permutations of these letters during the transformation of B into each B' 
(5-constituents remaining in the same order as the corresponding operators of 
B itself), and during all the automorphisms of A, will determine 7'. 

In the following theorems A and B are of such forms that 7' is readily 
obtained. 

Notes. If in this proposition p = 2, then the proof is much simpler, since there is but one co-set 
in each tail and hence no cyclical permutation of the co-sets in any tail. 

If, in addition to the given hypotheses, the central of A is known to be the identity, then B also is 
characteristic and the I of O immediately determined. Or, if B contains no invariant subgroup whose 
quotient group is simply isomorphic with a subgroup of the central of A, then B also is characteristic 
and the I ot Q determined as before.* 

* Miller, Tranaaotions of American Mathematical Society, Vol. I (1000) , p. 396. 
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Example. If G^{abcd) all (efgh) gj then A is the octic group, B is the 
symmetric group (ahcd) all, and there is but one B\ which is formed by dimidi- 
ating B with the central of A. The operator of order 2 which transforms B 
into J5' is commutative not only with all the operators of Ig but also with those 
of Ijt (because the operator of order 2 from A used in the dimidiation is 
characteristic in A and invariant under 7^). Therefore, the 7 of G is simply 
isomorphic with (abed) all {efgh)g{ij). 

The following theorem is stated because it represents the common starting 
point of Theorems VII, VIII, IX and X, which follow ; and a proof is here given 
to introduce the method of demonstration to be employed throughout. The 
latter four theorems are extensions in different directions of the one under 
immediate consideration. 

Theorem VI. If a group G is the direct product of the group of order p, 
p being any prime, and a group H which contains a characteristic subgroup D 
of index p, neither D nor the central of H containing an invariant subgroup of 
index p, then the I of G is simply isomorphic with the direct product of the 
group of isomorphisms of H and the holomorph of the group of order p. 

The cyclic group of order p is characteristic, since it is the only subgroup 
of order p in the central of G ; and since D is characteristic in H and contains 
no invariant subgroup of index p, it too is characteristic in G. Each of these 
subgroups must correspond to itself in every isomorphisms of G ; furthermore, 
G must contain the product of these two subgroups as a characteristic subgroup 
of index p. After this characteristic subgroup of index p is fixed in any iso- 
morphism, there can correspond to any one of the remaining co-sets, with 
respect to Z>, any one of p such co-sets and no more, and this correspondence 
then establishes the isomorphism of the entire group. The I of G thus con- 
tains an invariant cyclic subgroup of order p. For convenience, it may be 
supposed to be of degree p, a letter corresponding to each of the p inter- 
changeable co-sets. Now, if the operators of the characteristic subgroup D 
are retained in the same isomorphism as before, there are exactly p — 1 possible 
correspondences of the succeeding co-sets in the characteristic subgroup of 
index p, since any one of the p—1 co-sets can stand first and the order of the 
remaining ones is then determined. 7 thus contains an invariant subgroup 
of order p{p — 1) which, moreover, contains the cyclic subgroup of order p 
invariantly. Since this subgroup can be written on p letters, it is the holo- 
morph of the cyclic group of order p. 

The only other isomorphisms of G are those effected by the group of 
isomorphisms of IT, and accordingly, from Theorem V, the 7 of G is simply 
5 
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isomorphic with the direct product of the group of isomorphisms of H and the 
holomorph of the cyclic group of order p. 

Example. If G^{ahcd) pos {efg) eye, then H is the alternating group 
(ahcd) pos which contains a four-group as a characteristic subgroup D of 
index 3, neither D nor the central of H containing an invariant subgroup of 
index p. Since the group of isomorphisms of this H and the holomorph of the 
cyclic group of order 3 are known, the 7 of G is simply isomorphic with 
(a6cd)all(e/^)all.* 

Theobem VII. If a group G is the direct product of an ahelian group A 
of order p"*, type (1,1,1, ....)> P ^^i^g ^^y P^*w^> ^^^ « group H which 
contains a characteristic subgroup D of index p, neither D nor the central 
of H containing an invariant subgroup of index p, then the I of G is simply 
isomorphic with the product of the group of isomorphisms of H and the 
holomorph of A. 

The abelian group A is characteristic in G, since it is the largest subgroup 
in the central of G that contains operators of order p only; and since D is 
characteristic in H and contains no invariant subgroup of index p, it too is 
characteristic in G. Each of these subgroups must correspond to itself in 
every automorphism of G; furthermore, G must contain the product B of 
these two subgroups as a characteristic subgroup of index p. The rest of G 
consists of the product of the abelian group A into the tail of H (which is H 
minus D). 

Suppose, while determining the isomorphisms of the various subgroups 
which can be formed by isomorphism, that the operators of H remain in some 
fixed order. Let the characteristic subgroup £ be in some identical corre- 
spondence ; then any one of the first p"* co-sets in the tail of G can be taken to 
correspond with the one originally first. When this is selected, it with B 
determines the entire isomorphism of G. There are, accordingly, exactly p"* 
such isomorphisms, and they are commutative and each of order p. Hence, 
so far as the isomorphisms of these subgroups of G are concerned, there is an 
invariant abelian subgroup of order p"*, type (1, 1, 1, .... ). For convenience, 
this subgroup may be supposed to be written on p*^ letters, one corresponding 
to each of the first p"* co-sets formed with respect to Z), since the p"* co-sets of 
any of the p — 1 systems of similar co-sets correspond among themselves and 
only among themselves, excepting in isomorphisms of H itself. 

Next, consider the possible isomorphisms of the co-sets in B (the opera- 
tors of H being in the same original order, and D thereby in identical corre- 

* Gf. Miller, Philosophical Magazine, Vol. CGXXXI (1008), pp. 223 et seq. 
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spondence). The arrangement of these co-sets is unrestricted by the order of 
the co-sets in the tail of G {=G minus B). Hence, since these p* — 1 co-sets 
differ from one another only by operators from A by which D is multiplied to 
give them, they may be made isomorphic exactly according to the group of 
isomorphisms of A. 

This then effects all the possible isomorphisms of A and of the p^ sub- 
groups simply isomorphic with H (found by a d:l-isomorphism of H with 

each of the - — =- subgroups of -4,* each of order p and each being here 

if 

employable in p — 1 ways, since any one of its operators of order p can be taken 
as the generator) . The number of these isomorphisms is p^ times the order 
of the group of isomorphisms of A. Furthermore, the group of these iso- 
morphisms can be written on the p"* letters previously introduced, and it con- 
tains as an invariant subgroup, as was seen, an abelian group of order p**, 
type (1,1,1, ....). But p^ times the order of the group of isomorphisms 
of A is the order of the holomorph of A, which is the maximum group on p^ 
letters containing A invariantly. Hence, this group is the holomorph of A. 

Besides these isomorphisms already determined, the only other isomorph- 
isms of G are those effected by the group of isomorphisms of JI, and from 
Theorem V this group is a factor in the I of G. Therefore, the I of G is 
simply isomorphic with the direct product of the group of isomorphisms of H 
and the holomorph of A. 

Example. If G^{ahcd) all (e/) {gh)j then H is the symmetric group of 
degree 4 and A is the four-group. Since H is then a complete group and the 
holomorph of the four-group is the symmetric group of order 24, the I o£ G 
is simply isomorphic with {ahcd) all {efgh) all. 

The groups of isomorphisms of abelian groups of order p"*, type (1, 1, 

1, ), have been studied by Moore,t so that the holomorph of such a group 

is a definitely determined group. Whto p = 2, it is interesting to note that, 
if w=2 {A is then the four-group), the holomorph is the symmetric group 
of order 24; if w=3, the holomorph of A is the group of order 1344 and 
degree 8;t if w=4, the holomorph of ^ is a primitive substitution group of 
degree 16, order 8 ! 8.§ 

♦ Burnside, "Theory of Groups," 1911, p. 110. 

t Moore, Bulletin of American Mathematical Society (2), Vol. II (1896), pp. 33-43. Cf. Burnside, 
"Theory of Groups," 1911, §§ 89, 90. 

t For more information and references on this interesting group see Miller, Asobbican Joubnal of 
Mathematics, Vol. XXI (1899), p. 337. 

§ Miller, Amebican Joubnal of Mathematics, Vol. XX (1898), p. 233. 
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CoBOLLARY. // G is the direct product of a symmetric group of degree ti, 
n^2 nor 6, and an abelian group of order 2"*, type (1,1, .... )> ^'^^^ ^^^ I of G 
is simply isomorphic with the direct product of that symmetric group and the 
holomorph of the given abelian group. 

If n=2, G is simply an abelian group of order 2"*"^^ type (1, 1, .... ). If 
M=6, the I of G is the direct product of the holomorph of the given abelian 
group and an imprimitive group of order 1440 and degree 12, this being the 
group of isomorphisms of the symmetric group of order 720.* 

Theorem VIII. // a group G is the direct product of a cyclic group of 
order p"*, p being an odd prime^ and a group H which contains a characteristic 
subgroup D of index p, neither D nor the central of H containing an invariant 
subgroup of index p, then the I of G is simply isomorphic with the direct 
product of the cyclic group of order p"*~S the holomorph of the group of 
order p, and the group of isomorphisms of H. 

From the hypotheses, D is characteristic in G, as is also the cyclic group 
(E) of order jp** and the single subgroup of order p contained in it, these 
latter two being the only subgroups of their respective orders in the central 
of G. From Theorem V, the I of G will be the direct product of the group of 
isomorphisms of H and a group F which is generated by the group of iso- 
morphisms of the cyclic group and operators corresponding to the subgroups 
to which H can correspond. It remains to determine /'. 

Now G is generated by the characteristic cyclic group of order p** and H 
or any group simply isomorphic with H which can be formed by an isomorphism 
of H with subgroups from E. The only subgroup from E which can be thus 
used is the single one of order p, since D is tjie subgroup which in H must be 
employed as the invariant subgroup, and any subgroup of order greater than p 
from E would then result in a group of order greater than H, which then could 
not be put into simple isomorphism with it. Since this subgroup of order p 
can be generated by any one of its p — f operators of order p, H and the p — 1 
different groups which can be formed simply isomorphic constitute a charac- 
teristic set of p subgroups; and with E in fixed isomorphism, the resulting 
invariant subgroup in F is a cyclic group of order p. 

The group of isomorphisms of E is a cyclic group of order ^ {p^) = 
p«-i (p — lyf In this the operators of order p", n = l, . . . ., m — 1, leave the 

* Miller, Bulletin of American Mathematical Society (2), Vol. I (1895), p. 258; and Holder, Mathe- 
matiache Annalen, Vol. XL VI (1895), p. 345. 

t Burnside, '< Theory of Groups," 1911, § 88; also Miller, Transactions of American Mathematical 
Society, Vol. IV (1903), pp. 153-160. 
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operators of order p in E invariant, simply transforming among themselves 
in the possible ways the operators of order p*j i > 1, in ^ whose first power 
in the subgroup of order p is the same operator. Since these operators of 
order p are invariant under this cyclic group of order p^^^y the subgroup of 
order p ia F will have each of its operators commutative with each of the 
operators of this cyclic group. But the cyclic subgroup of order p — 1 in the 
group of isomorphisms of E transforms the cyclic subgroup of order p in E 
exactly according to its possible isomorphisms, or the cyclic subgroup of order 
p in /' is transformed according to its own group of isomorphisms. Hence, 
r contains a cyclic group of order p"*~^ and a cyclic group of order p extended 
by operators transforming it into all its possible isomorphisms, these operators 
being commutative individually with those of the cyclic group of order jp"*~^ 
Therefore, /' is the direct product of the cyclic group of order p"*~^ and the 
holomorph of the group of order p. 

■ 

If the cyclic group E were of order 2"*, then its group of isomorphisms 
would be an abelian group of order 2*""^ type {m — 2,1).* The operator of 
order 2 used from E in forming the only conjugate of H would be charac- 
teristic, hence unaffected by any operator of the group of isomorphisms of E. 
Accordingly, /' would be an abelian group of order 2*^, type (m — 2, 1, 1), and 
the theorem would be : 

Thbobbm IX. If a group G is the direct product of a cyclic group of 
order 2"* and a group H which contains a characteristic subgroup D of index 2, 
neither D nor the central of H containing an invariant subgroup of index 2, 
then the I of G is simply isomorphic with the direct product of an abelian 
group of order 2"', type (m— 2, 1, 1) and the group of isomorphisms of H. 

Example. If (? ^(afecei) all (e/(/fe) eye, then H^{abcd) b\\ contains the 
tetrahedral group as a characteristic subgroup D of index 2, neither D nor 
the central of H having an invariant subgroup of index 2. The I of (?, 
accordingly, is simply isomorphic with {abed) all (e/) {gh). 

Note. It may be noted that in the preceding Theorems VI, VII, VIII and IX the fact that Ih is a 
factor in the I of O could be established in each case independently of the Theorem V. The problem is 
simple if p=2. If p is an odd prime, then in each case there is a holomorph of an abelian group of odd 
order p«n, type (1, 1, . . . .), which holomorph is a complete group. f By showing that this holomorph is an 
invariant subgroup of the / of O, it is known to be a factor. X 

Thbobbm X. If G is the direct product of the group of order 2 and a 
group H which contains in a characteristic series^ n successive subgroups 

* See preceding foot-note references. 

t Burnside, « Theory of Groups," 1897, p. 239. 

X H5lder, Mathemati8ohe Annalcn, Vol. XLVI (1895), p. 325. 

§ Defined by Frobenius, Berliner Sitzungaherichte, 1895, p. 1027. 
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each of index 2 in the preceding^ neither the lastj H^ of index 2* in ff, nor the 
central of H containing an invariant subgroup of index 2, then the I of G is 
simply isomorphic with the direct product of the group of isomorphisms of H 
and an ahelian group of order 2", type (1, 1, .... ). 

While this theorem does not come directly tinder the problem considered 
in Theorem V, still it is easy to show that I^ is here a factor in the / of G. 
As suggested in a note after Theorem V, since the prime is 2, there is but one 
co-set outside the characteristic subgroup of index p in any subgroup of the 
characteristic series. Hence, there is no cyclic permutation among the co-sets 
of a tail, and in transforming H into any of its conjugates an operator (t) 
either goes into some operator (<') of the same co-set (or head) or goes into 
such an operator {t') multiplied by the operator of order 2. If one operator 
of a co-set is multiplied by one of the operators from the group of order 2, 
all of the operators of that co-set are multiplied by that same operator; say 
by c. Let R be an operator transforming H according to any one of its auto- 
morphisms; then 

R-HR = t\ {R''cR=c). (1) 

If V be an operator transforming H into any one of its conjugates without 
altering the order of the £f- constituents from that of the order of the corre- 
sponding operators of £f, then 

V'Hr=tc, {V-'H'V=Vc). (2) 

Transforming (1) by F and (2) by ii gives, respectively, 

V-'^R^HRV=t'c, 
R'^V-HVR=Vc. 

Hence, VR=RVy and I^ is accordingly a factor in the I of G. Since the group 
of isomorphisms of the group of order 2 is the identity, it remains only to 
determine the possible isomorphisms of H with its conjugates when the order 
of the £f -constituents is the same as the order of the corresponding operators 
of H itself. 

The operator of order 2 in the group of order 2 is characteristic in G. 
H^ is a characteristic subgroup of G. Let the operators of H be in some 
fixed order and let H^ remain in identical correspondence while the subgroup I' 
of the 7 of (y is determined. Each isomorphism of H with an H' is fixed by 
n correspondences, one for each of if, fli, . . . . , -Efn-i> ^^^ there are two options 
in each case (since there are two conjugates in each case). These n corre- 
spondences are independent of one another, so that there are in all 2" subgroups 
in this set of conjugates (including H itself) . Moreover, the operator trans- 
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forming H into any of these H"s is of order 2, and all such transformations 
are commutative. Hence, 7' is an abelian group of order 2** containing no 
operator of order greater than 2. Therefore, the I of G is simply isomorphic 

with the direct product of an abelian group of order 2", type (1, 1, ), and 

the group of isomorphisms of H. 

Example. If G^{ahc) all (def) all (gh), then H^{ahc) all (def) all, in 
which Hi^ [{ahc) all (def) all] pos, which is a characteristic subgroup of 
index 2; Hz^iahc) eye (def) eye, which is a characteristic subgroup of index 
2* in Hf and neither ^2 ^^^ the central of H contains an invariant subgroup 
of index 2. Since the group of isomorphisms of H is the double holomorph 
of the symmetric group of order 6, or is {ahcdef)^^^ therefore the 7 of (? is seen 
to be simply isomorphic with {ahcdef)^^ (ghij)^. 

Theobbm XI. If G is the direct product of a metabelian group of order 
p{p — 1) and a cyclic group of order p — 1, then the I of G is simply iso- 
morphic with the direct product of the holomorphs of the cyclic groups of 
order p and p — 1. 

The problem is insignificant if p is the even prime; hence, p will be 
supposed in the following proof to be an odd prime. 

G contains the cyclic group (C) of order p — 1 as a characteristic sub- 
group, since it is the central of the direct product. The metacyclic group (M) 
of order p{p — 1) is a complete group, being the holomorph of the cyclic group 
of order p,* which cyclic group is a characteristic subgroup of M. In the 
automorphisms of (?, M corresponds to itself and to conjugates formed by 
multiple isomorphism of M with C and with all its various subgroups. 

The conditions are not exactly those named in Theorem V, since here the 
characteristic subgroup of order p in M is not usually (only when p=3) of 
prime index. It must be noted, however, that this same characteristic sub- 
group of index p— 1 occurs in all the conjugates of M and that the transfor- 
mations of the co-sets of M are always cyclic with respect to this subgroup 
of index p — 1. Accordingly, by means of equations like those employed in 
proving Theorem V, it can be shown immediately that the I of G contains the 
group of isomorphisms of M as a factor, the other factor (7') being the group 
of isomorphisms of the cyclic group of order p — 1 extended by operators 
corresponding to the transformation of M into its conjugates without changing 
the order of the operators of M as they become constituents in the conjugates. 
Since M is its own group of automorphisms, it remains to show that 7' is the 
holomorph of the cyclic group of order p — 1. 

♦ Burnside, " Theory of Groups," 1897, p. 239. 
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Now every subgroup of a cyclic group is cyclic and characteristic. If the 
order of any subgroup (including the identity and the given cyclic group itself) 
is d, it has exactly ^{d) automorphisms, so that the number of conjugates of 
M is p — 1; because, from number theory, ^^Tl d^ dzj . . > ., d^ he the different 
divisors of m, 

iq>{dA = \m\.''* 

If M is transformed into the conjugate formed by a multiple isomorphism 
between M and the cyclic group of order p — 1 itself, the transforming operator 
is seen to be of order p — 1; and, furthermore, if this transformation be re- 
peated, it gives the entire set of p — 1 conjugates. Accordingly, the subgroup 
in r which corresponds to the transformation of M into all its conjugates 
(order of M-constituents being the same as the order of the operators of M) 
is a cyclic group of order p— 1, which can be written as a transitive substitution 
group on p — 1 letters, a letter corresponding to each conjugate. If the opera- 
tors of M remain in some fixed order and the characteristic cyclic group of 
order p — 1 in G is transformed according to its group of isomorphisms, the 
p — 1 conjugate subgroups (in the set with M) are permuted according to this 
group of isomorphisms. Hence, the p — 1 subgroups are permuted according 
to a group generated by a cyclic group of order p — 1 and the group of iso- 
morphisms of a cyclic group of order p — 1. This group can be represented 
on p — 1 letters and contains the cyclic group of order p — 1 invariantly. 
Accordingly, Z' is the holomorph of the cyclic group of order p — 1, and the 
7 of (y is simply isomorphic with the direct product of the holomorph of order 
p{p — 1) and the holomorph of the cyclic group of order p — 1. 

Example. Let G ^ (abode) 2Q{fghi) eye. Then the metacyclic group is 
M^ (ah cde) 20 J which is the holomorph of the group of order 5. The holomorph 
of {fghi) eye is an octic group. Hence, the / of G is simply isomorphic with 
(abode) 2Q if ghi)s. 

III. Theorems on Some Extended Groups. 

Theobem XII. Suppose the group H written as a regular substitution 
group and its group of isomorphisms Ig written on the same letters. If H be 
extended by an invariant substitution of order 2 from I^ such that it trans- 
forms every operator of the central C of H into its inverse^ and leaves H 
characteristic in the newly formed group (?, then the I of G is simply iso- 
morphic with the substitution group generated by C and Iff. 

The order of the I of G equals the product of the order of C by the order 

of Iff. 



* Lucas, "Th^orie des Nombres," 1891, p. 400. 

t Miller, Transactions of American Mathematical Society, Vol. X (1909), pp. 471-478. 
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Since H is characteristic in (?, when H is fixed in identical correspondence, 
the possible isomorphisms of the latter half of G determine an invariant sub- 
group of Z. Ji s is the operator of order 2 by which H is extended, the prod- 
ucts of s by each of the operators of C transform H exactly as s itself does, 
and all these products are of order 2 ; moreover, these are the only ones having 
these properties. Furthermore, the automorphisms which are effected if they 
in turn stand in correspondence with 5, exactly correspond to a group (invariant 
in Z) simply isomorphic with C. 

The other possible isomorphisms arise when the subgroup H corresponds 
to itself in all the ways it may as a subgroup of (?, which evidently could not 
be more ways than if it were an independent group by itself. But here it can 
correspond exactly according to its own group of isomorphisms, since its group 
of isomorphisms always transforms it into itself, and at the same time, by 
hypothesis, transforms s into itself. Hence, G is invariant under the group 
of isomorphisms Z^, and the order of the I of G equals the product of the 
order of C by the order of I^ , since the quotient group of I with respect to a 
group simply isomorphic with C has been seen to be I^. Now, in the iso- 
morphisms of G the operator s and its c — 1 conjugates were first permuted 
according to an invariant subgroup (of I) simply isomorphic with (7, and then 
exactly as the operators of C itself were permuted by the substitutions of I^ ; 
moreover, these and their products are the only permutations of these c conju- 
gates. Hence, the invariant subgroup (in I) simply isomorphic with C is 
transformed by the rest of the operators of I in exactly the same way as C 
is transformed by Z^. Now the first power of any operator of I^ appearing 
in C is the identity ; otherwise some non-identity operator of Ig would trans- 
form H in the same way as the identity itself does, which is impossible. 
Moreover, C is invariant under Z^y, since it is a characteristic subgroup of H. 
Hence, if C were extended by the operators of Ig , the resulting group would 
be of order equal to the order of Z. With respect to the invariant subgroup C, 
its quotient group would be simply isomorphic with Z^. In this group, C is 
transformed exactly as the simply isomorphic invariant subgroup in Z is trans- 
formed; also every operator of this group represents a different isomorphism 
of G. Hence, the group formed would be simply isomorphic with the I of G* 

I Notes. If, in the preceding theorem, H were the direct product of the group (abelian) and a group 

I (which could contain no invariant operator besides the identity), then the / of the extended group (G) 

would be simply isomorphic with the direct product of the holomorph of C and the group of isomorphisms 
of the other factor. 

If the central C oi H contained no operator of even order, then the substitutions of C would actually 
transform the c conjugates (of s) according to the group said to be simply isomorphic with (7, and simul- 
taneously leave IJ fixed in identical correspondence. In this case [C, Th] is a substitution group simply 
isomorphic with / and on the same letters as O, so that its operators actually transform O according to 
all its automorphisms. 

♦ Miller, Bulletin of American Mathematical Society (2), Vol. Ill (1896-07), p. 218, Th. II. 

6 
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The fact that I is here written as a regular group makes the method for 
obtaining the I ot G seem formidable; still, since the central C frequently is 
of low order, a group simply isomorphic with the I ot G can often be easily 
constructed.* That is, if G is formed by extending a group H by an operator 
of order 2 which transforms each operator of the central (C) of H into its 
inverse and leaves H characteristic in G and such that it can still correspond 
to itself according to its own group of isomorphisms (/^), then the I of G is 
simply isomorphic with the group obtained by extending a' group C, simply 
isomorphic with C, by the operators of a group simply isomorphic with /^, 
which operators transform C" exactly as the corresponding operators of Ig 
transform C, their first powers appearing in C being the identity. 

Thus, if H^{abc) eye {defg)sj it is of order 24, its central C^{abc) eye 
(df'cg) being a cyclic group of order 6, and its group of isomorphisms simply 
isomorphic with the direct product of an octic group and a group of order 2. t 
Suppose H is extended by an operator of order 2, say a 6, which transforms 
each operator of C into its inverse ; then H remains characteristic in the newly 
formed group G (since H is generated by the operators of G whose orders are 
divisible by 3 ) . Hence, the 7 of (r is simply isomorphic with a group generated 
by a cyclic group of order 6 and a group simply isomorphic with Ig (under 
which that cyclic group is invariant) which transforms the operators of that 
cyclic group into their inverses and is such that the first power of any of its 
operators appearing in that cyclic group is the identity. These conditions are 
fulfilled by [ (abc) {de) ] [ (afe) {fghi)^]. This is the group (abc) all (de) {fghi)sy 
or I is simply isomorphic with the direct product of G and a group of order 2. t 

Now if A is any abelian group of even order, it may be extended by an 
operator of order 4 which has its square in A and which transforms each 
operator of A into its inverse ; all of the operators in the extension will be of 
order 4, and all have a common square in ^4. In connection with the preceding 
theorem, accordingly, the following proposition is obvious, since its proof is 
precisely as that just made : 

If G is formed by extending a group ff, whose central C is of even order j 
by an operator of order 4 whose square is in C and which transforms each 
operator of C into its inverse and leaves H characteristic in G and such that 
it can correspond according to its own group of isomorphisms (/jj), then the 
I of G is simply isomorphic with the group obtained by extending a group C 
simply isomorphic with (7, by the operators of a group simply isomorphic with 

* Miller, Bulletin of American Mathematical Society (2), Vol. Ill (1896-97), p. 218, Th. II. 
t Miller, Philosophical Magazine, Vol. CCXXXI (1908), pp. 231,232. 
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Iffy which operators transform C exactly as the corresponding operators of Ig 
transform C, their first powers appearing in C" being the identity. 

If S' is an abelian group^ it is its own central, and the extended group G 
is in one case the general dihedral group and in the other the general dicyclic 
group. Theorems regarding the groups of isomorphisms in these special cases 
have been established by Miller ; thus : * 

1. If an abelian group H which involves operators whose orders exceed 2 
is extended by means of an operator of order 2 which transforms each operator 
of H into its inverse^ then the group of isomorphisms of this extended group 
is the holomorph of H. 

2. The group of isomorphisms of the general dicyclic group as regards 
an abelian group which is not both of order 2* and type (2, 1, 1, ....), t5 the 
holomorph of this abelian group. 

The following theorem and its corollary cover cases of certain extensions 
of groups which contain no invariant operators besides the identity : 

Theorem XIIL If a group Hj whose central is the identity^ is a charac- 
teristic subgroup of a group G which is simply isomorphic with an invariant 
subgroup of the group of isomorphisms of H (/a), then the I of G is simply 
isomorphic with Ig. 

In proving this theorem it may be supposed that H is written as a regular 
substitution group and that Ig is written on the same letters. Since H is its 
own group of inner isomorphisms, it will be an invariant subgroup of the sub- 
stitution group Iff J and will be a characteristic subgroup of an invariant sub- 
group G' of Iffy where G' is simply isomorphic with G. Abstractly, G and G' 
have the same group of automorphisms. 

Since H is characteristic in G'j the I o£ G will contain an invariant sub- 
group corresponding to the possible isomorphisms of G' when the operators 
of H remain in fixed correspondence. But H is extended by operators of its 
own group of isomorphisms to form G'y and as these operators all transform H 
differently, this invariant subgroup is just the identity. Hence, the I of G' 
can not be greater than the group of isomorphisms of H. But G' is invariant 
under the group of isomorphisms of H and is transformed differently by each 
operator of this group. Therefore, the Z of G is simply isomorphic with the 
group of isomorphisms of H. 

Example. If H^{abcd) pos (efgh) pos, then its group of isomorphisms 
is the double holomorph of the symmetric group of degree 4; viz., (abed) all 

♦ Miller, Philosophical Magazine, Vol. CCXXXI (1908), pp. 224, 226. 
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(efgh) aJl{ae'bf'cg'dh). H is a, characteristic subgroup of G^[{ahcd) sM 
(efgh) all] pos, which is invariant in the double holomorph of the symmetric 
group of degree 4. Hence, the 7 of G is the double holomorph (ahcd) all 
(efgh) all (ae 'hf-cg' dh) . 

CoBOLLABT. If the group of inner isomorphisms of a group H, whose 
central is the identity ^ is a characteristic subgroup of the group of isomorphisms 
of H {Ih)j then the I of any group G which contains ff, and which is simply 
isomorphic with an invariant subgroup of 7jy, is simply isomorphic with Ig. 

If JI is written as a regular group, I^ can be written on the same letters 
and will contain fT as a characteristic subgroup. Hence, I^ is a complete 
group (see proof of Theorem V), and accordingly contains no other subgroup 
simply isomorphic with H. For this reason H is characteristic in any sub- 
group of Iffy or is characteristic in G. The rest of the proof follows from 
the preceding theorem. 

Example. If J7 is the dihedral group [{abcde)iQ (fgh) all] dim, order 30, 
its group of isomorphisms is the double holomorph of the cyclic group of 
order 15, or Ig ^(abcde)2o (fgh) all, order 120. Now H contains no invariant 
operator besides the identity and is characteristic in Zj^, because it is formed 
by the group Gis composed of all the operators of orders 3, 5 and 15 and every 
operator of order 2 (in 7^) which transforms each operator of G^ into its 
inverse. Hence, since any subgroup of index 2 in 7^ is an invariant subgroup, 
(abode) 10 (fgh) all, which is of order 60 and contains H, has I^ for its group 
of isomorphisms. 



Self 'Projective Rational Sextics. 

By R. M. WiNQEB, 



Introduction. General Considerations. 

1. Elsewhere! the various types of self -projective rational quartic and 
quintic curves have been tabulated. In this connection two curves are said to 
be of different type if they are invariant under different groups, or if, when 
invariant under the same group, they are projectively distinct, and one is not 
a special case of the other, in the sense that one can not be obtained by con- 
tinuous variation of the arbitrary constants in the parametric equations of the 
other. In the present paper a complete classification of self -projective ternary 
rational sextics t is undertaken, and some of the more immediate properties 
are inferred. 

The study is interesting, not only as illustrating a fruitful method of 
investigation, but also because it parallels the theories of binary and ternary 
coUineation groups. In particular, several classical configurations associated 
with the curves are brought to light. 

Since we are dealing with parallel theories some conventions of language 
are convenient. Thus, we restrict involution to the binary domain, i. e., the 
parameter. We may, however, use ** point'' in place of the awkward "param- 
eter of a point'' when the meaning is clear. Binary and ternary groups of 
order n are designated respectively by g^ and G^ , and the corresponding curve 
by pj . An involutory ternary coUineation is called invariably a reflexion. 

2. It is essential to bear in mind the relation between the binary and 
ternary groups. Thus, any rational curve is invariant under the general binary 
linear transformation of the parameter which is a continuous three-parameter 

* Read before the American Mathematical Society, September 0, 1913. 

t Amebican Joubnal of Mathematics, Vol. XXXVI, January, 1914. This paper is referred to in 
the sequel as '^D." It is believed that all types of quartics are obtained there, but the list of quintics would 
have to be supplemented to conform to the present criterion. Thus the curve (foot-note, p. 68) should be 
included as a distinct type. There is also a second p*', (Co = t*'\-V, a?i=: t*, d9s=l. 

} This implies a classification of self-projective rational sextics in 8^, since the ternary sextic 
projectively defines a quaternary sextic, the line sections of the one and the plane sections of the other 
being apolar binary forms. The problem for the general plane sextic is solved by A. H. Tappan, Ambbioan 
Joubnal of Mathematics, Vol. XXXVII, July, 1916. 
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group, but the effect may be regarded merely as a change of the naming of the 
points. Hence, in general, the curve is not invariant under the ternary group 
so generated. //, however^ a binary g^ permutes the oo * line sections^ the curve 
admits a ternary G^ and is self -projective. 

Again, */ a rational curve admits a ternary G^j this G„ on the points is 
effected hy a binary group on the parameter of order n and not lesSy else the 
curve would be a locus of fixed points under some elements of (?„, which is 
impossible, since there is only a finite number of such points. 

A cyclic g^ has just two fixed points^ and at these points the directions 
(tangents) are also fixed. The corresponding G^ has the same fixed points 
and directions^ but it may have other fixed points on the curve^ which^ there- 
forCy must be multiple points of order n. 

There is a single type of cyclic g^ , viz., 

t' = €ty 6 = e " . 

But the ternary cyclic groups separate broadly into two classes : (1) the homol- 
ogies with multipliers 1, 1, 6° with a center and axis, the one a point of fixed 
lines and the other a line of fixed points; and (2) those with a fixed triangle 
and multipliers 1, 6, e^ (^=1, ...., n — 1; 6 = 2, ...., n— 1). These latter 
divide into types projectively distinct as n becomes larger. 

The following principles are very useful in studying rational curves ad- 
mitting a reflexion. A fixed parameter of an involution can lie only at the 
center or on the axis of reflexion. All other intersections of the axis or of 
lines on the center must be conjugate pairs of the involution. Hence, the 
intersections of the axis are either contacts^ simple or of higher order^ of 
tangents from the center j or multiple points. And the tangents from the center 
either have their contacts on the axis or are multiple tangents. 

3. The accompanying table exhibits in canonical form the parametric 

equations of the various types of self-projective rational sextics, together with 

the generating transformations, binary and ternary, of their characteristic 

groups. For the dihedral groups only transformations for the corresponding 

invariant cyclic subgroups are given. They are to be combined in every case 

with t'=l/tj Xo=a)ij ai=a?o> ^2=^2- Cyclic, dihedral, tetrahedral, octahedral 

and icosahedral groups are designated respectively by C, Z), T, and I ; u stands 

t' -\-i 
for the substitution t= ^, . , while v denotes the transformation T of Klein;* 

t — % 

«*=t*=6®=l. For the tetrahedral sextic, 

__ 16a_ _ 3a'+20 

♦ " Ikosaeder," p. 41. 
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Following the table, the trilinear equations of some of the curves are given. 
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\—x^Xy)^+xl(x\=0, (9) {a^Q—x^x^Y+x^ali={), 

(ojj+a;?)*— a^a?ia?|=0, (12) 4+0??— a;Sa^a?2=0, 
{a^+a\y—a?QX^a\=Qj (14) xl-\-x\—xloo^x^=^Q^ 
(22) (4— i»i)*+^o^i^(4^o^— ^)=0. 



I. The Cyclic Sextics. 

4. The curves invariant under the cyclic groups are referred uniformly 
to a fixed triangle, when the equations appear in the canonical form. 

Curve (1) : x^ia the axis of reflexion and cuts out the fixed points of the 
involution and two double points. Four double lines meet at the center ^^ .* 

* The vertex of the triangle of reference opposite xi will be denoted by |i . 
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5. Curve (2) : There is a biflecnode at ^2> the center of reflexion, whose 
parameters are the fixed points of the involution. Xz is the axis and cuts out 
three double points. The intersections of the axis being completely accounted 
for, two double lines meet at the center. 

The remaining six double points must lie in pairs on lines through the cen- 
ter, i. e.y six of the double points are harmonically perspective from a seventh. 

6. Curve (3) has a double point at fg whose parameters are fixed under 
the binary g^ . Xq and Xi are the nodal tangents. 

7. Curve (4) : ^2 is the center and a^ the axis of the homology. X2 cuts 
out a point of inflexion and a cusp, whose parameters are the fixed points of 
the ^8 • The remaining intersections of X2 being fixed points of (ts , in conse- 
quence of a theorem of § 2, must constitute a triple point. 

8. Curve (5) : The center of the homology is a multiple point arising 
from the junction of a cusp of higher order with an undulation, equivalent to 
one cusp, three double points, six flexes and nine double lines. The parameters 
are the fixed points of g^ . The intersections of the axis X2 are fixed points of 
G2 and must constitute, therefore, two triple points. The remaining six flexes 
lie in threes on lines through the center. 

9. The cyclic G^i Since the curve is of order 6 and the group of order 5, 
one line section must be of the form (1) t^+at. The only other binomial line 
section is (2) t^+h. The remaining possibilities are (3) t\ f', f*. Inasmuch 
as sections (1) and (3) contain a common factor, (2) must always be used. 
We have then three types of cyclic pj , the first two belonging to the same group 
the third to an homology. 

10. Curve (8) has a "touching undulation tangent,''* x^j which consumes 
two flexes and four double lines, and whose contacts are the fixed points of the 
binary group. 

The six flexes of curve (9) lie on a conic whose remaining intersections 
fall at the triple point f ^ . 

11. Curve (10) is the sextic case of the rational pj|_i, XQ=ty rri=<*, 
X2=t*''^+lj or XoixQ+Xiy"^ — XiX2''^=0. ^2 is the center and Xz the axis of the 
homology. The curve has an (n — l)-fold point on X2- Xq and a>i are tangents 
with (n — l)-point and n-point contacts, respectively, consuming (2w — 5) flexes 
and {n — 3)* double lines. There remain (n — 1) flexes and (n — l){n — 3) 
double lines. The flexes lie on a line through the center. 

12. The four varieties of pj are found at once from the formula, **D.,'' § lO.f 

* t. e., an undulation tangent with an additional (Aimple) contact. 
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The binary group contains as subgroups a gs and a ^2 ; ^- ^m the curves admit 
a reflexion. Note, however, that there are two types of ternary G^ , the first 
three curves belonging to one, and the fourth to the other. These types may 
be characterized, the one by the fact that its subgroup of order 3 is an homology, 
the other as possessing a pencil of proper fixed conies. 

13. Curve (11) has a multiple point at ^2 which is equivalent to two cusps, 
five double points, one double line and two flexes, consuming in all six flexes 
and twelve double lines. There are, however, but two distinct parameters, the 
fixed points of the binary group. 

Sets of conjugate points are cut out by the line pairs a;|+Xa:5=:0. For 
example, for particular Jl there are the following pairs : (a) one on three other 
double points, /I =0; (b) one on six other flexes, 5^ = 16; (c) one which is a 
pair of triple tangents, /l= — 4. 

14. Curve (12) has a fivefold point at {2? due to a cusp falling at a special 
triple point. The multiple point is equivalent to three cusps and seven double 
points, and consumes therefore six flexes and fifteen double lines. The two 
parameters are fixed under the binary group. The cuspidal tangent, Xi , is the 
axis of reflexion, the complete intersections falling at ^2- ^0 counts as a simple 
tangent from ^1, the center of reflexion. The other six tangents, the curve 
being of class 7, must consist of three double lines. 

As before, sets of conjugate points are cut out by the line pairs a|+Xa;i=0. 
The following pairs are of interest: (a) one on the six flexes, 2>l = l; (b) one 
pair of triple lines, >l= — 4; (c) one on six contacts of the three double lines, 
2^= — 9. All singularities of the curve are now accounted for, the three triple 
tangents counting for six double lines. 

15. Curve (13): This is obtained from (5), by placing a = 0, which 
amounts to imposing a reflexion. The curve has the same singularities as 
before. Xqj the cuspidal tangent, is the axis of reflexion, all intersections 
falling at $2- ^1 counts three times as a tangent from fo> the center of re- 
flexion, the other six tangents forming double lines. 

Sets of conjugate points are cut out by the line pairs a?S+>liCi=0, six of 
the intersections having been taken up at ^2. For varying >l the following 
special pairs are to be noted, one on (a) two triple points, ^=1; (b) con- 
tacts of three double lines, 2^= — 1; (c) six flexes, 2^=5; (d) six contacts of 
tangents from ^1, 5X= — 1. 

16. Curve (14) has a fivefold point at ^a> equivalent to three cusps and 
seven double points, caused, however, by a simple branch passing through a 
special fourfold point whose four parameters coincide. ^0 is the center and 

7 
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Xq the axis of reflexion. The six intersections of the axis lie at the multiple 
point. Xi counts once as a tangent from ^o > the other six tangents being three 
double lines. 

Sets of six conjugate points are cut out by the pencil of double-contact 
conies a^+XxiX2=0, six of the intersections falling at the multiple point. Of 
these conies may be mentioned: (a) one on the six flexes; (b) three each on 
six contacts of double lines. 

17. If p® admits a cyclic Gy, it admits an infinite group.* There is just 
one type, (15). There is a hyperosculation point at and the dual singularity 
at 00 , the two consuming all of the singularities of the curve. 

II. The Dihedral Sextics. 

18. Closely associated with dihedral groups is the question of symmetry.! 
The group method is particularly effective in discussing the invariant curves, 
the properties of which are of unusual interest. 

Curve (16) : The fixed parameters of the three involutions are cut out 
by the axes of reflexion and name contacts of tangents from the centers. The 
other intersections of the axes must be interchanged under the involutions; 
that is, two double points lie on each axis. The remaining four double points 
are a set of four under the ternary group. Since the intersections of the axes 
are completely accounted for, the other tangents from the centers must be 
double tangents. Hence, four double lines meet at each center of reflexion. 

19. Curve (17) : A second vertex of the triangle of centers is a biflecnode 
and the properties of ply (2), are accordingly repeated. The third center, how- 
ever, is off the curve, and the fixed parameters of the corresponding involution 
are cut out by the third axis, naming contacts of tangents from the center. 
Hence, four double lines meet at this center and the fixed points of all three 
involutions lie on its axis. 

The remaining double points are a set of four under G^ . We may say 
then: It happens twice that six double points are harmonically perspective 
from a seventh, while from the third center run two lines each carrying two 
double points and two lines carrying three each. 

20. Curve (18) : The three axes of reflexion meet at a double point, 
whose parameters, we saw (§3), are fixed under the cyclic g^. The fixed points 
of the three involutions lie in pairs on the axes and are contacts of tangents 
from the centers. As above, it follows that a second double point lies on each 
axis. The other six double points are a general set and lie on one of the 
double-contact conies XQa>i+kX2=0y which in general cut out two sets of con- 
jugate points. 

*"D.", § 10. t"D->" §4. 
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All intersections of the axes are accounted for. Hence, four double lines 
meet at each center. 

The flexes must constitute two sets of six, which lie on two of the invariant 
conies. 

21. Curve (19) : The only special sets of parameters are given by *, 
t*+l and t* — 1, the first two being cut out by x^. The two pairs t^ — 1 lie on 
the axes rrj— rcf=0, being contacts of tangents from the corresponding centers. 
The residual intersections of these axes are pairs of double points. Since 
there are no other fixed parameters, all the intersections of the axes xl+a^=0 
must be interchanged by their respective involutions. That is, three double 
points lie on each of these axes. 

Now the cyclic G^ contains a reflexion, whose center is the intersection, J2 > 
of the four axes above and whose axis, x^ , is their line of centers. The fixed 
parameters of the involution are and 00 , while t^ + 1 names two double points. 
The flex form* is found to be {t*+l)\at^+{3a'^—16a + 15)t^+a\. Hence, 
the two double points on x^ are bifiecnodes. 

The biflecnodes are centers of reflexion, the parameters being fixed points 
of the corresponding involutions. The four tangents from each must make up 
two double lines, since all of the intersections of the axes are double points; 
while four double lines meet at each of the other three centers. This accounts 
for sixteen of the twenty-four double lines. 

General conjugate sets of eight points are cut out by the system of in- 
variant conies, all of which have contact with p® at and 00 . Of these may be 
mentioned: (a) one on eight flexes ; (b) one on eight flex tangents ; (c) one 
with four additional contacts; (d) two each on four double points; (e) two 
each on eight tangents at double points; (f) three each on four double lines; 
(g) three each on eight contacts of double lines, (c) is a perspective conic. 

Many interesting special cases arise for particular values of a. Among 
these are roots of the discriminant (a — l)(a— 3)(a — 5) (3a — 5) of the flex 
form, exclusive of <*+l, whose vanishing, owing to the symmetry, means four 
pairs of equal roots. To these values of a correspond the following curves : 

(1) a = l, degenerate; (2) a=3, cusps at t^ — 1; (3) a=5, two double points, 
each with two five-point contact tangents; (4) 3a=5, undulations at t^ — 1, 

(2) is self -dual, having four double points, four double lines, two double-cusp 
tangents and two biflecnodes. 

22. Curve (20) : The line X2 is a double-cusp tangent, which counts for 
a double line, besides consuming eleven double lines and four flexes. Four 
double lines meet at the center Jj • 






I 
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* J. I. Tracey, Johns Hopkitia University Circular, July, 1913, has developed the flex form for the 
general rational plane curve. 
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On each of the other four axes lie two double points and two contacts of 
tangents from the centers, the fixed points of the corresponding involutions ; 
and at each of the four centers two double lines meet, accounting for the re- 
maining double lines. 

All other sets of conjugate points are sets of eight, and are cut out by the 
pencil of invariant conies, which pass through the cusps. Of these conies we 
note: (1) one on the eight fliexes ; (2) one on eight flex tangents ; (3) two each 
with four contacts besides the cusps; (4) two each on four double points, 
i. e., on six double points; (5) two each on eight tangents at double points; 
(6) two each on four double lines ; (7) two each on eight contacts of double lines. 

The flex form is 3at^ + {a^—27)t* + 3a. Corresponding to the factors of 
the discriminant are two pairs of projectively equivalent curves, characterized 
as follows: (1) a=3, cusps at <*— 1; (T) a = — 3, cusps at <*4-l; (2) a = 9, 
undulations at <*+l; (2') a= — 9, undulations at ^*—l. 

23. Curve (21) : The line x^ is a double-flex tangent, which counts for 
two flex tangents and four double lines, the contacts being fixed points of the 
cyclic g^ . 

The fixed points of the five involutions lie in pairs on the five axes and are 
contacts of tangents from the five centers. The other intersections of the axes 
are double points, and the other tangents from the centers are double lines. 
That is, two double points lie on each axis and two double lines meet at each 
center. 

The double-flex tangent is the common chord of the pencil of invariant 
conies, the contacts being at the flexes. The remaining intersections of the 
conies are sets of ten conjugate points. Noteworthy among these conies are 
the following: (1) one on ten, i. e., on all twelve flexes; (2) one on ten flex 
lines; (3) two each on five double points; (4) two each on ten tangents at 
double points; (5) two each with five contacts; (6) two each on five double 
lines; (7) two each on ten contacts of double lines. The equation of (1) is 

3 a;oXi + (5 a^ — 30)a^ = 0. 

The factors of the discriminant of the flex form, exclusive of and oo , 
and the significance of their vanishing are: (1) 2a=3, cusps at t^ — 1; 
(1') 2a=— 3, cusps at f^+1; (2) 4 a= 9, undulations at f^-fl; (2') 4a = — 9, 
undulations at t^ — 1. Corresponding to these values of a are two pairs of 
projectively equivalent curves. 

24. Curve ('22) :* The vertex ^2 is a double point, the tangent at each 
branch of which has five-point contact, consuming six flexes and six double lines. 



y 



♦ See " D.," § 10. 
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The nodal parameters are fixed under the cyclic g^y the node itself being a fixed 
point of the complete ternary G12 . ^2 is also a center of reflexion with x^ as axis. 

The other six axes of reflexion constitute two non-conjugate sets of three 
lines,* a^—a^^=0, oc^-\-a^=iO, meeting at the double point ^2- Designate these 
respectively as lines a and ^ and the corresponding centers by points a and 6. 

Of the special sets of parameters, t^ — 1 lie in pairs on axes a and name 
contacts of tangents from centers a. A double point completes the intersections 
of each of these three axes. Accordingly, the remaining tangents from centers a 
are double tangents; in other words, four double lines meet at each center a. 

The other special set of parameters, f+1, cut out by X2 , names three double 
points. Since all other parameters on the curve are sets of twelve, the six flexes 
must be one of these special sets of six. Hence, the three double points on x^ 
are biflecnodesj one lying on each axis a and being a center 6. 

Again, all the intersections of each axis ^ must be interchanged by an 
involution. Hence, the residual six double points lie in pairs on the axes ^, 
That is, six double points are perspective from a seventh^ the axis of perspec- 
tive being x^j the line of three biflecnodes. In addition they are triply per- 
spective, the centers and axes of perspective being the centers a and the axes a 
of reflexion. 

From each biflecnode run three double lines, so that the aggregate of 
eighteen is now accounted for. Thus, on the line x^ are three points, a, each 
carrying four double lines, and three biflecnodes, b, each carrying two double 
lines. 

The invariant conies all touch the tangents of the special double point ^2 
where they meet the line X2 , accounting thus for eight common lines. Of these 
conies, whose complete intersections are sets of conjugate points, we record : 
(i) one with six contacts, t^ — 1; (2) one on six ordinary nodes and (3) one 
on twelve nodal tangents of the same; (4) one on the six flex tangents; 
(5) three each on six double lines; (6) three each on twelve contacts of double 
lines, (1) is perspective. All twenty common lines of each are accounted for 
except those of (2) and (6). 

III. The Tetrahedralj Octahedral and Icosahedral Sextics. 

25. The equations of the tetrahedral sextic (23) are found from those of 
the dihedral pj, (16), by requiring that the quadratics naming the fixed points 
of the involutions, i. 6., that the axes of reflexion, be permuted cyclically by the 
transformation u. 

♦ Consult "D.," §4. 
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The parameters of the curve in general occur in conjugate sets of twelve. 
But there are two special sets of four and one set of six, corresponding to the 
vertices of the two tetrahedra, T and T\ and to the mid-points, 0, of the edges.* 
The six points are the fixed points of the involutions and lie in pairs on the 
axes of reflexion. The axes cut out, besides, six double points whose parameters 
are a general set of twelve. The remaining four double points then give rise 
to a set of eight. Since there is no set of eight, these points must be the two 
sets T and T'. Now, the points T are interchanged in pairs by the three invo- 
lutions, and the same is true of the points T'. Hence, there is one point of 
each set at each of the four double points; that is to say^ the parameters of 
each double point are the fixed points of a cyclic g^. The effect of each of the 
ternary Gg's, therefore, is to leave one double point fixed, while it permutes 
cyclically the other three. Since all special sets of points are accounted for, the 
flexes are a general set of twelve. Four double lines meet at each center. 

26. Curve (24) : When a=:0 or oo in the equations of the tetrahedral 
sextic, the curve admits the complete octahedral G24 . The binary group con- 
tains only three special sets of points fewer than twenty-four, viz., t 

0, t{t'—\) ; C, i«+14«*+l; M, «^^— 33^—33 «*+l. 

Since the (z24 contains three conjugate dihedral (zg's, anything true once 
for a pj will be true three times in general for the octahedral sextic, and the 
properties of the latter can be inferred readily from a consideration of the 
former, of which it is a special case. Thus, each Gg possesses a pencil of in- 
variant conies with contacts at th^ fixed points of an involution of the *' four- 
group'' ^4. There iSj however j a single fixed conic of G24. Belonging to each 
system^ it has double contact with ^ach conic of the three conjugate systems 
and six contacts with the curve. These contacts^ being a set of six, are the 
vertices of the octahedron, 0. 

' The flexes are a set of twelve parameters, and coincide therefore with the 
points M, as is verified at once from Tracey's equation. But we saw (§21) 
that four of the flexes of pg, (19), lie at two double points. Hence, in this case, 
all of the flexes fall at double points, giving rise to six biflecnodes. The 
remaining four double points are named by a set of eight parameters, which 
constitute therefore the cube vertices C. 

Now, each of the biflecnodes of pg lies on a line with a pair of other 
double points. And since the double points must be treated symmetrically, 
this will happen for every biflecnode. Hence, the biflecnodes are the com- 
plete intersections of four lines, which form with the four ordinary double 



* Klein, "Ikosaeder," Chapter II, § 11. f Klein, "Ikosaeder," p. 64. 
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points a quadrangle-quadrilateral configuration^* a self -dual configuration such 
that each side of the quadrilateral is the polar of one vertex of the quadrangle 
with reference to the triangle of the other three. 

The biflecnodes are centers of reflexion, from each of which run two double 
lines, while four double lines meet at the centers of reflexion of the four-group. 

27. Curve (25) : This is seen to be the projective astroidj the miscalled 
^'hypocycloid of four cusps,'' since there are six. The group property might 
have been anticipated, since the curve is the exact dual of the projective 
emniscate, long known to admit the octahedral group, t 

All of the flexes and twenty-one of the double lines are consumed in the 
formation of the cusps. There are three double-cusp tangents, which count 
as double lines. The only other singularities of the curve are four ordinary 
double points. 

The cusps, whose parameters are the octahedron vertices, lie on a conic, 
the invariant conic of Gzi . The other double points, being a set of eight, are 
the cube vertices. Each of the three conjugate sets of invariant conies has a 
double-cusp tangent as common chord with the contacts of the cusps. One 
conic of each set has four contacts with the curve. In other words, there are 
three conies, each on two cusps^ and having four contacts. These contacts 
constitute a set of twelve, and must therefore be the median points M. 

It may be remarked that the ternary octahedral group is the group of 
permutations on the four ordinary double points of both types of sextics in- 
variant under it. 

28. The icosahedral sextic is a curve of particular interest, not only on 
account of its striking and beautiful properties, but because it is the curve of 
lowest order other than a conic to admit the icosahedral group. It may be 
obtained from our pjo, (21), by imposing the further condition of in variance 
under the transformation T of Klein (p. 41). 

Many properties of pJo can be deduced from the dihedral sextics, of which 

it is a special case. Thus, we saw that pJo has a singular line counting for two 

flex tangents and four double lines. Hence, the icosahedral sextic has six 

double-flex tangents consuming all the flex and double lines. Their equations 

are 

a?2=0, €*Xq+€-*Xi+X2=0, 6^=1, 1=0, ,4. 

Again, the double-contact conies of a Giq have as common chord a multiple 
tangent with the two flexes as points of contact. Of these conies there are : 
(1) two each on five double points; (2) two each on ten tangents at these 



♦ Veblen and Young, "Projective Geometry," Vol. I, p. 44. 

t Berzolari, Istituto Lomhardo Bendiconti, Series II, Vol. XXXVII, pp. 277 and 304. 
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double points; (3) two each with five contacts; (4) one on five double-flex 
tangents, which make up the total of twenty common lines. (5) Among the 
invariant conies of a dihedral G^ there is one on six double points. The 
dihedral groups being conjugate, theorems (l)-(4) are true six times, theorem 
(5) ten times. 

The fiexeSy being a set of twelve, are the icosahedron vertices I. The double 
points are a set of twenty parameters, which are therefore the dodecahedron 
vertices H. The fixed points of the fifteen involutions lie in pairs on the fifteen 
axes of reflexion, constituting a set of thirty, which are the mid-points of the 
edges, J* 

29. We saw ("D.,'' § 4) that every ternary dihedral group has a fixed line, 
the line of centers, and a fixed point, the intersection of the axes of reflexion. 
The dihedral G^, however, containing only reflexions, has three such points 
and lines, forming a triangle. Thus, there are associated with the Geo, by means 
of the dihedral subgroups, six points, say a, ten points b and fifteen points c, 
and the corresponding lines a, ^, y. To these we now direct our attention. 

In the first place, these points and lines are poles and polars with respect 
to the systems of double-contact conies set up by the groups ("D.," § 4). But 
there is a single conic, N, invariant under the whole group, and belonging, 
therefore, to each system, namely the conic on the twelve flexes: XqX^+o(^=Q. 
Hence, the points and lines belong to the polar system of the conic N. 

The points c and lines y are the centers and axes of the fifteen reflexions. 
Lines y meet by fives at points a, by threes at points 6, and in pairs at points c, 
which accounts for the total of 105 intersections. A dual statement holds for 
points c. Now, the line of centers of each dihedral Gy^ is a double-flex tangent- 
That is, the multiple lines are the lines a. Again, we saw (§20) that the fixed 
point of the ternary dihedral G^ is a double point of p®. Hence, the ten double 
points are the points b. From each center of reflexion run two simple tangents, 
which have their contacts on the corresponding axis. There can be no other 
simple tangents and, the curve being of class 10, two double-flex tangents meet 
at each center. That is, the fifteen centers of reflexion are the complete inter- 
sections of the six singular lines. 

To sum up, the complete junctions of the six points a are the axes of 
reflexion y which meet by threes in the ten double points b. The lines a are 
the double-flex tangents. Their fifteen intersections are the centers of reflexion 
c, which lie by threes on lines |3. In other words, the points and lines define 
the dual configuration of a tenfold Brianchon six-point and a tenfold Pascal 
hexagram. 

The Univebsity or Oregon, January, 1914. 
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* These invariant forma are given, Klein, p. 5(S. 



On Linear Difference and Differential Equations. 

By Clyde E. Love. 



I. Introduction. 

1. In two papers t appearing in 1899 and in 1900 respectively, Dini 
developed certain general theorems on linear differential equations, and applied 
them to the integration of such equations for large values of the independent 
variable. Some years later FordJ carried out the parallel investigation for 
linear difference equations. In the present paper an effort will be made to 
adapt the methods of Dini and Ford to the study of somewhat more general 
classes of equations than were considered in the above-mentioned investigations. 
It will therefore be well, for purposes of comparison, to state briefly the nature 
of these earlier results. 

2. Dini's work may be summarized as follows : 
In the differential equation 

2,(n)+ [a,+aAx) ]t/^"-^>+ . . . . + [an+an(^) ]y=0, (1) 

suppose that the roots (lu ti^y . . . . , /i^n ^^ ^^^ characteristic equation 

/£*+aiiu"-^+....+a,=0 

are distinct. Let r{x) § be a suitably chosen positive function of x for^which 

the integral 

T{x)=rMt)dt 

exists, and suppose that the functions aj(a;), 02(0;), . . . ., 0L^{x)y in addition to 
satisfying certain conditions as to continuity, etc., have the property that 

\(ir'^{x)\<r{x)^ r=l, 2, , . . ., n; s=0, 1, . . . ., n. 

Then, if the roots /ni, /nj? • • • •> /^n all have the same real part ji, the general 
integral of (1) may be written, for large real and positive values of a;, in the 

form 

y=c^e'^'' + c^e'^r+ ^c^e'^'+e^'B{x), 

where Ci, Cj, . . . ., c^ are arbitrary constants, while b{x) vanishes at infinity 
to at least as high an order as does T{x). 

* Read before the American Mathematical Society, April 2, 1915. 

t Annali di Matematica, Ser. 3, Vol. II (1899), pp. 297-324; ibid., Vol. Ill (1900), pp. 125-183. 

t Annali di Matematica, Ser. 3, Vol. XIII (1907) , pp. 263-328. 

§ In Dini*8 notation, ^M . 

X 
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In case the roots are not all distinct, but all have the same real part, the 
behavior of the general solution is determined under suitably changed hypoth- 
eses regarding the functions (ii{x), 02(0;), . . . ., a„(a;). 

Unfortunately the assumption that all the roots shall have the same real 
part diminishes greatly the range of applicability of these results. This 
assumption is essential to the method used by Dini, the method serving in the 
general case merely to determine the behavior of certain particular solutions. 

3. Ford's results are in substance as follows: 

In the difference equation 

B^{x)y{x+n) +B,i{x)y{x+n—l) + +K{^)y{^) =0, (2) 

» 

let us write the coefficients in the form 

a,(a;)=a^+a^(a?), r=0, 1, , w, 

where a^^Oj a^^Oj and suppose that the roots of the characteristic equation 

are distinct. Let t{x)* be a suitably chosen positive function of x such that 
the series 



00 



T{x)= 2 t(0 

converges, and suppose that each of the functions ao(a;), oli{x), . .. ., a^ix) 
has the property, for sufficiently large values of x, that 

\(ir{x) I < r{x)j r=0, 1, . . . ., w. 

Then, 'if the roots /tii, /EI2, . . . ., /m„ all have the same modulus j5, the general 
solution of (2) takes for sufficiently large positive integral values of x the form 

y{x)=c^fit+C2iii+ +c^fii+ii''€{x), 

where Ci, C2, . . . ., c^ are arbitrary constants, while €{x) is infinitesimal in 1/x 
of an order at least as high as that of T{x). 

For the case of multiple roots, all having the same modulus, the analogous 
result is also obtained. 

When the roots do not all have the same modulus, the method gives only 
the behavior of certain particular solutions. 

4. The first part of the present paper is devoted to linear difference 
equations, the problem treated being closely related to the work of Ford just 
described. The results obtained constitute an advance over those of Ford in 
three principal respects: the restriction that the roots of the characteristic 
equation shall have the same modulus is dispensed with; the behavior of the 



* In Ford'B notation, ^^ . 



Love: On Linear Difference and Differential Equations. 59 

n fundamental integrals is determined separately ; and the results are applied 
to the integration of the non-homogeneous equation. 

The second part of the paper, dealing with linear differential equations, 
is similarly related to the work of Dini. The results of this part likewise 
possess the three characteristics just mentioned. The behavior of the deriva- 
tives of the integrals is also discussed. 

The results of both Ford and Dini for the case of distinct roots fall out 
as special cases of certain theorems which Horn* has obtained by a somewhat 
different method. We shall therefore be chiefly concerned in the following 
pages with the case of multiple roots. 

Part I. Linear Difference Equations. 

II The Fuyidamental Theorems. 

5. As a preliminary step we shall develop two general theorems on linear 
difference equations.! 

In the difference equation 

a^{x)y{x+n) +a^{x)y{x+n—l) + +a^{^)y{x) =0, (3) 

suppose that the coefficients are defined for all integral values of a; in the 
interval x'>^Xq^ and that a^{x) never vanishes in the same interval. 

Let us choose n auxiliary functions Zi{x)^ ^2(^)> . . . ., Zn{^)} ^^ch defined 
in the interval x>^Xq — w, and having the property that the determinant 

Zi{x) Zi{x — 1) .... Zi{x — n + 1) 
Zzix) Zzix — 1) .... Z2{x^n + 1) 



Q(^) 



never vanishes in that interval. 

Let Ar{x) be the minor of Q{x) with respect to the element z^{x). Put 
Z,{x) =Zr{x)a^{x) +z,{x—l)a^_i{x—l) + +z^{x—n)ao{x—n)y 

r —— J., ....yTv, 

and denote by q{x^t) the determinant formed from Q{x) by replacing z^{x) 
by Z,(0> ^=1> ....,«. Also make the following definitions: 

^'•^^^"" aSx)q{x) ' r-i, ....,n, 

where Ci , Cg ,...., C„ are arbitrary constants, 

* Journal fur Mathematik, Vol. CXXXVIII (1910), pp. 160-191. 

t These theoremfl differ only slightly from certain theorems given by Ford {loc, oit.). 
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Ur,oi(C) = Vr,oia>)=fr(!»), (4) 

Wr,m(^)= 2 X:(a;, OWr.m-i(0, m=l, 2, , (5) 

X 

Vr,m(^)= 2 K{x,t)v,^^^,{t)y m=l,2, (6) 

Then we have 

Theobem a. // for all integral values of x>Xq 

OD 

(a) the series 2 \Uim{x) |, where i is one of the numbers 1, . . . ., w, 



m»0 



converges to a limit Ui{x) such that 

oo 

(b) the series 2 \K{Xjt)\Ui{t) converges also; 

t-x-^l 

(c) ffee series 

00 



y,(a;)=2«<.«(a?) (7) 

m=sO 



GO 



defines a function such that each of the series 2 yi{t) Z^{t)y 

r=l, . . . ., n, converges^ 
then yi{x) as given by (7) is a solution of (3) for all values of x>Xo+n — 1. 

Theorbm B. // the series 

yi{x)= 2 v,,«(rr), 

where i is one of the numbers 1, . . . ., w, 15 convergent^ then yi{x) is a solution 
of (3) for x>XQ+n — 1. 

6. To prove Theorem A, we note first that (2) may be written in the form* 

oLoix) A^'yix) +ai{x) A'^'yix + l) + .... +ajir) y{x+n) = 0, 

where 

, , (— 1)"-^^ {n—i)\ , . ^ - 

^r(^) = J^^ul (r-l)!^"-^^"^^' '^^^ 1, . . . . , n. 

Now we have at once 



00 



In view of hypothesis (b), we may invert the order of summation^ and write 



00 00 



yi{x) = fdx)+ X K{x,t)X u,^^{t) 



00 



= A(x)+ 2 K{x,t)y,{t). (8) 

Next, let us use the symbols z^^ a,, Pr.m> 3r,m t^ denote the functions 
z^{x — w + 1), a,(a: — n+1), Pr.m(^)> ^Pr.»(^) respectively, and place 



♦ Cf . Ford, loc, oit. 
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Pr,0 = ^rCLoj Pr.l = ^rai — er.O, 7 Pr. n-1 = ^r a»_i— ^r, n-a> ^ = lj J '^ J 



GO 



<l),(a;)= 2 Z,{t)yi{t), r=l, , i— 1, »+l, ,«; 

t=x+l 



Pix) = 



Pl.n-l Pl,n-2 • • • • Pl.O 
P2,n-1 P2.n-2 • • • • P2.O 

Pii,ii-1 Pn. 11-2 • • • • Pn.O 



, P.(a') = 



<J>2(aj) P2.,_2 • 



• • Pl.O 

• • P2,0 



*«(«') P..I.-2 P..0 



f ~~"- JL* • • • •> /'. 



(9) 



Upon substituting the values of fdx) and K{x,t) in (8), we find after certain 
transformations that 

Consider now the system of n functions >7o, Vi, . . . ., >7n-i> ®^ch defined 
for all values of x>x^i by the system of equations 

Pr.n-l >70 + Pr.«-2>7l+ +Pr,0 >7n-l = *r(^), 

We have at once 

>7o(a?) = t/i(a;). 

Further, let us take the first difference of each member of (9) and write 
f, for A>7, (a?), thus: 

Pr.»-lfo + Pr.n-2?l+ +Pr. ?„-l + Sr, n-l >7o (^ + 1) + Sr. -2 >7l (3?+ 1 ) 

+ . . . . +g,,o y:n-i(^+l)=-yAx+l)Zr{x+l). (10) 

But y<(ir+l) = >7o(^+l), and Z^(aj + 1) = 2,a„ — gr,n-i- Equation (10) thus 
becomes 

^raoCn-l+ (2Jrai— gr,o) Cn-2 + + ( ^^r «„_! — g^. «-2 ) ^0 

+ (2^ra^— 9r.«-i)>7o(^ + l)+3r,0>7,.-l(^ + l)+gr.l>7n-2(^+l) 

+ — +er.«-i>7o(^ + i)=o, 



or 

where 

and 



= aoC-i + ai?n-2+ +a„-iCo+an>7o(^ + l), 



(11) 



e, = >:„_, (a;+l)—^„_,_i, 5 = 1, , n—1. (12) 

The system (11) is a set of n homogeneous linear equations in 0, flj, . . . ., 0„_i. 
Since 3r.*-i = ^ra« — Pr.«) it appears that the discriminant of the system does 
not vanish. Hence 

. d^di^ .... =e„_i = 0. (13) 

We shall now show that 

y^,{^) = A'y,{x-s). (14) 

Assuming that 

>7^i(^) = A'-» t/,(rr-5 + l), (15) 
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we find 



But since 



we have 



or 



yi,{x+l) = A'y,{x-s + l), 



yi,{x) = A'y,{x-s). (16) 

Since the assumption (15) is true for 5 = 1, formula (14) is established; 
whence, taking the first difference of each member of (16), we obtain 

Ay!Ax) = A'^'y{x-s). (17) 

Now upon substituting in 6 the values of A>7„_i(a;), , A>7o(a:) as ob- 
tained from (12), (13) and (17), we find 

oo A*2/,(rc~n + l) +ai A'*-^ i/,(a;-w + 2) + . . /. +a^y,{x+l) = 0, 

or, for values of x>Xo+n—l, 

OLoix) A'^y.ix) +a,{x) A--'y,{x+l) + .... +a,{x) y,{x+n)^0, 

which was to be proved. 

The proof of Theorem B may be carried out similarly. 

III. The Homogeneous Equation: Distinct Roots.* 
7. In the difference equation 

Y{x) =2Lo{x)y{x+n) +B,i{x)y{x+n—l) + +B,^{x)y{x) =0, (2) 

wherein 

2i,{x)=ar+aLr{x), ^ = 0,1, , M, 

let us assume that ao=#=0, a^^O, and that the roots /Ui, /z^, . . . ., /[i„ of the 
characteristic equation 

^{(i)=aofi'' + a,(i--'+....+a,=0 (18) 

are distinct. 

Suppose further that a positive function r{x) exists such that 

|ar(^) \£'^{^)j r=0, 1, . . . ., «, 
where r{x) has the following properties: 



GO 



(a) The series T( a;) = 2 r{t) is convergent ; 



t=x+l 



(b) the ratio 7^7 V remains finite for large values of x; 
^ ' T{x) 

(c) the function e^^r{x) increases monotonically with x for all values 
of a>0. 



* Ab noted above, the resuttK for this ease are hardly new (cf . Horn, loc. cit.) . However, it is 
believed that the treatment from the standpoint of Ford's theory may be of some interest. Further, 
having in mind the work of this section, we are enabled to omit many details in the discussion of the 
more complicated case following. 
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These properties are evidently possessed by each of the functions 
11 1 



a?"' x{\ogx)''^ rr log rr (log log re) 



r 9 • • • • y 



V>1. 



For simplicity we shall assume that r{x) may be taken as one of this set of 
functions. 
8. Let 



S = 



JL LLi • • . • U,i 

L 1^2 • • • • fii 



«-i 



1 ^n (^ 



n-1 






and denote by S^ the cof actor of the element /m?"\ Also put 

/* = f'l ^ • • • • f'n > 

<yi,r = /t£;ao(a;— w)+|i£;-^ai(«— n + l) + +a„(ir). 

With this notation we find 

Zr{x)=z,{x)ai^,{x), 

We note that a constant Mi can be found so large that 

Let our notation be such that 

and consider first the case in which these quantities |/mJ are all distinct. 
We have 

K{x,t)fAt)\<i\SiKCr(ir'fi{out)/^'K(^)^n{t) 



(19) 



(20) 



(21) 



(22) 



<|A(a;)|ijA,(^J"'(rx,,(0 /K(0 



Now since |ii^i|<|iM^|, r=l, . . . ., w, it is evident that the quantity 

«-(t;)*-/K(0 

remains less than some fixed constant for all values of x and t in question. 
Hence, by (21), a constant ilfg can be found such that 

K{x,t)hit) I <M,\h{x) \l}^^ 

<nMi\U(x)\r(t). (23) 
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9. We are now in position to show that the conditions of Theorem A 
are satisfied by the function 

yi{x) = lih^Jx), (24) 

where Ui„,{x)y fi{x) and K{Xjt) are given by (4) and (5), (19), and (20) 
respectively. 

We shall first prove by mathematical induction that 

|u,.„(a;) I < [M,nT{x)r\ A(rr) |, m = 0, 1, 2, (25) 

Assume that this formula is true for Ui„,_i{x). Then 



ao 

m-1 



w,,»(a;)|<2 \K(x,t)Mt)\[M,nT{t)] 



00 



<[M,«T(a;)]"-> 2 \K{x,t) h{t)\, 

since T{x) is a monotonically decreasing function. By (23), we have at once 
the relation (25). To complete the proof by induction, we need only point out 
that our assumption regarding u^_i{x) is justified, by (4), for m = l. 
Let X now be restricted to values so large that 

M^nT{x)<e, 0<e<l, 

where (9 is a constant independent of x. Then, as a consequence of (25), con- 
dition (a) of Theorem A is satisfied, by Weierstrass's test; and further, we find 

U^{x)=i |t,,^(a;)|<- -lAl^.y^ (26) 

As regards (b), we have 

i \K{x,t)\UAt)<j^. i \K{x,t)f,{t)\ 

<^Q\fi{x)\T{x)<^^-^\Mx)\, 

SO that this condition is satisfied also. 

From (19), (21) and (26) it follows at once that (c) holds. 

Thus yi{x) as given by (24) is a solution of (2) for large values of x. 
As a consequence of (25) we have 

Mx) -f,{x) \ < i; \u,,^{x)\ 

^ nM^T(x)\fAx)\ , 
" l—MtnT{x) ' 
whence we may write 

yi{x)=(iUl+ei(x)], 
where ei(x) vanishes, when x=ao , to at least as high an order as that of T{x). 
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10. In the above argument, the convergence of the series defining u^^mi^) 
depends on the fact that !iMi| < |f£^|, r = 1, . . . ., n. When we try to find a 
solution y2{x) corresponding to the root fizy the process breaks down by 
reason of the fact that Ifi^l > \(ii\. We may avoid the diflSculty by the use of 
Theorem B, as will now be shown. 

The difference-equation 

Z{x) '=2i,^{x)z{x) +2i,^_i{x—l)z{x—l) + +B^{x—n)z{x—n) =0 (27) 

evidently satisfies all the conditions that have been imposed upon equation (2). 
The roots of its characteristic equation 

are — , , ..... — . Therefore, by the result of the preceding paragraph, 

equation (27) has a solution corresponding to the root — of the form 

z,{x)=(i-^[l+y!,{x)], ^ (28) 

where >7„(a;) has the property assigned above to €i{x). 

Let us now choose a set of auxiliary functions in which z^j z^j . . . . , z^_i 
are as before, while z^ is given by (28). With this choice of 2^, we have 

Z, {X) ^ 0. 

The functions /r(^) and K{Xyt) are not materially changed, except that in 
K{x, t) the summation now runs from r=l to r=n — 1. 
Consider the function 

where v^^^ix) is given by (4) and (6). We find 



K{x,t)U{t)= 2 C,^r^ip„(a;)(T,.,(0, 

r=l 

where f^i^) remains finite for large values of Xj while a constant Afg can be 
found such that 

\(^nA^) I ^^8^(3?), r=l, , n. 

Therefore a constant M^ can be chosen so large that 

K(x,t) f,{t) I < \Ux) I m/s I (f^y^lrit). 

It can now be shown by mathematical induction that 

K.^{^) I < [M,{n-1) xrix)r \fn(<^) \- (29) 

For, this is true for v,.o(a;), by definition (cf. (4)). Assume it to hold for 

t'»,m-i(^). Then 
9 
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k«.»(a;)|< i \Kix,t)v,^^_^{t)\ 

<[J/,(«-l)]-i| \K{x,t)fAt)\[trit)r-' 
<MT{n-l)^'\fAx)\i^^r-'[r{t)r^^^^ (30) 

Now, each of the functions f*"""^ [r(<)]~ l^j , t* = l, . . . ., n — 1, increases 

monotonically with t. Thus we may replace each of these functions in the 
right member of (30) by its largest value, viz., its value when rr=f, which 
gives (29) at once. 

As a consequence of (29), we have 

'^'•^^'^n.to' '''"^^'^l-M(n-l)a;T(a;)^ 1-6 ' 

provided x be taken so large that 

Min—1) xr{x) < d, 0<e<l. 

Thus, for such values of Xy Theorem B is satisfied, and Pni^) is a solution of 
(2). Further, by (29), 

00 

|y»(»)— /.(a;)!^ 2 |v„.«(a;)| 

^ _M{n — 1) xr{x) 

-r-^]ir{n^i)lcr{x)' 
so that 

yn(^)=(ll[l + Bn{^)]. (31) 

where 6»(a;) is infinitesimal in 1/x to at least as high an order as that of xr{x)y 
and therefore, by hypothesis, to as high an order as that of T{x). 

11. To find a third particular solution of (2), we may proceed as follows. 
Equation (27) has, by (31), a solution 

Zi{x)=fii'[l+y!^{x)]. 

Introducing this in place of the original Zi{x)j thus making Zi(a;)^0, we find 
that, in K{Xyt)j the summation runs only from r=2 to r=n — 1. Proceeding 
exactly as in § 9, we find an integral y2{x) of (2) having the form 

where e^ix) has the usual property for large x. 

Now if we introduce in place of Zn-iix) the solution 

of (27), we may obtain as in § 10 a solution of (2) of the form 

yn~l(^) =/^J-l[l+€n~l(a?)]. 
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The remainder of the process is obvious. Using Theorem A and Theorem B 
alternately, we obtain n linearly independent integrals of (2) having, for suflS- 
ciently large values of Xy the form 

Pi = /^f [l+ft(d?) ], i=l, , n. (32) 

12. In case the quantities |;[^^| , r=:l, . . . . , w, are not all different, suppose 
they fall into I groups containing Wi, ^2, . . . ., w, roots respectively (wi+n2+ 
.... -|-w,=n), in such a way that 

Then by using Theorem A as in § 9 we find ni independent integrals of (2) 
corresponding to that group of roots whose moduli are equal and least. With 
a properly revised system of auxiliary functions Theorem B gives w^ solutions 
corresponding to the group of roots with greatest modulus. Going on in this 
way, we obtain again (32). 

In particular, if the roots all have the same modulus, which is the case 
treated by Ford, the complete result can be written down by the method of § 8. 

IV. The Homogeneous Equation: Multiple Roots. 

13. Suppose that the characteristic equation (18) has I distinct roots 
liij . . . ., (iij occurring Wi, . . . ., w^ times respectively: Wi+ .... +ni=n. Let n' 
be the largest of the numbers Wi, ...., w^. Further, let the coefficients in 
equation (2) be such that, when x is large, 

\arix) I <r{x)/x^'''-^y r=l, , w, 

r{x) having the same meaning as before. 

Let us take n auxiliary functions of the form* 

14. Place 

5 = no 1 1 !. . . . (w,— 1) I /t/J'*'^'*'-'^(/ti,— ^J"'% r=l, ....yl; r>s; 

also 

li = ul'li^ f*?'. 

Then we find 

Q{x) = hir% 
and 

/,,,(rr) = a;^->?p,./'), r=l, ....,/; g = l, ....,n,, (34) 

where pr,«(^) remains finite and different from as rr= oo . Also 
where a constant Afg can be found such that 

* For brevity we write »nj + .... + n,_i + fl=«r,fli with a similar meaning for ir,q> etc. 
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Thus 



a,,,(x)\<MM'>^)/a?---\ 



K(x,t) = i i'a^-»/^<,<--«^-'<r,.,(0, 

r=l «=1 



(35) 



where Vg^^{x) remaiBs finite as ^ =00 . 
From (34) and (35) we have 



I »r 






r=rl g=I 



where Af^ is the maximum valne, for all values of x and t in question, of the 



quantity Ms 



Pi.*(0 



K,g{^) 



This latter inequality may be written 



+k-tn' 



K{x,t)U^,(t) \<M,\h^,{x) I 2^ iy-* (l)""' i- 

Since |/t£i| < |//^|, A;>1, Oa?, g>l, 2w'>w^+A;, we have 

1/5^(^,0 /i.*(0 I ^i«^6n|A,,(0|T(0. 
15. It can now be shown that each of the functions 



fer 



T(0. 



(36) 



00 



yi.t(^)= 2 «i.t,«(a;), A; = l, ,ni, 



m~0 



(37) 



as given by (7) is a solution of (2) for large values of x. 
We shall first prove by mathematical induction that 

l«i,*.«(^)l<[M,«r(a;)]"|A.,(cc)|, 



(38) 



where 



ao 



T{x) = 2 ^(0. 



This is true of Mi,t,o(aj) by definition (cf. (4)). Assume it to hold for 
«i.*.«-i(a;). Then 

«n.«(a;)l< i |iS:(2;,0«i.».»-i(0l 



ao 



<(M,«)-' 2 |ii:(a;,0/i.*(0|[^(0]-' 
<{M,nr\f,,,ix)\ i [T(f)]''-''r(0, 



<=x+l 



by (36). Since T{x) decreases monotonically with a?, we may write 



CO 



K.».«(^)|<(^.«)"[2'(aj)]-M/i.»(a;)| 2 r{t), 

which is the desired relation. 

Let us henceforth restrict ourselves to values of x so large that 

MenT{x)<dy 0<e<l. 
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Then we have by (38) 

00 



m=:0 



JiktMi_ < l/i.*(^) 



= 1— ilfe«T(a;)= 1—$ 

so that condition (a) of Theorem A is satisfied. 
Further, we have by (39) and (36) 

i \Kix,t)\U^,Ai)<rK i \K{x,t)U^,it) 

<j^|A,t(^)|2'(a;), 

whence condition (b) is satisfied. 

Finally, denoting by My the maximum value of M^lfij^ix) |, we find 

|yi.*(x)Z,,,(a;) I < jA_^ \U,,{x) I x"-o^'-''-\(i7'ar,,{x) 



(39) 



< 



Mj 



©' 



^n,-.g+2-2n'^(^) 



1-d 

Since \(ii\ < \(jiy\ and 2n'>n^ — 9 + 2, this shows that 

i l1/^.»(0^^.,(0|<^fl-^ 

whence (c) is satisfied. 

The proof that each of the functions yi^ki^) ^^ given by (37) satisfies (2) 
for sufiiciently large values of x is now complete. Further, as a consequence 
of (38) we have 



00 



\yi.tix)-fi.k{oe)\<2 |«i.t.«(a;)| 

M^nT{x) |. , . I 

whence we may write 

where 6i,t(aj) is infinitesimal in 1/x of at least as high an order as that of T{x). 

16. To obtain further particular solutions of (2), we shall proceed as in 
§ 10. The equation Z{x) = (cf. (27)) has, by (40), a group of w, solutions 
corresponding to the w-fold root l/fZi of its characteristic equation 

a„/£"+ +ao=:0, 

which solutions may be expressed in the form 

Let us introduce these functions into the auxiliary system (33) in place of the 
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functions Zi^q{x) as originally chosen, thus making 

Thtis in K{Xyt) the summation with respect to r runs from r=l to r=l — 1 
only. 

We may now show by Theorem B, by much the same argument as that 
used in ^ 10, that (2) has a group of integrals 

The remainder of the argument for the case where the quantities \(ir\ are 
distinct, and also for that where these quantities are not distinct, may be easily 
filled in by referring to §§ 12-13. 

17. The results of this section may be summarized in 

Theorem I. Let r{x) be one of the system of functions* 

V>ly 



.... 



a;"* a;(loga;)''' a;loga;(logloga;)''' 
and put 

T{x)= 2 r(t). 

In the difference equation 

Y{x) =^{x)y{x+n) +9ii{x)y{x+n—l) + +a„(x)y(a?) =0, 

where a^(a?) =a^+a^(a;), r=0,l, . . . .,w, suppose that the characteristic equation 

has I different roots (ii^ fi^j . . . .j fii occurring Wi , ^2 ,...., w, times respectively 
(W1+W2+ .... +M,=n), and let n' he the largest of the numbers Wi, Wg, .... w,. 
• If a function r{x) exists such thaty for sufficiently large values of x, 

|ar(^) I <T(a;)/a;*"'""*, r=0, 1, , n, 

then for the same values of x the equation Y{x) =0 has n linearly independent 
solutions yi^t{x) expressible in the form 

y»,*(^) =«?*■">< [l+f*,*(^)> i=l, 2, , i; A;=l, 2, , n<, 

where Si^i^ix) vanishes at infinity to at least as high an order as that of T{x). 

V. The Non-homogeneous Equation. 

18. With the results of the previous section before us, it is a simple 
matter to determine the behavior of the complete solution of the non-homo- 
geneous equation 

Y{x) = X{x), (41) 

with proper restrictions on the right-hand member. This subject we shall 
discuss briefly in the present section. 

* The function T(fiP) is chosen in this way for simplicity. Cf. § 7. 
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Let the homogeneous equation Y(x)=0 corresponding to (41) satisfy the 
conditions of Theorem I, and suppose that X (x) has the form 

X{x) = v'^ [b + P{x) ] = v^'hix), 

where v and b are constants different from and ^{x) satisfies the conditions 
that are imposed by Theorem I upon the functions aL^ix). 

We begin by transforming equation (41) into a homogeneous equation of 
order n+1 by the usual process. Equation (41) thus takes the form 

2Lo{x+l)h(x)y{x+n + l) + [B^{x + l)h{x) — vB^{x)h{x+l)]y{x+n) 

+ [2i^{x + l)h{x) — v9^{x)h{x+l)]y{x+n—l) + 

+ [fi,{x+l)h{x)^vti,^^{x)h{x+l)]y{x+l)^vK{^)h{x+l)y{x)=0. (42) 

Thus if we write (42) in the form 

[aob+yo{x)]y{x+n+l) + [iai—aov)h+yi{x)]y{x+n) + 

+ [{an-an-i)b+yAoo)]y{x+l) + [-a,vb + y,^^{x)]y{x) = 0, (43) 

it appears that the functions yo(^)> yi(^)> . • . -j ym.i(^) satisfy all the con- 
ditions that have been imposed upon a© (a;), ai(ic), . . . ., a^ix). 
The characteristic equation 

{ti—v)i>iix) =ao /[/"■*■'+ (oi— aov)f£"+ + {a^—a^_^v)(i—a^v = 

evidently has the roots (lu . . . .y (iiy r, where fi^ occurs n^ times, r=l, ....,/. 

19. Suppose first that 

Then by Theorem I, equation (43) has a particular solution y{x) expressible 
for large values of x in the form 

y{x) = cv'[l + ^x)], 

where c is an arbitrary constant and ?(rr) vanishes to at least as high an order 

as that of T{x) when a? = .x . Further, since y(x) is evidently not a solution 

of the equation T{x) =0, it must with proper choice of c satisfy equation (41)^ 

Substituting in (41), we find that y{x) will be a solution of that equation also, 

provided we take 

_ b 

20. Next, suppose v is a root of the equation i>{fi) =0, say v=[if,. Two 
cases must be distinguished. 

If %<«', then equation (43) has by Theorem I a particular integral 

y{x) = cx''^v'[l + €{x)]. 
Substituting in (41), we find that y{x) satisfies that equation provided 

_ b 
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On the other hand, if n,^=n'y we must assume that for large x 

I yA^) I < T(a;)/a;2»', r=0, 1, . . . .] n+1. 

In particular, this will happen if the functions ao(a;), ai(ir), . . . ., a„(a;), ^(x) 
all satisfy this same condition. With this assumption the present case reduces 
to the one immediately preceding. 

The results of this section, when combined with Theorem I, evidently give 
the behavior of the complete solution of (41). 

Part II. Linear Differential Equations. 
VI. The Fundamental Theorems. 

21. We shall make use of two general theorems on linear differential 
equations, which will now be stated.* 
In the differential equation 

y^"> + ai(ic) t/<»-^>+ .... +aAx) y = 0, (44) 

suppose that the coefficients ai(a;), ...., a^(^), together with their first n 

derivatives, are continuous for all sufficiently large positive values of x. Let 

Zi{x)y . . . ., 2j^(x) denote n auxiliary functions of a;, which, together with their 

first n derivatives, are likewise continuous when x is large, and are such that 

the determinant 

z^x) z[{x) 2;J""^^(nj) 

z^ix) z^ix) zi^'-^^x) 



Q(^) = 



z^x) z:{x)....z^r'H^) 
never vanishes. Let A^x) be the minor of Q{x) with respect to the element 
4"-^>(ir). Also put 

^r(^) = «r(a?) a^x) — [z,{x) a^^i{x)y+ 

+ {-iy-^[z,{x)a,{x)Y^''^+{-iyzi^^{x), 

and denote by q{Xyt) the determinant formed from Q{x) by replacing the 

elements z^'^'^^x) by Z^{t)y r=l, . . . ., w. 

Place 

K{x,t) = {-!)'-' q{x,t)/Q{x), 

where C, is an arbitrary constant, 

^r,mio^) = S' K{x,t) u,^^_^{t) dt, m=l,2, , 

Vr.»{^) = St^^i'^'^) ^r.m-lii) dt, m = l, 2, 



* These theorems, which dilTer only slightly from those of Dini {loc. oit.), have been stated and 
proved in a previous paper by the present writer (Amerioan Joubnal of Mathematics, Vol. XXXVI 
(1014), pp. 151-166. They are restated here for convenience of reference. 
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Then we have 

Theobbm C. If for all values of :p>a>Q 

(a) the series 

ffiix) = 2 M<,„(a;) (45) 

converges; 

(b) the series for y,(0» '^hen multiplied hy K{x^t)j may he integrated 
term by term with respect to t from x to co ; 

(c) each of the integrals 

n Piit) ^r{t) dt, r=l, , w, 

has a meaning^ 
then for such values of x the function yi{x) is an integral of (44). 

Theorem D. If for all values of x>Xo 
(a) the series 

00 

y,{x) = 2 Vi^^ix) 

converges; 
(&) the series for yi{t)y when multiplied by K{x^t), may be integrated 
term by term with respect to t from Xq to re, 
then for such values of x the function yi{x) is an integral of (44). 

VIL The Homogeneous Equation: Multiple Roots. 

22. Since the case of distinct roots is included in that of multiple roots, 
we pass at once to the general case. 
Consider the differential equation 

r(rr)=y(«>+[ai+ai(a;)]y<'-^)+.... + [a,+a,(rr)]y=0, (1) 

where the functions ai(a;), . . . ., a^(a?), together with their first n derivatives, 
are continuous for large values of x. 

Let r{x) denote one of the set of functions 



• • • • 



a?"' a/(logic)''' a? log a; (log log a;)"' 

and set 

T{x)=S7'^it)dt. 

Suppose that the characteristic equation 

i>{li) =ii-+a^fi^-^+ .... +a„=0 (46) 

corresponding to (1) has I distinct roots (lu ihy . . . .^ (ii occurring ni, . . . ., w, 
times respectively (ni+ . . . . +ni=^n). Assume further that, for large values 
10 
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of Xy a function r{x) can be chosen such that 

\(4'^{x) I <T(a?)/rc*"'-*, r=l, . . . ., n; 5=0, 1, . . . ., 2n— 1, 

where n' is the largest of the numbers Wj , ....,«,. 
Choose « auxiliary functions of x of the form * 

«r. 5 (^)=^*''"^ €"-'*•'*, r=l, ,Z; g=l, , w,. 

Placing 

5 = no !1 ! (n,— 1) ! (^,+itiJ"'% r=l, , Z; r>5, 

we find 

Q{x) = Se'-'^% 
where 

so that the hypothesis Q{x)^0 is satisfied. Also 

Z,^,{x)=x-''^e-'^^'Pr.A^)y 
where a constant Mi can be found such that, for sufficiently large x, 

\Pr,M)\^Mir{x)/x'^'-\ 

Further, with proper choice of C^^ q , we have 

fr^,{x) = x^''e'^''; 
also 

K{x,t)= 2 2 a?«-^e'*'^'-*>r'-«(T„(0, 

where <tr.g(') is a constant multiple of pfq(t). 

Let the roots /i£i, . . . ., |t£^ of (46) be so arranged that 

i2[it^i]<i2[f^]<....<i2[/xi], 

where R[(i] means the real part of (ij and suppose in the first place that these 
real parts are all distinct. 

23. Let us form as trial solutions of (1) a group of functions yi^ki^) 
k=:ly . . . .,ni, as given by (45). 

We proceed to prove by mathematical induction that 

\ui,,^^{x) I < [MinT{x)r |/i.*(^) I, Jc=l, . . . ., n,. (47) 

This relation is true for Wi,*,o(^) by definition. Assume it to hold for 
Ui^k.m^ii^)' Then 

hi,*.«(^) I </: 1^(^,0 ^i.*,«-i(0 I dt 

< {M,nr-' S: [T (t)]"^' \K{^.t) A.,(0 I dt. (48) 



* Cf . foot-note, p. 67. 
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But 

!^(a;,0/i.»(0 I < |/i.»(a') I 2 S a;«-»|e(*'-'H)(*-«)|r'-<'+»-i|(T,,,(0 | 

<|/i.t(a')|^i«T(0, (49) 

since 

■B[i«r— /t*i] >0, x<t, k>l, q>l, 2n'>n,+k. 

Substituting (49) in (48), we find 

K,,Ax) I < (Min)- I A., (a;) | /." [T(01'-'t(0 ^^^ (50) 

Now the function T{x) decreases monotonically as x increases, so that in the 
right member of (50) we may replace T{t) by its greatest value T{x). Whence 

|^i,*,.(^) I < (M.nr [Tix)]--' |A,*(a;) | /:t(0 dt, 

and formula (47) is established. 

Let X now be taken so large that 

M^nT{x)<ey O<0<1, (51) 

where is a constant independent of x. Then by (47) we have 

Thus condition (a) of Theorem C is satisfied. 

To show that (b) is satisfied we make use of the following theorem:* 

"If l,fn,{x) converges uniformly in any fixed interval a<x^by where b 
is arbitrary, and if ^{x) is continuous for all finite values of Xy then 

s:i>{x)i:ux)dx=xs:i>{^)u^)dx, 

provided that the integral Sa\^(^)\^ |/»(^) I ^^ is convergent/' 

Let us take a = a?, x = ty ^(t) =^(a?,<), f^it) ='Wi,fc,m(0- The uniform 

convergence of the series 2 Wi * »(f) in any interval x<t<b follows at once 

from (47) and (51), by Weierstrass's test. The continuity of the functions 
(r^^(<), and hence that of £"(0;, <), follows from our assumptions regarding the 
continuity of the coefficients a^ix), . . . ., a»(a;) and their derivatives. And the 

00 

convergence of the integral f^ \K{Xjt)\ 2 | Wi^ *,«(*) I ^' is a consequence of 
(52) and (49). 

* Bromwich, "Infinite Series" (1908), p. 453. 
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Finally, we note that 

\y,Ax)Z,^,{x)\<\Z,^,{x)\ 2 hx.*.«(a;)| 

- 1-d ' 
Thus (c) holds, and the conditions of Theorem C are satisfied by the functions 

yi.i(^), *=1 .«!• 

We have now proved that these functions are integrals of (1) for values 

of X so large that (51) holds. Further, by (47), we have 

00 

ij/i.t(a')^/i.t(a!) 1 < JS^ hi.t,«(a5) I 

^ M^nTjx) |A.t(g;)i 
1-0 
Thus we may write 

yi,t(a')=a^'e'^'[l+ei,t(a;)], k=l,....,n^, (53) 

where e^^tix) vanishes with increasing x to at least as high an order as that 
of r(a;). 

24.* We shall prove next that 

limy,«t(a;)/y,,t(a;)=/*J, s=l, , n; 



Sssoo 



or in other words, that we may write 

yi%ix)=a^'e^'[(i{+ii.U^)], (54) 



where 



lim?i.t,.(a;)=0. 



£=00 



To do this, let 



.K,{x,t)=^K{x,t), 

K^H<^,^) = ^\[K,{x,t)],,,\. 

It can be shown by elementary calculus, as a result of our hypotheses 
concerning ai(a?), . . . ., ctn{x) and their derivatives, that, if h<n — 1, 

IK^'^HxyX) I <M^r{x)/x'^'-\ (55) 

where M^ is a suflBciently large constant. 

We note that, as a result of the conditions of Theorem C, the function 
yi,k{x) satisfies the singular Volterra equation 

* The present section, being relatively unimportant, will be condensed as much as possible. The 
missing details are readily supplied. 
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yi.*(a;)=/i.*(a:)+/:^(a'.Oyi.ib(0<i«. (56) 

Differentiating (56)* s — 1 times in succession {s<n — 1), we find 

y{;^« (a;) =/<;!" (x) +8^yi:i'>{x) +8,yi:i'Hx) + ...: +S,_,y,,,ix) 

+S:K^A^,t)y^,,{t)dt, (57) 

where 8i, 8^, . . . . , 8^i are linear and homogeneous in the derivatives 

K^^'*{x,x), so that by virtue of (55) constants Ms and M^ can be found 

such that 

\8i{,x)\<Mtr{x)/af'-\ «=1, . . . ., 5— 1, (58) 

\8'i{x)\<Mtr{x)/a^'-\ i=l, , s— 1. (59) 

We are now able to prove (54) by induction. The formula is known to 
hold for yi,i(a;). Let it be supposed true for 

y'iA^)i yi' t (^) . — » yi'k" (^) . s<n—i. 

Differentiating (57), we find 

y{%{<») =fi'Mo^) +8^yiU''{x) + i8[+8,)yi:i'Hx) + .... + {8:.t+8,_^) y[,,{x) 
+8Uyi,,i=^)-K,_i{x,x) yi,,(x)+f:K,ix,t)y,,,it) dt. (60) 

Denotiag by a;*~' l^''*! W(x) the sum of the absolute values of all the terms in 
the right member of (60) except the first and last, we have by virtue of (55), 

(58) and (59) 

limTr(a;) = 0. 

Evidently 

lim 35^-* e-* * f{% (a;) = /al . 



JB— 00 



As regards the last term of (60), we find by inspecting the form of K^{Xj t) that 

where Ms is a certain constant. But by (49) this becomes 

We have thus proved that 

lim x^"^ e-'^'' y[%{x) =14 j 5=1, , n—1. 

For the case 5=w, we have directly from (1) that 

lim x'-''e'-'^*yi'^l{x)=—a^tir''—a2(4-^—. . . .— a,=/i£?. 



2 — 00 



Thus (54) is established. 

25. If we try to apply the process of § 23 to find a group of integrals 
t/2.fc of (1) corresponding to the root /U2, we find that some of the improper 
integrals occurring diverge because of the fact that R[(ii — (ii] >0. We shall 
therefore employ Theorem D, first making a change in our system of auxiliary 
functions. 

* Gf . Gourgatr-Hedrick, *' Mathematical Analysis/' p. 370. 
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The differential equation 

Z{x) = [a,+a,{x)]zix)--^\[a,_r+a,_,{x)]z{x)\ + .... 

+ (-l)"-'^ii[Oi+ax(a;)]2(a;)H-{-l)-^^(a;) = 

evidently satisfies all the conditions that have been imposed upon equation (1). 

It therefore has a group of solutions, given by (53), corresponding to that root 

of its characteristic equation having the least real part. The roots are evidently 

those of (46) with signs changed, so that the solutions in question may be put 

in the form 

z,^,{x) = a;"'-^e-^'' [l+>7i.,(^)], g = l, . . . ., n,. (61) 

Upon introducing the functions Zi^q{x) as given by (61) in our auxiliary 
system in place of Zi^q{(x^) as originally chosen, we find that, in K{Xyt)j r takes 
only the values 1, . . . ., / — 1. We are now able to show by Theorem D that 
(1) is satisfied by each of the functions 



00 



y<,t(aJ) = 2 Vj,t.m(a?), *=1, , n„ 

where, in t^i.jb,«(a?), the functions fi^k{x) and K{Xyt) must of course be formed 
in terms of our revised auxiliary system. 
First, we have 

where it follows from (54) that ^r,q(^) remains less than some fixed constant 
for large values of x. Hence, 

\K{x,t)f,^,{t) I < 2 2 x'-^ |6-'<-*>+''''M"'"''-*"M^r..(0 I, 

r=l 4=1 

where a constant Mt can be found such that 

\vr.A^)\<M,r{x)/x''''-\ 
Thus 

r=l q=l 

We shall now prove by induction that 

\vi,,,^{x) I < [M,{n-l)xr{x)]'^\U,,{x) \. 
This is evidently true of v,^i_o{x). Suppose it to hold for Vj,t.„_i(a;). Then 

\v,,,,A<^)\ <S:AK{x,t) v,,,,„.,{t)\ dt 

<[M,in-l)r-' Sl[trit)]'^-'\Kix,t) f,,,{t)\ dt 

<M?(«— l)"-'|/,.t(a;) l/f.[fT(0]"'-'T(0 2 2 | e <"'-"')<«-«) | a;9-»i-.-9+*-««'+i^f 

<M?(»— l)"'-M/,t(a;) \ St,[t t (t) ]'^-' v {t)l 2 \e^'->''^»-'^af-H''-''dt, 
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since 2n'>n^+l. Now it results from the form of r{x) that each of the 

functions e^^'*'"^'^* <"*~^~^+* [t(0]*, r=l, , I — 1, increases monotonically 

with t. We may therefore replace each function by its maximum value, i. e., 
its value when t=Xj in the right member of the inequality last written. Thus 

I t;,*.«(a;) I < [Me(n-l) T(a;) J-^--^ \f,^,{x) \ Sljx 

<[M,{n-l)xr{x)r\UA^)l 
which is the required result. 

It can now be shown without diflBculty that for suflSciently large values 
of X the functions yi^%{x) satisfy the conditions of Theorem D, and therefore 
satisfy (1) ; also that we may write 

ViA^) = (x^-'e^^' [l+fi.*(a?)], * = 1, . . . ., ni. 

The result for yl'l{x) analogous to (54) is also readily established. 

26. The remainder of the process is precisely like that used at the corre- 
sponding stage of the work on difference equations (§11). We find ultimately 
n linearly independent integrals of (1), of the form indicated in the theorem 
below. 

The modification required in case the real parts of the roots f/j, f/g? • • • •> /^i 
are not all distinct is also obvious. In particular the case treated by Dini, in 
which the roots all have the same real part, yields to Theorem A at once. 

27. We summarize in 

Theorem II. Let r{x) he one of the system of functions* 

}_ 1 1 ^^^ 

x^ ' X (log a?) " ' X log X (log log xy ^ ' " '^ ' 

and put 

Tix) = S:r{t)dt. 

In the differential equation 

T(x) = yc»)+ [ai + a,(a;)] y<'-^>+ . . . . + [an+an(^)] y = 0, 
suppose that J when x is largCj the functions ai(rc), 02(0?), . . . ., a„(a;) are con- 
tinuous and possess 2n — 1 continuous derivatives. Suppose also that the 
characteristic equation 

q>{fi)=(i''+a^(i^-' + ....+a^ = 

has I different roots (lu m, . . . -j (jLu occurring nj, Wj, . . . ., w, times respectively 
(wi+%+ .... +ni=n), and let n' he the largest of the numhers Wj, na, . . . ., n,. 
// a function t{x) exists such that for sufficiently large values of x 

\^\o^) I <'r(a?)/a;''*'-S r=0,l, , n; 5=0,1, , 2n— 1, 

* The function r{ai) is chosen in this way merely for simplicity. Gf. § 7. 
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then for the same values of x the equation T{x) =0 has n linearly independent 
solutions ffi^ki^) expressible in the form 

yi,j,{x) = x^'e^*'[l+ei^j,{x)], t=l, 2, . . . ., ?; k = l, 2, . . . ., w,, 

where Sii,{x) vanishes at infinity to at least as high an order as that of T(tr), 
while further 

yi%{x) = x'-'e^<'[fit + Z,^,^,{x)], 6-=l, 2, . . . ., n, 
where 



XssOO 



VIIL The Non-homogeneous Equation. 

28. In the equation 

T{x)=l{^)y (62) 

let the right-band member have the form 

Z(a;) = 6-[6+/3(a?)], 

where v and b are constants and 6=^0. Let the functions ai(a:), aa(ir), . . . ., 
a^ix), ^{x) be continuous and possess 2n + l continuous derivatives, and 
suppose a function r{x) exists such that 

I oii'Hx) I <r(ic)/a;2»'-^ r=l, . . . ., n; 5=0, 1, . . . ., 2w+l, 
\^^'^x) I <T(a;)/a?2»'-2, 5=0, 1, . . . ., 2n+l. 

The work of determining by Theorem II the behavior of a particular 

solution of (62) is so similar to that of §§ 18-20 that we give only the results. 

If v^fi^y ^=1> • • • M ^ equation (62) has a particular integral of the form 

where i(a?) vanishes at infinity to as high an order as that of T(x), 
If v=^Hj,j where %<w', equation (62) has a particular integral 

If v = iif,y where w^ = n', equation (62) has still an integral of the form 
(63), provided we assume that 

I (4'H^) I <'r(ir)/a;% r=l, , n; 5=0, 1, , 2n + l, 

l^^'Hx) I <r{x)/x^^\ 5=0, 1, . . . ., 2w+l. 

The results of this section, together with Theorem II, determine the 
behavior of the complete integral of (62). 

Univebsity or Michigan. 



The Uniform Motion of a Sphere through a Viscous Liquid. 

By R. W. Burgess. 



1. The problem of finding at any point in a viscous liquid the velocity 
due to the uniform rectilinear motion of a sphere was first attacked by Stokes 
in 1851 and an approximate solution obtained. From this was derived the 
well-known Stokes' law, that a force 67ifiWa is required to maintain a uniform 
velocity TF of a sphere of radius a through a liquid whose coeflScient of vis- 
cosity is (I. This solution was proposed merely as a limiting form to which 
the distribution of velocities may be supposed to tend as W approaches the 
limit zero, but has nevertheless proved itself well in accord with experimental 
facts, at least as a close first approximation. The serious mathematical incom- 
pleteness of the solution has been recognized, however, and several attempts 
have been made to improve on it. Whitehead, in 1888, attempted to modify 

* 

this solution by taking into account terms depending on squares of velocities, 
but found it impossible by his method to satisfy the boundary conditions at 
infinity. In 1893, Rayleigh showed that Stokes' solution would be accurate if 
certain additional forces were introduced, the magnitude of the required forces 
furnishing some indication of the error of the solution. In 1911, Oseen found 
a solution which is satisfactory at infinity ; it also gives a good approximation 
near the sphere if the velocity or the radius of the sphere is small. Shortly 
afterwards Lamb, using a different method, presented Oseen's results in a 
simpler form, but still subject to the same limitations. In 1913, F. Noether 
attempted to take into consideration the terms neglected by Stokes, but merely 
derived Whitehead's correction over again. A few months later Oseen took up 
the same problem and tried to apply the principle of his previous solution, but 
fell into the same error that he had carefully pointed out in Whitehead's work. 
In the following paper Oseen's results are obtained by a simpler method than 
that of either Oseen or Lamb. The method is generalized, so as to give a solu- 
tion that satisfies the boundary conditions at the sphere to any desired degree 
of approximation. A correction is determined which takes account of all the 
terms quadratic in velocities, and differs from the corrections of Whitehead, 
Noether and Oseen in that it satisfies the boundary conditions at infinity. 
11 
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2. Using cylindrical coordinates {r^ z)y let w, w denote the components of 
the velocity, p the pressure, d the density, v ( = ^j the kinematic coeflScient of 

viscosity, and V the potential of the impressed forces. The differential equa- 
tions for the motion of a viscous liquid, in the case when the Z-axis is an axis 
of symmetry, are* 



du , du 9C , /— 2 w\ 



du , du , du dQ 

'di 

dw ^ dw ^ dw 9^,-0 



(1) 



where 



v«=il + ll+ ^ 



df^ rdr d^^ 
Q^-V-p/d. 



Eliminating Q from these equations, we obtain 

d (du . du , dw\ d (dw ^ dw ^ dw\ 



- [IK ^)- 1 '*•"]• <^) 



This equation is simplified by making use of the equation of continuity t 



If we put 



du u dw ^ 



1 a^ 1 94' /ox 



this relation is satisfied ; hence the velocities may be found by differentiation 
from this function 4^, known as Stokes' current function, and the problem is 
reduced to the determination of ^'^ The curves of intersection of planes through 
the ;3;-axis with the surface 4^= a constant, will be the lines of flow or stream 
lines ; that is, the lines indicating the direction of the resultant velocity at any 
point. This system of curves provides a convenient method of representing 
graphically the motion given by any function 4^. 



* Bassett, "Hydrodynamics/' Vol. II, p. 244. f Bassett, "HydrodTnamics/' Vol. I, pp. 8, 12. 
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Substituting in (2) the values of u and w given in (3), we have* 

where 

a« 1 a 32 



dr^ r dr dz^ * 

The preceding equation applies to any case in which the motion of the 

liquid is symmetrical with respect to the 2:-azis. We desire to discuss in this 

paper the motion due to a sphere which has been moving for an infinite time 

with uniform velocity W along the s-axis, and whose center is at (0, Wt) at 

time t. Since the conditions at a point depend only on its position relative to 

the sphere, '4' is evidently a function of r and z — Wt only. If z'=z—Wtj we 

have 

3'4' 94' dz' d'4^ 34 S^' 9^' ttt ^^^ 

= — If 



dz dz' dz dz' ' dt dz' dt dz' ' 

Equation (4) then becomes 

{u^^ + {w-W)^-^-vD)D^={i, (5) 

a form on which we shall base our further discussion. 

3. The problem we shall consider is the determination of the function 4' 
of r and z' which satisfies (5) and is such that the velocity of the liquid at the 
surface of the sphere is the same as the velocity of the sphere, and that the 
velocity of the liquid at an infinite distance from the sphere vanishes. This 
problem was first attacked by Stokes t in 1851 and solved, approximately, for 
the case in which the liquid is very viscous ; that is, v large, and the veloci- 
ties sufficiently small so that the terms involving the products of velocities and 
accelerations are comparatively unimportant. On these assumptions the 
approximate form of (5) is 

rjD-D4=0, (6) 

for which we may easily obtain Stokes' solution 

where o is the radius of the sphere, p=V'r*+ 3* and 

tane=-. (7) 

Z 

* Cf. Bassett, " HydrodynamicB," Vol. II, p. 259. 

^Cambridge Tranaaotiona, Vol. IX (1861) ; 8ci. Papers, Vol. Ill, p. 66. 
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From this is derived Stokes' well-known formula F=^n(iWa for the force 
required to maintain the motion. This formula has proved so accurate for 
small velocities that the approximations by which it was obtained have not 
always been fully recognized. Stokes himself, however, proposed the solution 
(7) only as a limiting form to which the velocities may be supposed to tend as 
W approaches zero. 

In 1888, Whitehead * attempted to modify this solution to take account of 
the neglected quadratic terms. The attempt was successful in finding correction 
terms satisfactory as far as the differential equation (5) and the boundary con- 
ditions at the sphere were concerned, but these terms failed, as Whitehead 
himself noticed, to satisfy the condition that the velocity at an infinite distance 
vanishes. The correction terms for the velocities along and perpendicular to 
the radius vector were found to be 



B.=-jg-^(--lj(^ + -+2JP,(cose), 

^ 3 W^a/a A/a« , a' « , o\ • /j a 



(8) 



It is obvious that when p is infinite these terms do not vanish as required. 

In 1893, Rayleight showed that Stokes' solution would be accurate if cer- 
tain additional forces were introduced ; the ratio of the forces thus required 
to the viscous forces actually considered gives a means of estimating the accu- 
racy of the approximation. This ratio can easily be shown to be — l , which 

V 

increases indefinitely with p ; Stokes' solution is therefore not valid at infinity. 
4. In 1911, Oseent introduced a new approximate solution, valid at 

infinity. Consider the term (w—W) ^- in equation (5). Near the surface of 

uz 

the sphere it is true that w — TT is very small, and the neglect of this term is 

justified, but at any considerable distance it is not; in fact, w—W is very 

nearly — TT, not zero. Oseen shows that the ratio of the neglected terms to the 

Wz 
terms giving the viscous forces is , which becomes infinite with «, no matter 

V 

how small we take W. On account of these considerations at a large distance 
from the sphere, we take as an approximate form of (5) 



( 



—w 



d 



— ri)W=0. (9) 



dz' I 



* Quarterly </o«ma{ o/ UaiKtiMtio*, Vol. XXIII (1888), pp. 143-162. 

t PAilMopAtoal Magazine, Ser. 4, Vol. XXXVI (1893) , p. 364. 

t Arkiv fSr Matematik, Astronomi, oeh Pyaik, Bd. 6 (1011), No. 29. 



BuBQEss: The Uniform Motion of a Sphere through a Viscous Liquid. 85 

Oseen^s method is not founded on a consideration of equation (5) or (9), nor 
does he use the current function ; but the above remarks embody his argument. 
He obtains a solution which, expressed as a current function, satisfies (9) and 
the boundary conditions at infinity, but satisfies the boundary conditions at the 

surface of the sphere only to the first power of the quantity , which is 

V 

assumed to be small. 

5. The essential points of this work of Oseen were restated by Lamb* 
shortly afterwards, with the use of a less intricate method of analysis. Lamb 
points out especially the significance of the result, showing that the equation 
(9), or rather the similar equations used by Oseen, represents more accurately 
than does Stokes' equation (6) the nature of the motion at a large distance 
from the sphere. Lamb shows, moreover, that Oseen's solution more nearly 
represents the wake which follows a moving object, in that the velocity preced- 
ing the sphere is markedly smaller than that following. 

Two years later F. Noether,t referring in his work to that of Oseen, deter- 
mined as a correction to Stokes' current function (7) 

^1=^^ sm'ecose(^^\2p'+ap+a'). (10) 

Corresponding to this, the corrections for the velocities are 

which are exactly (8), as found by Whitehead. 

In the same year Oseen t again published an article on the subject criti- 
cizing certain portions of Noether's work, and giving as the value of Stokes^ 
current function 



W 



sin..(l-^)'[(l+||^|)p(2f+„, 



-f|^cose(2p^-fap+a*)]-yp«sin*e. (11) 

But this function yields values of R and which fail to vanish at infinity, 

*Philo8ophioal Magazine, Ser. 6, Vol. XXI (1911), pp. 112-121. 

t Zeitsohrift fur Mathematik und Phyaik, Bd. 62. 

X Arkiv for Matematik, Aatronomi, och Fysik, Bd. 0, No. 16. 
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exactly as Whitehead's resolution did, and therefore, as Oseen pointed out in 
his earlier paper, is not admissible. 

6. We shall now consider in detail equation (9), 

{—W-^ -vd)D'^=0. (9) 

As these operations are commutative, a solution will be given by 

^=4'+./.", (12) 

where 

D^'=0 (13) 

and 

(vD+W-^)r=0. (14). 

We shall obtain the solution of these separately. Equation (13) has been 
treated very fully by Sampson,* but for convenience of reference we shall here 
give in detail the solution so far as is necessary for our purposes. Transf orm< 
ing to polar coordinates 

our operation D becomes 

y sin g 8 / 1 3 \ 



dp* ' p* aevsin^ae 

We desire, then, the solution of the equation 



yif' . singa/ 1 a^ 

dp\'^ p* aeVsind 36 
A particular solution is 



)=0. (13) 



, sinfl9P^ /ioA\ 

where P. is the zonal harmonic of degree n, and therefore satisfies the differ- 
ential equation 

n(n + l)P.8ine+^(sine^)=0. (15) 

For substituting in (13) the given value of 4'»y we have for the left-hand side 

n(n-H)c, ^,^^af, , c,sine 8/ 1 d / .dPX\^ 



* Philoaophical Tranaaotiona, Vol. GLXXXII (1891), p. 449. 
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that is, using (15)^ 



?^[«(n+l)^--| )«(«+l)Pj], 



<?, sin 



which is identically zero. It is well known that 

_, . f .- n(n — 1) ».«/», »(« — 1) (« — 2) (n — 3) _ .- 
P,=^,|cos» e- 2^2n-V ^ o './n. .x/n, o/ cos-*e 



1) 



2-4(2n— l)(2n— 3) 



.(16) 



Hence, by (14), 



^.= 



c.sin 



2 



[ 



cos—' e 



(n— l)(n— 2) 
2(2n— 1) 



cos"~* 6+ 



, (n— l)(n— 2) (n— 2r) 



"^ ^ ^^' 2'|r(2n— 1) .... (2n— 2r+l) °°^ 



nr-2r+l 



0+....] (13B) 



for all positive integral values of n. For «=0, we have 4' a function of 6 only ; 
then 



1 H, 



sine de 



=Co, 4*0=^0 cos 6. 



Placing M successively 1, 2, 3, ... . in (13B), we have 

8in*0 



sin^ $ cos 6 






, sin*e(5cos*e— 1) 



4'i=Ci 



sin* e cos d ("7008*^—3) 



(17) 



7. We desire also the solution of equation (14), which is, if 2fc= — 



W 

V 



\ar» rdr 



+ 



a* . .., a 



dz' 



+2A; 



— U"=0 

dzf r 



(14A) 



Letting •4>" =e~*''^(r, a')> '^e have at once 



\ 3f* r 8r 



5T + 



33' 



— A;*U=0, 



or, in polar coordinates, 



a> Bind 3/ 1 a4»\ . _ 



(18) 
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Assume ^=2J0, where R and are respectively functions of p and 6 only. 

d^R ^sinea/ 1 de\ ,,„^ ^ 

p'8'fi ,, , sine 3/ 1 30 



e 



**''*" aeVsin e 30 



j=«(n+l), say. 



We have, then, to determine 22 and 0, the two equations : 






n(n+l) 



B=0, 



3/ 



1 30 



h 



0. 



(19) 



(20) 



In this form, for n any positive integer, i2 is a solution in finite form of 
Biccati's equation ; that is. 



/I 3 \"+* 



3P 



(21) 



and is sin 6 -^ . We have, therefore, 



30 



11=0 



ae 



(22) 



We have, then, as a general function satisfying the differential equation (9) 



>,— *p(l+C08 



•4^=e 



4c+D cos e+fei sin^ e(k+ i) 



_ . , Msin^e , i^sin^dcosd , Psin^fl,. ,. ,, , 
+L cos ©H : 1 12 1 8 — (5 cos* 6—1) + 



(23) 
P P P 

8. To adapt this solution to the problem of the sphere moving with uni- 
form velocity W, we must have, if 



1 3^1 
R = -i — -. — X -^>7r is the radial velocity 



p* sin e de 



and = 



H . 



is the velocity perpendicular to this, 



(24) 



p sin d dp 

(1)1? and always finite, 
(2) B=0 and 0=0 at infinity, 
and (3) B = TF cos 0, 0=— TT sin 6 on the surface of the sphere, 

i. 6,, when p=a. 



(25) 
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The terms we have chosen are all such that JB and derived from them vanish 
at an infinite distance, and, if we take C+D cos B=ho{l — cos 6), are everywhere 

finite, since ^ and -^ are both divisible by sin Q. The last condition [25 (3) ] 

remains to be satisfied by a proper combination of the functions and determi- 
nation of the constants. 

Oseen^s solution is equivalent to taking the terms in (23) whose coefficients 
are ho , L, and M ; that is to say, 

V.=6,e-»^a+co.^)(l_^Qg^)^2icQgg_^M^^^^ (26) 

P 

Using the conditions [25(3)] at the surface of the sphere to determine the 
constants, we have 



W cos e= — -2 H -3 1 -2 jl + A;a(l— cosO) }, 

-W sin 6= ^^-^ + -^ e-*«<'+«-»> sin 6. 

or a 



(27) 



Equating the constant terms in each of these two equations and the coefficients 
of cos 6 on each side of the first, we have 

a'~ a^' a' a ' "' ~ a« "^ o ' 

It is to he noticed that we have neglected all squares and higher powers of the 
quantity ka, which must therefore be assumed to be small. Hence we derive 

-. , 3av „ Wa* 
L=bo= 2~' ^= 4~- 

Substituting these values in (26), we have 

^=^^^. [e-tpaH-co,»(i_co8 fl) +COS $]- ^°'/"^' ^ . (28) 

2 4p 

If we transform this value of ^ into cylindrical coordinates, find u and w from 
equations (3), and resolve u in the directions of the x and y axes, we get expres- 
sions for the velocities which, except for notation, are exactly those derived 
by Oseen. As explained in section 4, this solution differs from Stokes' solu- 
tion (7) fundamentally in that it satisfies the differential equation (9), which 
for large values of p is a close approximation to the complete equation (5). 
We can see its significance by throwing it into several different forms. In the 
first place, since a constant makes no difference in a function used solely in the 
12 
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form of its derivatives, we may write it 

Expanding the exponential term, this is 

^=Ff(h-^'jsm^e-^-^f>Hm^6{l+cose) + (28B) 

The first term of this expansion is Stokes' solution ; the following terms con- 
tain powers of ^ and are therefore less important than the first when p is 

small (i. e., near the sphere) and W is small (i. 6., for slow motion). As 
Oseen says, then, in the neighborhood of the sphere the solution approaches 
that of Stokes as a limit when W approaches zero. It is important to notice, 
however, that the character of the solution is essentially different from that of 
Stokes. If we plot the stream-lines for Stokes' solution, we notice that we 
have symmetry with regard to the plane z'=0; for Oseen's, however, the stream- 
lines are more crowded following the sphere. If, for instance, we set the first 
two terms of (28) equal to a constant; that is, e-*po+co«^>(l — cos 6) +cos fl=(?, 
the curves thus resulting, more conveniently expressed in the form 

, 1 — cos 6 

P A;(l-fcose) ' 
are asymptotic to the lines 6=cos~^c before the sphere and run oflf in a para- 
bolic form in the wake of the sphere. The simplest way of seeing the diflfer- 
ence between the conditions before and after the sphere, is to notice that the 
velocities will each have an exponential factor — A;p(l-f-cos 6) ; when d is in the 
first quadrant, this term will be smaller than when 6 is in the second quadrant, 
for the same values of p. Since this corresponds with our observations of fluid 
motion, the solution derived by Oseen appears worthy of further consideration 
and improvement. 

Expanding the boundary conditions as given in (27), we have 



_- ^ L 23fcos0. 6o L 7 ,-, A^ **«*/-! /iv2 1 

W co&d= 2+ 8 — +-i\l—Jca{l+cosd)-h—^ (l-fcosd)^- \ 



x\l+ka{l—co8d) i, 
—W &md= 3 — + — jl— A;a(l+cosd)-f— H- (l+cos©)*— [. 



(27A) 



From these equations it is clear that on the surface of the sphere the velocity 
components found in (28) differ from the velocity components of the sphere 
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by terms whose ratio to the terms W cos 6 and — W sin 6, is ka. We proceed 
to improve this approximation by using two more terms from (20), and by this 
means making the above-mentioned ratio equal to k^a^ . 
9. Let 

^=^^' gK ^'7rr»7^ +*^(*+ i)6-*^<^^-^>+ - + '^^^1 (29) 

I l+cosO \ p/ p p J 

=sin* e[Bo+Bril+coa$) +58(1+008 6)*+ +5,(l+cosd)"+ ].(29B) 

The boundary conditions (21) and (22) at the surface of the sphere give 



P 



sind de 



1 d'^l 

0= -'A-^ =—W sin d, when p=a. 

p sm Sp . '^ 

As the first of these is to be true, for all values of 6, we may integrate, giving 
i|/= - Wa^ sin* d, when p=a. We have, therefore, 

\ Wo" sin* e=sin* e[5o+^i(l+cos 6) + . . . . ], 



9 



TTa sin* e=sin* ©[^ + ^' (1+cos 6) + . . . .]. 



dp dp 
Dividing by sin* 6 and equating like powers of (1+cos d), we obtain 

a^T I- (30) 

Using the values of Bq^ B^ etc., given above in equation (29 A), we find that 

we can satisfy the four equations for Bqj Bi, -^ and -^ , neglecting squares 

and higher powers of A;a, with the following values for the constants : 

3 



GVI). -=T(-I-).' 



4 \k. .. - • - ■ ^ (31) 



b^z= — iwc^(l—^ka\ 
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To satisfy the boundary conditions (30) exactly, we should have JS„ and 

-^ =0 when p=a; it is obvious that, while the given values of the constants 

do not effect this, the terms which should but do not vanish all contain at least 
the square of ka as a factor, and our error in approximately satisfying the 
boundary conditions at the sphere is proportional to the square instead pf the 
first power of the small quantity ka. We see, therefore, that while solution 
(28) holds as valid in the limit when ka approaches zero, the solution just 
found is a better approximation when ka is sufficiently small so that its square, 
but not its first power, may be neglected. If a closer approximation is desired, 
two more terms may be added, namely : 

L -toa+eo.^^ • 2/i /i/72 . 3A: , 3\ , Psin*fl(5 COS*©— 1) .qo\ 

and we shall then be able to satisfy exactly the boundary conditions ^2=0> 

-^ = when p=a, making our error proportional to k?a^W. Similarly, we can 

add any number of pairs of functions and make our error proportional to as 
high a power of ka as we desire. On account also of the |_n in the denominator 
of the w-th term of (29), this error is more and more negligible as we go on. 
We have shown, then, how to obtain as accurate a solution of equation (9) as 

« 

may be desired. 

10. In this differential equation (9) which we have just discussed, we have 
neglected certain terms which were included in our fundamental equation (5). 
We shall now include these and proceed to obtain a solution of the complete 
equation (5) accurate as fai^ as the terms involving A;V or k*^* as a factor. 
When transformed to polar coordinates, equation (5) becomes 

\ 1 ( d^ d d^ d\ 2 / ^3^ sinfla^ X 

Lp* sin e I ae ap ap de) "^ p* sin* e v°^ ^ dp p ae / 

_ r 8* sin 9 a / 1 a \] 

*'lap* "^ p* de\BmedeJi 
__/ -a sine a\irav , sine a/ d^ \i ^ .... 

Let us assume that the desired approximate solution of this equation is of the 
form 

4^=Qm^e[Ao+A^ cos e], (33) 

where Aq and Ai are functions of p, and Ai contains ka as a factor. This 
assumption appears appropriate in view of the fact that, to the desired degree 
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of approximation, each of the solutions (7), (28) and (29) already found is 
of this type. Substituting this value of 4^ in the differential equation (5A), 
omitting all terms which contain fcV as a factor, we have, after some simplifi- 
cation, 

(7'-'^){|(^-t)-^(^-t))-- 
"L dp* p« ap* ■*" p» dp p* 

(d*A, Ud'A, 24dAA ■] ,„.. 

In order to satisfy this relation, we must in the first place have 

d*Ao 4 a«A , 8 dAo SAo f. .oKx 

That is to say, any value assumed for Aq must be such that Aq sin' 6 satisfies 
jD2'4^z=0, since (35) results from this part of (5A), which was used by Stokes. 
The complete solution of this equation can easily be shown to be 

In order to satisfy (34), we must also have 

lf2Ao ^,\(d 2\fd'Ao 2A\ 8^1 12^^1.243^, . . 

V \ p« ^^/\df> pvv dp' p' /"■ dp' p' dp' "^ p ap • ^ ^ 

Hence we may easily determine the value of Ai corresponding to any value 

of Aq. 

11. The first obvious assumption is to take Aq from Stokes' solution (7), 



^=>"&--)- 



Then 

d^Ao 2Ao _ 6bo 

9p* p* ~~ ap 
and (34) becomes 



(37) 



f*^-'V^+24p^=^(^-^->r,-). (38) 

Assume a solution, 

A, = d,p'+d,p+d,+ ^ + ^, (39) 

in which the third and fifth terms are parts of the complementary function, 
the fifth term being essentially 4^2 of equation (17). We could now easily 
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obtain the value of Ai ; our work is simplified, however, by first determining 
feo • As our solution must satisfy the boundary conditions at the surface of 
the sphere, we have, as in (25), 

o \ ^ ^1 =Trcose, — ^I'^l =W%m6. 
or sm d dO Jp=a ' asm 6 dp Jp=a 

Since 4'=sin* 6{Ao+Ai cos 6), 

Wa^ cos e=2Ao cos e+A^—l+S cos* (?J, 



(40) 



,^ dAo , 3^1 ^ 
Tr a= -^ + -7^ cos 9. 



We must therefore have 



dp dp 



Jpsa 






^ll =0, 



9p Jp=o 



(41) 



From these conditions on Aq^ we find 6o= j''^^*- Substituting this value for 
bof (38) becomes 



P^^-^2p«^+24p^^ = ^[-2p«+3ap«-a«]. 



(42) 



Hence we easily obtain 



^1= - ^ -^ [2p*-3op»+<i,pV-o«p+ rfs] . 



Using (41), we have 



32 y 



(43) 



A=- 



<i8 = <^5 = l- 

(1— -j (2p*+ap+o*). 



(44) 



32 V V p 
The solution given by this assumption of the value of ^o is therefore 

4>=lwa 8in'e((3p-^)-^(l-^)'(2p«+ap+a^) coso], 



(45) 



p / 8v \ p. 

which is exactly the correction found by Noether, as stated in (10) ; the veloci- 
ties derived from this are given in (8), and were first found by Whitehead. 
The objection which Whitehead himself raised against this approximation still 
stands, however ; that is, the velocities do not vanish at infinity as required by 
the conditions of the problem. 

12. In order to avoid this difficulty at infinity, let us take Aq from the 
solution of an equation which is, as Stokes' is not, a good approximation at a 
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large distance from the sphere. The simplest one of this type is (28). We 
shall consider this as our basis and determine a correction, accurate as far as 
terms involving k^a^ or k^p^ as a factor, which shall take account of the quad- 
ratic terms. Accordingly we take 

A,=ho(~^--)-lkaWp\ (46) 



Determining feo at once from equations (41), we have 

^ =2h-lkaWa\ 

Wa=— — lkaWa; 
a 4 



1 



that is 



b,= ^^(l + ^kaj. 



Substituting the value of Aq from (46) in (36), and neglecting, as we are doing 
throughout, all terms involving the square of A;a, we again obtain (42). The 
approximate solution 4'=8in* d(Ao+Ai cos 6) derived by this method is then 

^=lTFsin^«[(l+|Aa)(3pa-|)-^p^ 

-|feacose(l--Y(2p*+ap + a2)l, (47) 

which is in substance exactly equation (11), as derived by Oseen. In this form, 
however, the solution is still subject to the objection that it gives velocities 
which do not vanish at infinity. 

Solution (47) is therefore unsatisfactory; but if we notice that the cor- 
rection taking into account the quadratic terms is based on solution (28), and 

must therefore be added to it to give the required result, this diflSculty disap- 

3 
pears. The term — - Wkap^ sin d cos 6 of (47) is already included in the expo- 
nential term of (28) ; combining with (28) the terms of (47) not already 
included, we obtain 



'4'= 2^V^+ ^kajsm^d-^ 



kii(l+coB9) J 



-f COS d 

~ "4"r + 4 W"T~ ^ n[6" ^"^ ^ ''''^ e(3ap-a'+ - - ^j. (48) 
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Hence, as usual, 

2-(^+ l^V'Y' ^ "W^" ^ (3ap-a'+ y - y), (49) 

0= 1 |f:-=_!^(l+^Jfca)sin06-*'^+-« 

p sin 9 dp 4 \ 4 / 

TFoV. , 3, \sine 31FAa . . X_ a" , 2on ,„, 
^(l + i^'^j-T 16^ «"» <> «°« T^a— ^ + -^ J. (50) 

Using these velocities, we find with Oseen that Stokes' law should be 

As is obvious, these velocities, (49) and (50), both vanish when p is infinite; 
when p=a, they are, except for terms involving the squares or higher powers 
of ha J equal to W cos 6 and — W sin d, respectively; and since, omitting squares 
and higher powers of ka and A;p, (48) is the same as (47), to that approxima- 
tion they satisfy the complete differential equation (5). The solution, then, is 
superior to any previously given. The difficulty first raised by Whitehead, 
that a certain term gives velocities which do not vanish at infinity, is met by 
showing that this term is included in an exponential expression. 

ft 

CoBNELL University, May, 1015. 



Note on the Theory of Optical linages, 

By George Steic. 



L. Mandelstam* obtains the result, that for a given aperture of a diaphragm 
only those linear structures will be similarly reproduced — through a lens-system 
— which satisfy the integral equation 

in the case of an illuminated structure ; and the integral equation 

in the case of a self-luminous structure. Here f{x) denotes the distribution 
of amplitudes in the linear object, or — briefly — the structure itself. 
K{x — ^)=K{s) is a function which depends only on the aperture of the 

. diaphragm; when the aperture is circular, we have K{s)= lic-g; ^ ;^^ jg ^^ 

positive constant. 2 a is the length of the linear object ; the problem is more 
general, when the length of the structure is taken to be infinite. 
Mandelstam assumes for the solution of the above equations 

f{x) = oos{bx+^)j 

which is permissible on certain suppositions. For the reproduced images we 
have the relation 

where — satisfies, for illuminated and self-luminous structures of infinite 

^6 



length, the equations 



and 



respectively. 



^=z2S7K{s)^coshs'ds 
^=2S:;K^{s)'COQbs^d8 



* Weber's Fesi9ohrift (1012), •<Ober eine Anwend. d. TntegnUgleieh./' p. 237. 

t /i (0 • «) = Beuere function ; c = -«^ == const. ; r = radius of the aperture ; I = wave length of 
light; / = focus distance of the lens. 

13 
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Mandelstam obtains explicit results for — in the case of a square aperture 

of the diaphragm, both for illuminated and for self-luminous structures ; he ob- 
tains also an explicit result for a circular aperture, but only for illuminated 
structures. In the case of a circular aperture in the diaphragm and self- 
luminous structures of infinite length, he points out, with Lord Bayleigh,* that 
the solution of the problem depends on the evaluation of the integral 

J* Ri(^'^) T . cos bs • ds, (I) 

which figures in the expression of -r- for self-luminous structures and circular 
aperture of the diaphtagm. We easily recognize that such functions as 

r Ji(c5)_y . ^^g J ^ ^r TA^lIT . am b s, Ji (cs) = Bessel's function, 

are finite and continuous for all values of s. 

The purpose of this note is the evaluation of the former integral for the 

case fe = 2c. 

We will start by taking into consideration the following integral : 

where e = o" *^^ *== V— 1, JiC^) =Be88er8 function. For the present it is 

di C 

sufficient to suppose 0<\€\<M = finite constant. Considering fixed, for the 
moment, the upper limit of the outer integral, we can write 

^{e) = cJJ'[^^Tdzf\'^'' de. (IF) 

It is easy to see that 

(I) = real part of [^^1^1 , (HI) 

because from (11') we get 



=„j;-[AMje...... 



ds 



b 



the real part of which, after putting z = cs and rememibering e= „-, gives (I) 

d c 



♦ 8c. Pap., Vol. IV, p. 260. 
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We are going to transform the integral (II), and for this reason we take 
the well-known formula* existing for BessePs functions, 



2»V^n(n-i)^o (Vo*+fe*— 2afeco8^)" ^ ^ 

Let us put here w = l, a = h = c=-^ ; further remembering that Vl— cos^ 
= V2 sin ? , then putting ? =- 1^, and sin ^ = t/, we have 

L 5 J Vjt.n(i) Jo s y \ y y 

Multiplying this equation by e**' and integrating from to oo with respect 
to 5, we have 

j;-[^4£)Je.....=-^J,^j;-,vi^.,j;-A(£.-.).,..,,. 

Putting in the integral on the left c 5 = ^ and remembering that - = 2 6, then 

c 

integrating on both sides from to c, we get 

Let us consider 

Putting here 2cy5 = < and considering t/ as constant during the integration, 
we get 

Butt 

r*£i|0.gu«,^^^g<.,c.inx forO<a;<l. 





So we will have 



7^^giarc.in(;)^ (1) 



* Nielsen, "Zylinder Funktionen, p. 183. f Nielsen, loc, di^^ p. 197. 
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if <-<!.* In this inequality lies the definition of e. Since y varies from 

if 

to 1 , it is evident that the domain of variation for e is 
So from (11") we will have, after substituting (1), 



or 



Now we have t 

sin (arc sin x) = (—iy sin [(—1)" |arc sin a?|] 

and 

cos (arc sin x) = {—iy cos [(—1)* |arc sin a;|]. 

The first of these two functions does not change its sign when n is odd or even ; 
the second changes. But we have 

sin ( I arc sin a; | ) = a; 



and 



Therefore 



and 



So in our case 



cos ( I arc sin a; | ) = Vl — ^*- 
sin (arc sin x) = x 



cos (arc sin x) = ±: yl—c^. 



and 



sin (arc sin -) = 

\ y/ 



y 



(.rceml)=±^l-^. 



COS arc sm 



And (ir") becomes 



See Genocchi, "Diflf.-Int. Rechnung/' p. 170, for lira ( 7. ) >.0. 



y«0 

t Evidently, ir = l. 

% Lflska, " Formelsammlung/' p. 2. 
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We will deal separately with the following two integrals : 





After rearrangement we have 






- 0<c<l. 



I, = ief'VT^'Jl-Kdy, 
which is an elliptical integral. Further, we can write 

where VW = -yj (1— y*) (l — 3) • Or briefly 

the meaning oi A^B and C being clear. 

Now we can reduce the C by the well-known reduction formula * 

^+? 1 

Putting here n=4, a=l, 6 = ^ — > ^~ ? ^^^ taking into consideration the 

limits of our integral, we get 

and so (2) becomes 

But we can evaluate A and B. In 



/"■ dy 



A = 

y 

s 



* Leg«ndre, «TraiM dea fonetiona elliptiquea," T. 1, p. 4. 
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put y = ex and we get 

which is equal* to 

A = e{K + iK'), 

where the K and K' are complete elliptic integrals of the first species, with 
the moduli e and Vl — e* respectively. Further, 



/' .. . /^. y 



becomes by the transformation y = ex 

But we can writef 

B = e[iE' + K — E], 

where E and E' are complete elliptic integrals of the second species, with 
the moduli s and Vl — e^ respectively. 
So (2) can be written 

We get immediately 

Substituting these values of I^ and Ig in (ir^), we obtain 



^' \/nU(i)Jo L 



^6{K + iK') 



-l{^ + l)-'(i^' + ^-^)]+ij-]d'' 



Separating the real and imaginary parts. 



♦ Dur^ge, "Theorie d. ellipt. Funktionen," p. 01. f Glaisher, Quart. Journ,, Vol. XX, p. 315. 
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'iHow remembering (II) and (III) and taking into consideration n(i) = 
—^> we get 



(a) 



•^0 L ^ J ^^ 

and /' = J* r*^^^]' sin bsds=C€±p [{l + e')E — {l—^)K], 

where < u = ^ j < 1. 

In (a) we cannot retain the double sign, and we are going to decide which 
sign is to be used. As for the integration of 4) ( 6), we observe that we can use 
the following formute: 

{n+2)Se^Ede = 8^^'E + S^KdB 1 

and {n+2ySe''^^Kd€ = 6^^'E — {n + 2)e''^'{l—^)K+{n+iyS€''Kde.} ^ ^ 

If in (a) we put f = 0, or, what is the same, 6 = 0, we get 

lim n^-li^T cos bsds= r\^-^^Tds = ^, 



Since 



€«0 e=0 



n(i) = r(|) = -^, limi?' = l, lime*ir' = 0. 



If we put v = (i = l and k = cs, in the known formula* 

Jo &'+" 2'+" • ?(*+*) r(|u+i) • r(y+/«+4) ' 

we have 

— ~- — -^ by taking the limit for i;=0. 

» 3 ye* — v^ 

We see that lim / > ; on the other hand, we can show by simple expansion 

that for all values of e the factor [{1 + €^)E'—2^K'] in the expression of / 
is always positive. Therefore, / is positive for all values of f, and we must 
drop the negative sign from its expression. We will decide later on the choice 
of sign in /'. 

* Nielsen, loo. oit., p. 104. f Gray-Matthews^ " Bessel's Functions/' p. 201. 
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It remains to investigate the case for b = ^>1. To distinguish this case 
from the previous one, we will let e = ^, and we can write as before 

where it is sufficient to suppose \e'\ > 1. Again, 

(I) =real part of P^^^ l . (V) 

Omitting superfluous calculations, we can write immediately 

<^(e') = *? C' dB' f'yVT^y'dy C ili^^^l^ e'*' - d x . (IV') 
Now 

t/o X Jot 

if 2cy' x = t and ^— = e\ But* 

r'Ji^ ^irt^f = i (a; - V^=^ ) 
if a; > 1. So we will have 



'■-K->1(^)"-] 



if —>1. Since y varies between and 1, in order that e' should satisfy this 

y 

inequality for all values of t/, its domain of variation generally must be 

6'>l.t 

So (IV') can be written 

We have to evaluate the integrals 



and 



7, = fy . Vn^' • >|^*-1 • dy = e'fvi-y' • >|l-?!!- %• 



'^^ Nielsen, loo. oit,, p. 107. 

t^ >,I could be satisfied, for |y|< 1, by |c'|< 1; since our inequality must be satisfied for all val- 
ues of y, even for y=:l, therefore we must take |c'|^ 1. 
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Introducing --,, = c"*< 1 and applying the previous transformations and reduc- 



tionSy we get finally 



,=...r^._qj.]. 



1 
where the modulus of K and E i&—- = f" < 1. 

Substituting /j and 1^ in (IV"), we get 



We are able to evaluate ^(e') with the aid of formulas (3), but we are not in- 
terested in the explicit value of ^(c'); we are interested in ^\ ' , in the 



equality 



"^^^'il-'^^^'^^-^'-^A- 



d^{ 



The real part of this expression is equal to zero ; therefore, by (V) , 
r = f^r-Mf^lT cos hsds = 

and 7'= j'r^^i^Tsin6srfs = C6'+^ [(f'*— l)fi:-(«'*+l)f7], 



(/3) 



where 



{^-id>- 



1 and the modulus in K and £ is — . 

f 



If, in T\ we put «'= 1, we get 



8c 



lim r=c—^ . 

On the other hand we have for /' in (a) for e = l 

lim /' = c ± 1^ . 

Since the integrand in V is a continuous function, we must have 

limr=lim/'; 

further, since, in /', (1 + ^)E — (1 — e^) K >0 for all values of e, we conclude 
that we must drop the positive sign in the expression of /'. 
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So we can finally write the formulae (a), 

/ = J^r^^L^Tcos bsds = i^ [(1 + 6^)E'-2^K'], 

J- (a') 

/' = J*r!^liMT sin bsds = ^^- -^ [(1 + ^)^' + {i--^)K], 

where 0<r£=-^J<l. 

It is interesting to investigate whether some of the functions /, /', Z, T' 
show maxima or minima. We take /' and write, after putting c = 1, the con- 
dition for maxima and minima 

de 371 L 

Or, since* 



and 



X -r f 


' de 


-f- £-tJ 


^ V- 


L e ) 


dc 


dK 

de ~ 


1 

s 


c^- 


1 
1 


-^E), 




dE 

de ~ 


1 

e 


(K- 


-E), 







we have 



dr = ^_±,E = o. 



de n 

Hence 

.£=|. = 0.7854 = |.{l-(|-)V + 3(jlj)V-5(jlj?^)V+....}. 

By trial we find that f = . 543 approximately satisfies this equation. That 
this is a maximum point, we see immediately from 

^^= — ^ [2£?(0.543)— JS:(0.543)]. 

From tables! we pick out the values of -B (0.543) and iT (0.543) and get 

dW 4 

^=— — [2X1.445 — 1.712] <0. 

di n 

Similarly we find that neither 1 nor Y' has any maxima or minima. 

What is the value of lim Y' t We put c = 1 and — ^ = >? in Z', and get 

lim 7'= lim4 [>?*- 4- i (1 + >7*)^(>7)-(l - yi^)Ki,n) \\= lim^. 



*LABka, Formelsammlung, p. 329. f Jahnke, "Funkt. Tabl./' p. 68. 
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If we substitute >7 = 0, we get the indeterminate form ^ . By repeated appli- 
cation of the rules for the determination of such forms, we get finally 

limr=lim F=0, 

11=0 €'=00 

which shows that the curve representing the function J' approaches asymp- 
totically the f'-axis. 

The following tables contain numerical values for different values of 
€ and s' : 



t sin 9 


/(•) 


/'(«) 


1 • . 

-7 = Bin S 


r'(.') 


6=0° 


4c 
3n 


XI 





d = 0° 





5° 




X 0.960 


0.079c 


5° 


0.011c 


10° 




X 0.882 


. 140c 


10° 


0.012c 


15° 




X 0.776 


. 192c 


15° 


0.023c 


20° 




X 0.667 


0.228c 


20° 


0.038c 


25° 




X 0.545 


. 249c 


25° 


0.047c 


30° 




X 0.435 


. 258c 


30° 


0.060c 


40° 




X 0.247 


. 252c 


40° 


0.089c 


50° 




X 0.112 


0.225c 


50° 


. 106c 


60° 




X 0.040 


. 194c 


60° 


0.115c 


70° 




X 0.007 


. 169c 


70° 


. 130c 


80° 




X 0.001 


. 154c 


80° 


0.146c 


90° 







0.150c 


90° 


0.150c 



Graphically : 







^ 



45* To* 

■S5 



A&^ 



4rj 



In the figure we take, for unity of the ordinates, -^ = 60 mm. in the case 

of I{e) ; 200 mm. in the case of /'(e) and T'(e'). The line of abscissas con- 
taining e = sinO refers to 7(e) and /'(e) ; the one containing e'= sin refers 
tor'(e'). 
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We now come to the end of onr investigation. In our problem we are 
concerned only with the integral 



for 



or explicitly 



1 =2j;"[4^Jco8 M» 



1 =-p-[il + ^)E'-2^K']. 



Afc 07t 



To every value of b will correspond a value of -^— . We get the greatest value 

Aft 

for-^ when 6 = 0: -^ = ^ — . The smallest value of — is for 6 = 2c: — =0. 

Aft Aq oTl Aft A2« 

In this case we have no image. For details see Mandelstam's work. 
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On the Classification and Invariantive Characterization 

of Nilpotent Algebras.* 

By 0. C. Hazlbtt. 



CHAPTER I. 

Inteoduction. 

1. Relation of Problem to Classification and Invariantive Characterization 
of General Linear Algebras. Linear associative algebras in a small number of 
units, with coordinates ranging over the field C of ordinary complex numbers, 
have been completely tabulated ; that is, their multiplication tables have been 
reduced to very simple forms.f But if we had before us a linear associative 
algebra, the chances are that its multiplication table would not be in any of the 
tabulated forms, nor even in such a form that we could readily ascertain to 
which standard form it was equivalent. Accordingly the question naturally 
arises: "Can we find invariantive criteria which will tell us when two algebras 
are equivalent? or, as we say, which will completely characterize the algebras?'' 

In a previous paper t we considered the problem of finding invariants 
which would completely characterize linear associative algebras- in two or three 
units with a modulus, over the field C. The terms "invariants" and "charac- 
terize," be it understood, are used here in the sense defined by Professor 
Dickson. ^ For these special cases, the algebras || can be completely charac- 
terized by invariants obtained by the application of the following theorem : 
"In a general w-ary linear algebra over any field F, both characteristic deter- 
minants are absolute covariants of the algebra ; their coefficients are absolute 
covariants; and the invariants and covariants of the characteristic determinants 

* This paper was written when the author was holder of the Fellowship of the Boston Branch of the 
Association of Collegiate Alumnie. 

t See especially B. Peirce, American Journal of Mathematics, Vol. IV (1881), pp.^97-192; Study, 
Gottinger Nachrichten, 1889, pp. 237-268; G. Scheffers, Mathemaiische Annalen, Vol. XXXIX (1891), pp. 
293-390; ^Awkas, Mathemaiische Annalcn, Vol. LVlll (1904), pp. 361-379; American Journal of Mathe- 
matics, Vol. XXVI (1904), pp. 223-242. 

t Hazlett, Annals of Mathematics, Vol. XVI, p. 1. 

§ American Journal of Mathematics, Vol. XXXI, p. 337. See § 6 of this paper. 

II For brevity, we will usually refer to linear algebras simply as algebras; but, unless specified, we 
do not assume the associative law nor the commutative law. 

14 
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and of the coefficients of the powers of u in these determinants are respectively 
invariants and covariants of the linear algebra/' 

If now we proceed to the characterization of the quaternary associative 
algebras with a modulus^ we find that the invariants given us by this theorem 
only partially characterize these algebras. In other words, the general problem 
can not be solved by use of this theorem alone. 

But fortunately Cartan* and Wedderburnf have some general theorems 
which bear on the problem, t These tell us that we can characterize the 
general algebras if we can characterize three special kinds of algebras ; namely, 
simple matric algebras, division algebras, and nilpotent algebras. Now in a 
given number of units there is only one simple matric algebra. Over the field C, 
there is no division algebra other than the algebra of ordinary complex num- 
bers ; and in general, the Galois Fields are the only algebras of a finite number 
of elements such that every number except zero has an inverse, § whereas, over 
the field (7, there is an infinite number of classes of nilpotent algebras. 

In this paper, we shall see how nilpotent algebras can be characterized by 
the aid of certain homogeneous polynomials whose coeflScients are constants of 
multiplication. For algebras in a small number of units, these polynomials 
are sufficient if we assume the commutative and associative laws; but to 
characterize the general nilpotent algebra, we need further invariants. 

2. Definitions for Linear Algebras. If we have given a set of units 
6i ,...., e„ linearly independent with respect to a field F, and such that 

n 

c^Cy = 2y<yt Ci (t,i = 1, , «), (1) 

where the constants of multiplication y^^^ range over F\ and if the complex 

numbers of the form X = S^^e^ combine under addition and subtraction as 
follows : 

i 

and if they combine under multiplication according to the distributive law, 
then the set of complex numbers is said to form a linear algebra \\ over the 
field F with multiplication table (1). The characteristic right-hand and left- 
hand determinants are respectively defined to be 

* Annales de Toulouse, Vol. XII (1898) B. 

t Proceedings of the London Mathematical Society, Series 2, Vol. VI (1908), pp. 77-118. 
t See end of § 2. 

§ Wedderburn, Transactions of the American Mathematical Society, Vol. VI (1905), p. 349. 
II For other definitions, see Dickson, Transactions of the American Mathematical Society, Vol. IV 
(1903), pp. 21-26. 
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(2) 



5(6)) = |2y<ytir,. — fl!yi,G)|, 
5'(6>)= \XyiiuXi — djj,ci\. 

There may exist in the algebra a number e called a principal unit or mod- 
uluSy such that, for every number x in the algebra, 

X€ = X =^ €X. 

If such a number exists, it is unique. 

Division, as a rule, is not unique ; that is, if we know the product of two 
numbers is zero, it does not necessarily follow that one of the numbers is zero. 
An algebra in which right- and left-hand division, except by zero, is always 
possible and unique is called a division algebra by Dickson,* a primitive algebra 
by Wedderburn. t 

Another important family of algebras are the simple matric algebras ; X 
that is, those which have the multiplication table of the form 

%q^at = dq,e^t {PjqjS,t = l, , n), 

where the units are e<^ (i, j = 1, . . . ., w). 

The complex^ ^ = (a?i, a?2, . . . ., a?^) is defined as the set of all quantities 
linearly dependent on iCi , a;^ ,...., a?^ , and the number of linearly independent 
elements is called the order of the complex. If A and B are two complexes, 
the complex formed by all quantities linearly dependent on the elements of A 
and B is called the sum of A and 5, and is denoted hy A+B. If a complex C 
is contained in the complex Ay we write C<A or A>C; similarly, if x is an 
element of the complex A, we. write x<A. The elements common to two 
complexes also form a complex. The greatest complex common to two com- 
plexes A and B is denoted hj A nB. 

If A and B are any two complexes, and if x and y are any elements of A 
and B respectively, the complex of all elements linearly dependent on those of 
the form xy is called the product of A and B, and is written AB. If multipli- 
cation of all the elements involved is associative, then multiplication of com- 
plexes is likewise associative. If the associative law of multiplication is 
assumed, then the integral powers of a complex A are defined by means of the 
recursion formula ^ • ^" = ^"+^ = A"" - A. In general, however, the integral 
powers of a complex A are defined by the formula 



- — i 






* "Linear Algebras," Cambridge Tracts in Mathematics and Mathematical Physics, 1914, p. 66. 
t Loc. dt., p. 91. 
t Wedderburn, loo. oit. 

§ The definitions in the next two paragraphs are those of Wedderburn, loc. cit., pp. 79-80. For this 
notion of ''complex" compare Kronecker, Berliner Sitzungsherichte, 1888, p. 597. 
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The necessary and sufficient condition that the complex ^ be an algebra is 
that^*<^. 

To illustrate these definitions, consider the algebra of four units 
quaternions, over the field F, whose multiplication table is 

€i Cf = f'2 ^1 -— ^g » ^2 ^8 -~- ^8 ^t~~'^lJ ^S ^1 --" ^8 ^1 -~ ^J > 

ef=— eo (t=l,2,3), 6^60=6^=606) (;=0,1,2,3). 

If iCo , a;, , . . . . , t/o > 2/1 J • • • • be marks of F, then the totality of all numbers of 
the form Xj 61+^^2 ^2+^g ^3 form a complex A of order 3, but they do not form 
an algebra. The totality of all numbers of the form t/o^o+yi^i form a com- 
plex B of order 2, and they also form an algebra. 

A+B={6o, 6^, 62y e^)=AB=A^=A^; B^=B; AnB={e^). 

A subcomplex B of a complex A which is such that AB<B and BA<B is 
called an invariant* subcomplex of ^. ^ is necessarily an algebra. An algebra 
which has no invariant subcomplex is said to be simple, f 

If an algebra A is expressible as the sum of two algebras Ai^O and ^2^0 
which are such that -^i ^2=0 =^2^1, then A is said to be reducible and to be 
the direct sumt of Ai and A2. Ai and A^ can be so chosen that Ai nAi=0. 
Similarly for a complex A. 

If C and D are any two algebras, such that every element of one is commu- 
tative with every element of the other, and if further the order of A=CD is 
the product of the orders of C and Z), then thealgebra A is said to be the direct 
product ^ of C and D. 

If an algebra A have a modulus, then A^=A; and in general, since we 
are dealing with algebras having a finite basis, we must have ^"^^ = ^" for 
some integer. 

In particular, A may be such that A^=0; if so, A is said to be nilpotent. 
The smallest such integer is called the index of Ihe algebra.|| For a nilpotent 
algebra, H ((a) ^w^^^i' ((a) . For associative algebras this definition of nilpotent 
algebras is equivalent to that given by Cartan and others ;fl but for non-asso- 
ciative algebras the two definitions are not equivalent, as can be seen by the 



* Cartan, loc, cit,, p. 57; Molien, Mathematisohe Annalen, Vol. XLI (1893); Frobenius, Berliner 
Sitzungaheriohte, 1003, p. 523. 
f Cartan, loc. cit,, p. 57. 

t *' Sum " was first used in this sense by Scheffers, loc. cit.y p. 323. 
§ Wedderburn, loc, cit,, p. 99. 
II Wedderburn, loc. cit,, p. 87. 
^ Wedderburn, loc, cit., pp. 88-91. 
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following example, which is nilpotent in Cartan's sense, but not in Wedder- 

bUm S, 61 62 = 62 ^1 ^^^ ^8 > ^2 ^8 "~~ ^s ^2 ■^~ ^1 > ^8 ^1 ~^ ^1 ^8 -^ ^2 • 

An algebra which has no nilpotent invariant subalgebra is called semi- 
simple.^ Snch an algebra always has a modulus. Cartanf has shown that an 
associative algebra Ay with a modulus, over the field C of ordinary complex 
numbers is the sum of a semi-simple algebra 8 and a nilpotent algebra Nj such 
that every unit of N is commutative with every unit of S. 

Wedderburnt has proved a similar theorem for associative algebras for a 
general field F; namely: "Any associative algebra can be expressed as the sum 
of a nilpotent algebra and a semi-simple algebra. The latter algebra is not 
unique, but any two determinations of it are simply isomorphic. Furthermore, 
a semi-simple associative algebra can be expressed uniquely as the direct sum 
of a number of simple algebras ; and a simple associative algebra can be ex- 
pressed as the direct product of a primitive algebra and a simple matric 
algebra.'' 

CHAPTER 11. 

General Theory. 

Preliminary Theorems^ %% 3-8. 

3. Canonical Form for Nilpotent Algebras. Wedderburn has the follow- 
ing theorem which gives a very simple form to which any nilpotent algebra can 
be transformed. 

Theorem. If E be a nilpotpnt algebra {not necessarily associative) with 

1, tt-i 
index a, then if B^E {mod ^*),§ E = 2 3^. 

For since E = B + E\ we have E^<B^ + E^ and thus E = B + B^ + E\ 

By induction, we have in general E^<B^ + E^"'^ and thus ^= 2 fi* + £'". 

a-l 

Moreover, for any positive integer p, E^ = ^ B^. 

If the multiplication table of a nilpotent algebra be in the form given by 
this theorem, the algebra will be said to be in its canonical form. Furthermore, 
if an algebra be expressible in this form, then it is nilpotent in the sense defined 
by Wedderburn ; and hence, if multiplication be associative, it is also nilpotent 
in the sense defined by Cartan and others. 

* This is the definition given by Wedderburn, loc. dt. 

t Loc. cit., p. 50. 

t Wedderburn, loc. cit., pp. 86, 94. 

§ That is, B is derived from E by considering as equal those elements of E which differ only by an 

element of E*. 

i 
i 
I 
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4. The Group Which Leaves the Canonical Form Unaltered. Consider 

o-l 

a nilpotent algebra E over the field F in canonical form, E = 1, B*j where 

B^E (mod E^) and where a is the index of E. If we have a second algebra 

El over the field F and in canonical form, £Ji = 2 -B{ , where Bi ^ Ei (mod El) , 

then if E is equivalent to Ej , B^ < B + EK Therefore Bl<B^ + E^; and in 
general, by induction, we have Bj*<fi~ + J5/"*+^ Hence, if we denote by e^^ 
a unit of E which is in B^j and similarly for JKi, then the transformation 
which carries E into Ei is of the form 



o-l 



e;*> =22 oi'/ «> e}«>, 



(3) 



«=p ; 



where the a's are in F. We shall use G to denote the group of all such trans- 
formations. 

5. Invariance of Order of £** {mod JS*+^). Modification of Canonical 

o-l 

Form. The equation E z=^B^ means only that every number of E can be 



<=i 



expressed as a linear homogeneous function of elements in B, . . . . , B*"^ ; two 
of these complexes may overlap, as in the quaternary algebra 6161=62, 6162=63, 
6261=6163=64, where the products not written are zero. Moreover, for l<i<a, 
the number of linearly independent elements in B^ depends on the particular 
choice of B. But the number of linearly independent elements in B is an 
invariant; and in general, for each a, the number of linearly independent 
elements in J5* reduced modulo J?""^^ is an invariant. 

To show this, consider a fixed a, and subject the units of the algebra to a 
transformation T of the group G. Now T=TiT^y where T^ transforms the 
units of each power of B among themselves alone, and where Tg at most adds 
to each unit of B^ some element of J5*+^, for every i. Clearly Ti does not 
change the number of linearly independent elements in B"" (mod E"+^). By Tjj 
let E be transformed into E and let the complex B be transformed into B. 
Then B^ does not necessarily transform into -B*, and similarly for the higher 
powers of B. In fact if we consider the multiplication table of E in the square 
array indicated schematically thus : 

B B^ B^ .,. 



B 


B' 


B' 


B* 


• • « 


B^ 


B' 


B* 


• • • 


• • « 























then 1\ adds to each element in the ;-th horizontal strip and the ft-th vertical 
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stripy linear combinations of elements in the j-th horizontal strip and below the 
j-th, and in the vertical strips in the fc-th and to the right of the k-ih. Hence 
the statement at the beginning of this section. 

Let w' be the order of B^ and in general let n<'> be the order of 
Bi^B*{mod JE?'+^) . Then we can assume that ^ = (ei ,...., e^) is in such a form 
that Bi=B= (61, . . . ., 6^/), 2^2= (^r'+i> • • • •, ^r")» ^^d i^ general -B^= (e^d-D+j, 

,e^(o) for i<a — 1, where y<'> = 2w^*>. Now, w<*"'>>l, w = 2w<*> and 

k=l i=rl 

a-1 

E = X Bi. We shall henceforth make this assumption for algebras in the 

canonical form. The group G of all linear transformations which leave un- 
altered the canonical form (under this slightly modified definition) is by § 4 
seen to be the group of all non-singular transformations which, for every t, 
replace an element of Bi by the sum of an element of Bi and an element of J5*"*'^ 

6. Definition of Invariants of Nilpotent Algebras. Given fixed positive 
integers n and f4®=0, fi% > . . -jfi^^^^ such that 2|u<*>=n, let A = {eiy . . . ., ej be 

an algebra over the field F such that, if we denote the complex (e^,«-*,+i, . . . . , c^,i)) 
by C< (1 = 1, . . . ., a — 1), then the product of two complexes C^ and C^ will 
be expressible linearly and homogeneously in terms of the elements of C^ 
where l^j+k^ and where in particular CjCj,=0 when j+k>a; but other- 
wise let the constants of multiplication of the algebra A be undetermined ele- 
ments of F. A is necessarily nilpotent; and furthermore, the particular 
algebras A^ A^j .... obtained from A by assigning to the constants of mul- 
tiplication particular sets of values in the field F include all those n-ary nil- 
potent algebras of index a where, for every i, n^^^=(i^*^ — (i^*~^^ is the order of 
the complex Bi defined in § 5. For convenience, we will say such algebras are 
of genus (a; w', . . . ., w^"~^^). 

Moreover, if G is the group which leaves unaltered the canonical form of 
all algebras of genus (a; w', ...., w^"*"^^), then any transformation of the 
group G will carry any particular one of the algebras ^1, -^2, ... - into another 
one of the set, and in particular it will carry the set of all algebras of genus 
(a; w', . . . ., w^"~^>) into itself. Accordingly the particular algebras -ii,-42, .... 
may be separated into classes ®i ,...., ©^ such that two of the algebras belong 
to the same class if and only if they be equivalent with respect to the field F 
under the group G ; that is, if and only if there is a transformation of the 
group G with coefficients in F which will carry one algebra into the other. 

A single- valued function 3 of the constants of multiplication of the algebras 
A is called an invariant of A under the group G if, for ; = 1, . . . . , a, this func- 
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tioB has the same value v^ for all algebras in the class C^ . A set of invariants 
3i, . . . ., 3p is said to completely characterize the algebras of genus (a; n% . . . ., 
II («-!)) over the field F under the group G when each 3* has the same value for 
two algebras of the genus if and only if they belong to the same class. The 
characteristic invariant Ij, for the class ©^ is defined to be that invariant which 
has the value unity for algebras of the class (Sj^ and the value zero for all other 
algebras of the same genus. 

In order to find invariants in the sense defined above, we will also consider 
rational (absolute and relative) invariants and co variants for the algebras of 
a given genus. 

7. Importance of the Complex B for Associative Algebras. For an 
associative algebra Ey the complex B^E {moAE^) in some manner determines 
the behavior of the whole algebra. If also B is commutative, so is E. 

On the contrary, if B is such that, when Ci and e^ are any two elements 
of B^ 61 62 = — C2 61 , then by induction it follows that fi* is commutative 
with B^ unless i and j are both odd; and if i and ; are both odd, we have 
g(i)g(y)_-. — e(/)e(0^ where e^*^ is any element in B*. 

Moreover, an associative nilpotent algebra E is reducible if and only if 

B is reducible.* First, if B is reducible, B^B^+B^j where BiB^=Q=B^B^ 

and fii nB2=0. Therefore, in view of the associative law, B^=B\-\-B\'y and 

0-1 0-1 

accordingly, if we take E^ = ^B\ and E^ = ^ B{ (where a is the index of -B), 

then E=Ei+E2y with JBi^2=0=£?2^i, where Ei and E^ are algebras. 

Conversely, if E is reducible, with E=Ei+E2j where EinE2 = 0j then 

£?i = 2^i and JE72=*2BJ, where B^ = E^ (mod J5;f) and B^^E^ (mod^|). 

Therefore, B^nB^^Q^ and B^B^=Q=B2B^, B^+B2=B. 

8. ^^ Special'' Canonical Form. As we stated at the beginning of §5, 
several of the complexes £,...., i?"~^ may overlap, but these "over lappings'' 
are more or less restricted in view of one or two simple properties which follow 

a-l 

from the formulaB -C = 2 B* in § 3. In an associative algebra, for a< a, 6 < a, 

B«=B* if and only if a = 6 ; more generally, £**+* does not contain B*, where a < a 
and 6 > 0. Further, we can not have B''=B''+ B^ for a, 6 < a unless a=c or b=c. 
Finally, for every exponent a < a, there are numbers in B"^ which can not be 
expressed as linear homogeneous functions of elements in 5*"+^ . . . . , B^~\ 

Now, if an algebra in canonical form be such that 'B^n 5^=0 (t^j; t,;<a), 
it will be said to be in ^^ special'' canonical form. In particular, in view of the 



♦ Wedderbiirn, loc, cit,, p. 88. 
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properties mentioned above, all associative algebras in one, two, three or four 
units are necessarily in "special'' canonical form, except for two types of 
quaternary algebras, namely n' = 2, n"=n^^^ = l and w' = »"=n^*>=w^*^=l. 

Theoeem. If G' he the group of all linear transformations with coefficients 
in P which leaves unaltered the ^^ special" canonical form of the nilpotent 
algebra E = B+E^ over the field F, and if G" be that subgroup of G' which 
transforms the units of B among themselves alone, the units of B^ among 
themselves alone^ etc., then the invariants of E under the group G" are all 
the invariants under G\ Furthermore, if two nilpotent algebras in ^^speciaV' 
canonical form over a field F are equivalent with respect to F, they are 
equivalent under a transformation of the group G'\ 

To show this, let T' be any transformation of the group G' . Then 
T = T[ T\ where T' is in G" and where, for every i, T[ at most aidds to each 
unit of J5* an element in F*+^ T[ is in (?', and accordingly, from its nature 
and in view of the definition of "special'' canonical form, can not affect the 
constants of multiplication. Hence, the theorem. 

Invariants for General Nilpotent Algebras in Canonical Form, %% 9-12. 

9. Two Classical Methods Which Furnish no Invariants. Since the 
characteristic determinants for an n-ary nilpotent algebra are 5((a)^o"^5'((a), 
all invariants of nilpotent algebras which can be obtained by means of the 
theorem of § 1 are zero. 

Furthermore, no information in regard to nilpotent algebras is furnished 
by Scheffers' theorem that, for an associative algebra with a modulus, if the 
right-hand characteristic equation S(a)) = defines o as an fc- valued function 
of the coordinates of the general number of the algebra, then we may choose 

as normalized units «i, . . . ., «/k> >7i> • • • •> ^7* satisfying certain conditions. For, 
if we adjoin a modulus e^ to the nilpotent algebra (ei, . . . ., e^), the right-hand 
characteristic equation (x^ — (a)'»+'=0 of the resulting algebra defines cj as a 
single- valued function of the a;'s. 

10. Invariants Obtained from the Parastrophic Matrix. The argument 
of <^ 5 shows that certain matrices obtained from the parastrophic matrix are 
unaltered under transformations of the group G. 

If we have an algebra F = (ei, . . . ., e„), not necessarily nilpotent, over 
the field F with multiplication table (1), the parastrophic matrix* is defined as 

R^i^rut^k), ■ (4) 



* This term and the notation are those used by Frobenius, Berliner Sitzungaherichte, 1903, p. 522. 
The covariance of R is also due to him {loc. cit.) . 

15 
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where the ^^ are variables ranging independently over F which are cogredient 
with the 6jt . If we subject the units of E to the non-singular transformation 

n 

6j ^^ ^ a^j Vj \t ^^ Xj •mm.jnjj 

where the a's are in F, then the parastrophic matrix E for the new algebra E is 

R = ARA\ (5) 

where the prime indicates the conjugate matrix. Thus iJ is a covariant of the 
algebra. 

a-l 

In particular, let E = 2 -ff^ be a nilpotent algebra of genus 

(a; n', , w^*"^^) 

in canonical form. Then the parastrophic matrix is 



R^ 



^ 7pqr kr 

(p, g=:l, ,v') 



2 /pgr^r 



/p = i'' + l,....,r"\ 
\g = l, ,v' ) 



2 yp9'^r 



F'^ + l 



/p = l, ...., v' \ 

Vg = T;' + l, ...., W 



2 /pgrsr 

(p,g = v'+l, ,r") 



(6) 



where r^*>= 2 ti^^> (i = 1, , a — 1). 

If we subject the algebra to a transformation T of the group G which 
leaves unaltered the canonical form, then T = T^T^y where T^ transforms the 
units of B^ among themselves alone, the units of B^ among themselves alone, 
etc. ; and where, for every i, Tj at most adds to each unit of B^ an element in 
E^"^^. Under the transformation Tj , iJ is subjected to a finite number of ele- 
mentary transformations in such a way that any " box " of the schematic matrix 
(6) is subjected to a finite number of elementary transformations; and at the 
same time the variables i^^ which occur in any partial sum 






(7) 



are subjected to a non-singular transformation among themselves alone. By 
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the transformation T^j i? is subjected to a finite number of elementary trans- 
formations in such a way that to each row of the "box^' in the ;-th horizontal 
strip and k-th vertical strip of the schematic matrix are added linear combina- 
tions of the rows from ** boxes'' which are in the fc-th vertical strip below the 
j'th horizontal strip, and a similar transformation is then made on the columns. 
At the same time, by Tg the variables ^ which occur in any partial sum (7) 
have added to them linear combinations of the variables ^ with a larger sub- 
script. In short, under the transformation T, each partial sum (7) in the 
transformed matrix is affected only by those partial sums (7) in the original 
matrix having r range from y' + l to i'^*> which are in the same horizontal strip 
or in the horizontal strips below, and at the same time in the same vertical 
strip or in the vertical strips to the right. 

That is, for every value of 0<l<a — 1, the square matrix obtained from R 
by erasing the first I horizontal strips and the first I vertical strips of the 
schematic matrix (6) is subjected to a finite number of elementary trans- 
formations under the group G. Also, if for any m we delete the last m hori- 
zontal strips and the last m vertical strips of the schematic matrix, and if at 
the same time we erase all partial sums (7) where i>m, then the resulting 
matrix is subjected to a finite number of elementary transformations under 
the group G. 

Now just as any homogeneous algebraic covariant (or invariant) of a 
covariant of a quantic is itself a covariant (or invariant) of the quantic, so 
any homogeneous algebraic covariant (or invariant) of a function of the con- 
stants of multiplication and coordinates which is invariantive under the group G 
for algebras of genus (a; w', . . . ., n^""^^) is itself a covariant (or invariant) 
under the group G for these algebras. Hence, every homogeneous algebraic 
covariant (or invariant) and every arithmetic invariant of a matrix obtained 
from (6) by one of the two methods of deletion described above is in turn a 
covariant (or invariant) under the group G for the w-ary algebras of genus 
(a; n', , n^*"^^). 

Finally^ for every I and m, the matrix obtained from (6) by combining 
the two methods of deletion described above is a covariant under the group G 
for the algebras of genus (a; w', . . . ., n^""*^), and this matrix furnishes further 
covariants and invariants for such algebras under the group G. 

Hence, if two nilpotent algebras E' and -B" of index a are equivalent, 
then if we delete E' by ^'«-^ and E" by JS7" ""'", the resulting algebras are 
equivalent, and this is true for every positive integer m<a. Similarly for 
every positive integer Z < a, if we erase in E' all units in 5', . . . . , BJ and at 
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the same time erase in E" all units in B", , -^r > where B'^E' (mod E'^) 

and B''^E'' (mod -B"*), then the resulting algebras are equivalent. 

Moreover, there are other invariants of these matrices which are a generali- 
zation of the rational invariant factors of a matrix whose elements are poly- 
nomials iQ one variable. Consider a particular matrix M obtained from R by 
one of the above methods of deletion, and let it be of rank r if and only if the 
^j, take on a set of values linearly dependent on the t^ linearly independent sets 
ik^^h"^''^ {s=lj . • . ., ^r)i where k has the same range as in M. The numbers 
t^ (r=l, . . . . ) are unaltered under a transformation of the group G. 

11. Invariants of the Complexes B^ . Fundamental Quadratics j CubicSy etc. 
Consider the complex Bi= (e,(i-i,+i, . . . ., e^^o) of the algebra E of index a, 
over the field F (see § 5). Modulo E*'+\ the square of the general number 



of Bi is 



Define 



where 



X(^>= '2 x^e^ (8) 

XC)'^ 2' "2 Y,^x^,e, (mod £;*•>'). O) 

^«= 2 ^fnr, (10) 

^<«^ 2' y„r^,x, (r=r<»*-'> + l, ....,v(«>), (11) 



and where the i^'s are variables ranging independently over F and such that, 
when the units of B^i are subjected to the transformation 

e;= "2 a„e,+ 2 a^e, (v<«-'> + l<P<r<«>), 1 

j«,(«i-x>+i " fl>r(«0 '^ ' i- (12) 

I Op, 1=^=0 (p,g = »'<«*-^) + l,.... ,»-(«>), J 

then the yj's are subjected to the transformation 

yi;= "2 ap,,7, (T'<*'-') + l<p<r<«>). (13) 

The necessary and sufficient condition that there exist in B^ r linearly in- 
dependent numbers such that their squares are all zero (modulo J5^'+^) is that 
the w^^*> homogeneous quadratics (11) should have in common r linearly inde- 
pendent solutions. Hence the number of linearly independent solutions common 
to the ^^^ has the invariantive property, and the resultant of the ^jP is an 
invariant. 

o-l 

If we subject the units oi E = X Bi to a non-singular transformation T of 
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the group G, the units in B^i are subjected to a transformation of the form (12) 
and the y^^a to the corresponding transformation (13). Now T = Ti. . . .T^^i 
where T^ leaves unaltered all units except those in B^ , and replaces each unit 
in B^ by the sum of a number in B^ and a number in E^'^\ The quadratics (11) 
are affected at most by T^ and ^2* • 

If ep and e, be any two units in B^ , and if y^qr are the constants of multi- 
plication in the algebra obtained by applying to E the transformation Tzi , then 
by the argument just after (7) we must have 

holding identically in view of the relations between the yi's and the ^"s. Hence 

under the transformation T^ . 

Finally, if y^gr be the constants of multiplication in the algebra obtained 
by applying to E the transformation T,, then since e,^«-.,+i, , . . ., e,,u> are un- 
altered by Tij the square of X^^^=XXpep (mod 1?"+^) can be derived from the 
square of X^*^=lXpej, (mod S"+*) by replacing y^^ by y^'gr and x^ by Xp'; and 
accordingly 

^^^yp.r; ^p)^^J^(yp,r; <) (i^^"-^>+i<r<i/(^»)) 

in view of the relations between the x^ and the Xp. Thus ^^'^ is unaltered 
under T< . 

Combining these results, we see that the quadratic form (10) is unaltered 
under transformations of the group G, and we shall refer to (^^^^ as a co variant 
of the complex B^ ; in particular we shall call it the fundamental quadratic 
for Bi . Moreover, the discriminant of (10) when we regard the x's as variables 
and the yj's as parameters is a function which has the invariantive property for 
the general algebra of genus (a; w', . . . ., w^"~^^). Also the invariants and 
covariants of this discriminant regarded as a function of the 97^8 are invariants 
and covariants for the algebras of genus (a; n', . . . ., w^*~^^). 

Similarly the cubic form 

(?c)^ 'v' ei<\, (14) 

where 

is a covariant for nilpotent algebras of genus (a; w', . . . ., w^*~^^). Here the 
ri's are related to the units in -B,,- as the rj's of (10) were related to the units 
in Bii . In an analogous manner we can form a covariantive quartic, quintic, 
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etc., for the complex Bi , and continue nntil we get a p-ie form which is identi- 
cally zero in the parameters >7 and the variables x for all y's. For brevity we 
shall call these the fundamental forms for the complex B^^ although they 
depend also on the complexes ^20 ^to ^tc. In particular, for the complex 
5^-67 (mod E^) there are a — 2 fundamental forms not identically zero for the 
algebra of index a. 

CHAPTER m. 

Classification of Gbnebal Nilpotbnt Aloebbas with n<4. 

By using the theory of the previous chapter, we can readily classify the 
nilpotent algebras (not necessarily associative) in a small number of units. 
We give below the canonical forms of the multiplication tables of all nilpotent 
algebras over the field C of ordinary complex numbers, having four units or 
less, to which any such algebra is equivalent under a non-singular transforma- 
tion with coefficients in C* Furthermore, no two of the algebras tabulated 
are equivalent. Where they are not too awkward, we give also the invarian- 
tive conditions that a given algebra in canonical form be equivalent to one 
of the algebras tabulated. Throughout, we shall use a to denote the index 
of the algebra £7, and n^'^ for the number of linearly independent elements in 
Bi ™ 5* (mod E^^^)j where B^E (mod E^). For convenience, we shall under- 
stand that products not written are zero. 

12. n = 1, 2. 

n = 1 : ^1 ^1 = 0. 

n = 2: a = 2, e<ey = (i, ; = 1, 2). 

13. n = 3. 

Type A: n' = 3, n" = n<«> = 0; a = 2, 6,6^ = (i,; = 1,2,3). 
Type B: n' = 2, n" = 1, n('> = 0; a = 3. 

!• Vs ^ ^ • ^1 ^2 ^^ — ^2 ^1 ^^ ^8 • 
11. Os^O; Dg^O: e2^i = e8, 6162=^68, Xq^— 1, |X| <1. 
III. Qi^O; D^=0: e^e^=e^\ e^ei=e^=eie^=—e^e^. 

The classes of Type B (in canonical form) are completely characterized by 
the ranks of 

yil8 yi28 + ^218 



yi28 + yi28 



2 

y228 



yii8 

^218 



yi28 

y228 



arid the absolute invariant (7118^228— yiMy2i8)/^s. 



*Mo8t of the work, however, holds for any field F. These results have been compared and (as far 
as possible) have been checked with Allen's results for associative nilpotent algebras in 2, 3, 4 units over 
any field F {Transaoiiona, Vol. IX, pp. 203-218). 
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Type C : n' = n" = n<'> = 1 ; a = 4, 

Here there is a single infinitude of classes characterized among themselves by 
the values of ri_ x and fo, 1 > the ranks of 






1 



7218 1 



respectively. 

Type D: «'=««)=!, nW=0, «<*> = !, 

14. n = 4. 

TypeA: w' = 4, w" =n(»> = w^*> =0; a = 2, 6<6^=0 (i,; = l, ,4). 

Type B : n' = 3, «" = 1, n<«> = «<^> = ; a=3. 

Let r be the rank of D^j the discriminant of the covariantive quadratic 

1,2.8 

Q^^ ^ y^^4 XiX.'j and let p be the rank of U = lyaA (i, ; = 1, 2, 3). 

<,> 

I. r = 0, 6162= — 6261=64. 
II. r = l, (a)p = 3, 6f =62 63 = — 6362=64. 

(b) p = 2, e?=6i 62=— 6261 = 64. 

(C) p = l, 6^ = 64. 

III. r = 2, (a) p = 3, 6261 = 6163 = — 6361=6263 = — 6362=64. 

(b) p = 2, 6261=6163=— 6361=64. 
(c^) p = l, 6162 = 64, 6261=764, |y|<l. 

The algebras of III (c) are characterized completely among themselves as 
follows: Let (0?^, ^<2> ^is) (* = 1> 2, 3) be three linearly independent solutions 
of Q4 = 0, and let (a?3i, x^^y x^) be the double solution. Then the class (c^) 
is characterized by the fact that 



1,2,8 
1 2 Xij,X2iyj,i^ 

1,2.8 
y 2 ^2*^i/y*M 



X 



1,2,8 

1 2 X21 iTifc yt,4 
*,< 
1,2,8 

y 2 XitXiiytu 



= 0. 



IV. r = 3, (a) p = 2, -6261 = 6861=6263=6362 = 64. 

(W) P = 3, 62 63=F63 62 = 6^ = 62 61 = 64, 6361 = ^64. 

The classes of B, IV are completely characterized among themselves by r, p 
and the absolute invariant R/D^ . 

Type C: w' = 2, w" = 2, 7i(»> = ti<*> = 0; a = 3. Here the fundamental 



1,2 



quadratic is Q = Q3 >:3 + Q^ y;^ , where 0* = 2 y^k ^i^i (ft = 3, 4) . Let p be the 
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8»4 



rank of the discriminant of | 2 y^^t >7i | (i, j" = 1, 2) for general myyiij and let 



© = — ^-^r — ^ , where ^ is the rank of 



yii8 ym + ym 

yiU yi24 + ^214 

and let R be the resultant of Qz and Q^ . 



( 



^223 
722 



:)■■ 



I. = 0, R = Oj 6162=6^, 6261=64. 
IL = 1, iJ = 0, (a) () = 0, 6^=64, 6162=63; 6^=64, 6261=63. 

(bt) p = l, 6f = 64, 6261 = 63, 6i62 = A:68 {k4^ — l,0). 
\C) p = J, 6^ = 6162 = 64, 6261 = 63. 

The classes in Case II are characterized completely among themselves by rj^i 
and fi 0, the ranks of 

(i^ t^ *) and it t I) 
\B, B^ 1/ V^i B^ 0/ 

respectively, where 

^2=a;,[yii4+ (ajj— 1)7214] +a;i[ym+ (^s— l)ya4]. 

52=a?i[ymH- (a;*— l)yM4] +aii[ym+ (a5j— l)y2a,], 
where {x^, x^) is the solution ^ (0, 0) common to Qt=0 and ^4=0. 

III. e = l, R4^Q. 

\^\) 61 = 62^=64, 6261 = 63, 61 62= 63 4" 'i 64 . 

There is a class for every value of X*. 



Type D: n' = 2, w" = 1, w^^> = 1 ; a = 4. Since 



y</8 + yjis 
o 



(«,i = l,2) 



is invariantive for classes of this type, we can make use of the results for 



1,2 

Type B of the ternary algebras. Let r be the rank of Qg ^ 2 Viiz x^ x^j p the 
rank of 

yi84 yti4 

9^284 >^8i4 

I. r = 0. 

(a) p = l. 

(Ijb) 6162= — 6261 = 63, 6163 = 6262 = 64, 636i = /C64 \fC§ 1/. 
(J^/ 6162^= 6261^^63, 6163 = 64, 6361=^^^64. 
(o) 6161 = 6163= — 6361 = 6262 = 64, 6162= — 6261 = 63. 
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(4) 6162= ^8^1~-'^8> ^1^8"~" ^8 ^1 — - ^2 ^i ""■ ^4 • 

(0) 6163= ^8^1~~~^4 9 6162=^ 6261 = 63, 

(7) 6163^ ^8^1~~^4> 6162 = 63, 6261= ^ZV^i* 

The classes of Type D^I (a) are characterized completely among themselves 
by the vanishing or non- vanishing of 

yi84 y224— yi84 ya4 (yi24+y2i4) H-yL yin , 

and by the value of ri^^, fo.i and (2 — ^i.-i) pi, where ri^^, ro,i and pi are 
respectively the ranks of 



\y«i4 



1\ (Yvu 



y«84 

7824 



0\ / 2yu4 yi24 + y214\ 

1/ \yi24 + y214 2yM4 /' 



(b). 



7284 

7824 

p = 2. 

(1} 61 62^ — Cj^l^^^j > 6168^6362^=64, 

(^) 6i6j= — 6j6j^6j> 61 Bg^ e^ e^^^ Ci 61^::^ e^ . 

These two classes are distinguished by the vanishing and non- vanishing 
respectively of 

Yuiiytu+ysuV—iriu+yni) (Ym+rm) (ym+Ym) +ytu{Ym+Ytuy- 

n. r = l. 

(a) yi2»H-yti8#=0. 

(1) SK = I '2 Vot ^t I =* (t, ;■ = 1, 2, 3). 00 * classes. 



= 63=^6162= — ^2 ^1 > 6262 = 0^64, 6163 = 64 ((l = U, 1), 
= — 62 61 = 63 J 61 62 ^=^ 63 -j- d 64 J 62 63 = 6^ . 
= 61 62 ^^ — ^2 61 = 63 , 63 61 = 64 . 
. "~ ^1 ^2 ~~" """ ^2 ^1 ~~ ^8 > ^2 ^2 ^ 63 61 = 64 . 

= 61.62=63, 6261= — 63+064, 6362=64 (a = 0,1). 

= 6162^63, 6361= ^8"r^^4> ^2^3"~" ^8^2~~^4> 63 61 = A 64 ((l = U, 1). 

= 61 62 ^^^ 63 , 63 6j = ^8 I ^ ^4 > 62 62 ^= 62 63 = 63 62 ^= 64 , 63 61 = A 64 . 

= 6162=^ 6261 = 63, 63 61 = 63 62=^ A 64 , 6263 = 6^ ^A^Tp~--lj. ^ 

= 6162=63, 6261= — 63 + Ac 64, 6361 = 6363 = ^64, 6363 = 64 

(fc = 0,l; X:#: — 1). 
(2) 3R a perfect cube not identically zero, oo ' classes. 

( a ) 61 61 = 61 62 = — 6a 61 = 63 , 62 62 = 61 63 = 64 , 63 61 = A 64 • 

( u ) ^1 ^1 --- 63 , 63 63 = — — 63 62 =^ A 64 , 62 62 ^=^ 64 , 61 62 ^= — 62 61 = 63 -p aJ 64 , 63 6] = 64 • 

(C ) ^i^i---^8> 6j62^^= — 6261 = 63-1-64, 6363= 63 63 = A 64, 6361 = 64. 

16 
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(d' 
(e' 

(a' 
(b' 

(C 
(d' 

(e' 
(f 
(g' 



III. 



6^ ^1 ^^^ 6g , 6 J 62 ^^ 62 ^1 — - ^8 "i ^4 J ^8 ^1 --^ ^2 ^8 "~ ^4 > 63 62 = Ac 64 . 

(3) 3)*^ not a perfect cube, oo ^ classes. 

6iCi= ^2^1~~"^8> ^1 ^2~~^8 I ^ ^4 > ^2 ^8"~" ~~^8 ^2~~"^4 > 6gCi = A64 (CI = Ujl}. 

61 6^ = — — 62 ^1 — — ^8 > ^1 ^2 "~ ^8 I ^ ^4 > ^2 ^2 — ^ ^2 ^8 ^ ^8 ^2 ^ ^4 > 63 6^ = A 64 

(a = 0,l; A,^0). 

61 61 = 62 ^1 -— ^8 > ^1 ^2 ~" ^8 I" "' ^'4 J ^2 ^2 ~~ ^2 ^8 ^ ^8 ^2 "~ ^4 • 

6x61 = 6162 = 63, 6261 = 63 -[-(164, 6263 = 64, 63 61 = A 64, 6362=^/1164 

(o = 0,l; f*:#:0). 

6j 61= 6261 = 63, 6162 = 63-7-64, 6263 = 64, 6361 = ^64, 63 62=|E£ 64 • 

61 61 ^^ '""' 62 61 ^^ 63 , 61 62 — ~ 63 ~p d 64 , 61 63 ^^^ /C 64 , 63 62 --- 64 ^ fit ^^ U , J. ^ fC -f— ^ / • 

ei6i=eiCi=:ej, CjCi= — es+ae*, etei=ke^f 626^=6^ (o = 0, 1; X;q^O). 
(b) yiM— y«ij = 0- «) ^ classes. 



(1 
(2 
(3 

(4 
(5 
(6 
(7 
(8 

(9 
(10 

(11 
r = 2. 

(a) p 

(1) 



(2) 



gj 61=064, 6^63=64, 6361=5164 (a = 0,1). 

6162=^64, 6361=64 (a = 0,1). 

63 61 = 62 63 = — 63 62 ^=^ 64 . 

6261=064, 6263=— 6362=64 (a = 0,1). 

6262=6263= — 6362=64, 6261=064 (a = 0,1). 

62 62 =^ 62 63 = — 63 62 ^-^ 63 61 = 64 • 

6261^^064, 6262^=6163^^64, 63 61 = A 64 ^O^^U, J.^. 
62 62 ^= 62 63 = — 63 63 = 64 , 62 61 = n/ 64 • 
62 62 = 62 63 = — 63 62 = 63 61 = 64 . 

6261=064, 6163=664, 6362=64 (a, fe = 0, 1). 
6162=064, 6361=664, 6263=64, 6362=^64 (0,6 = 0,1). 



61 61 = 63 
61 61 = 63 
61 61 = 63 
61 61 = 63 
6161=63 
61 61 = 63 
61 61 = 63 
61 61=63 
61 61 = 63 
61 61 = 63 

6] 61 = 63 
= 1. 

n (y<84 + y8,-4) =#=0. Qo * classes. 

<«1,2 

(a') 6261 = 63, 61 62=A; 63 + ^64, 6361 = 64, 6362 = 664, 6,.68 = X63 6< 

(t = l,2), (0,6 = 0,1; Xq^-1; \k\<l if 6 = 1). 
(b') 6261=63, 61 62=A; 63 + 064, 6163=64, 6263 = 664 

(0,6 = 0,1; I A| <1 if 6 = 1). 

n (y«4 + ^8^4) =0. 00 2 classes. 

<=1,2 

(a') 6161=064, 6162=^64, 6261=63, 6262=664, 6163=— 6361=64 

(0,6 = 0,1). 
(b') 6161=064, 6162=*: 63, 6261=63, 6262=^64, 6163=— 6361=64, 
.62 63= 63 62^=6 64 
(a,c=0,l; |*|<1 if c=l, a=;c=0 or if o=c=l, ;i:^0). 
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(b) p = 2. 
(1) n (yi,4 + ysu) =#= 0- CO* classes. 



(a' 

(b' 

(2) n 
(a' 



2 



(b' 



(C 



(d' 



€2 6\ — 63 9 ^1 63 — 63 62 — 64 , ^1 ^2 — ^ ^8 1" ^ ^4 > ^8 ^1 — ^ ^4 

(0 = 0,1). 

6261=63, 6163 = 6263 = 64, 61 62 = nJ 63 + 064, 6361 = ^64, 6362=|E£64 

(Ift|<l; = 0,1). 
(y«4 + y8<4) =0. 00 " classes. 



6961 — 63, 6162 — aJ 63-1- A 64, 6263 — - 6362 — 6^63 — 64, 6361 — /El 64 

(l*|<i). 

62 61 = 63 , 6^ 62 ^=^ H/ 63 -r fl 64 , 62 63 = — 63 62 ^^^ 64 , 63 61 = 64 

( I A;| <1; = 0,1). 

62 61 = 63 , 6^ 62 = /C 63 -[- A 64 , 62 62 ^= 6^ 63 ^ 62 63 = 63 62 ^^^ 64 , 

63 61 = /tl 64 . 
626^ = 63, 61 62 = Ac 63-7- d 64 , 6262 = 6361 = 6263= 6362=^64 

(o = 0,l). 
Type E: «' = w" = 1, «(») = 2 ; a = 4. 

^1 ^1 ~~" ^2 J ^1 62 ^^ 63 , 62 61 = 64 . 

Type F: n' = w" = n<*> = nC*> = 1 ; a = 5. 
I- y2»4 = 0. oo ^ classes. 

(a) 6161 = 62, 6^62 = 63, 62 61 = AJ 63 + 64 , 6163 = 64, 63 6i=/tf£64 

(0 = 0,1). 

( b) 61 61 = 62 , 62 61 = 63 , 61 63 = 64 , 63 61 =|[£ 64 . 

(c) 6161 = 62, 6162=63, 6261=^63+064, 6361=64 (0 = 0, 1). 

(d) 6161=62, 6162=064, 6^261=63, 6361=64 (0 = 0,1). 
II. y224 =#=0- 00 • classes. 

(a) yi28y2i8 = o. 

(1) 6^61 = 62, 6261 = 63, 6162 = 064, 6263 = 64, 6163= — 64, 636i = /[f£64. 

(2) 6161 = 62, 6261 = 63, 6262 = 64, 6i63 = /£64, 6361 = 1/64 (/ti:^^ — 1). 
(*>) 6161 = 62, 6162 = 63, 6261 = 064, 6262^ — 6361 = 64, 61 63 = ^11 64. 
(4) 6161 = 62, .6162=63, 6262=64, 686i=/tl64, 6163=^64 (fiqf: — 1). 

(b) yi2sy«i8=^0. 

6161 = 62, 6162=63, 6261 = ^63 + 064, 6262=64, 6i63=/Ef£64, 

6361=1/64 (A;:^0; = 0,1). 
The algebras of Type F are completely characterized by the value of 
^'0.6 (^1.0 — 1), where fo.o and ri are respectively the ranks of 

/61 0\ /c, 1\ 

\C2 0/' \62 0/ 

r ^l = yi28 7214 — ym ^218 , 

I ^2 = (yi28 ^814 — ^218 ^184) (yi28 + y213) + (/iSS " ^218) ^112 ^224 , 
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together with the ranks of the following matrices : 






/yi28 



ym 



{"ymym x'\ fymyiu 



^ym ^224 



Viwya* 



J). 



^ym yvu 



C 



IM 



ysu 



?)• 



„ D. 

Type G: n'=2, «(*> = !, «(»>=0, «<*'=!. 

1,2 



/'ymysM 1^ 
^ym ym 0^ ' 

/'ymysw ly 



II. 



III. 



<./ 



(1 

(2 
(3 
(4 



(6) 6162=68 
Qs of rank 1. 

^1^1 = ^8 
6j6i = 68 



(1 

(2 
(3 

(4 
(5 
(6 
(7 
(8 

(9 
(10 

(11 
(12 
(13 
(14 
(15 
(16 
(17 
(18 



6162 = — *■ 6261 = 63 J 6363 =^ 64 • 

6^62 ^ 6361 ^^^ 63 J 636^ = 6363 = 64 • 

^1^2 "~~ — ^2^1 "F ^8 > 6i6i = 6363 = 64 J 6361^X64 

6^62 ^= 6261 ^^^ 63 , 6161 = 6362 = 6363 = 64 . 



6j6j =^63 
6161 = 63 
6161 = 63 

6161 = 63 
6161 = 63 

e^e-i = 63 

^1^1 ~~ ^8 
6161 = 63 

6161 = 63 

6161 = 63 



6261 — 63 + 64 , 6361 — 6363 — 64 , 6362 — X64 • 
6261=— 63 + 64, 6363 = 64, 6362 = 064(0 = 0, 1). 



6261 = 6262 = 6363 = 64 , 6361 = X64 , 6362 = A64 • 
^263 = 6363 =^ 64 , 6362 = 064 ((l = U, 1). 

6262 = 6363 = 6361 =^ 64 , 6362 = X64 • 
6^62 ^^^ 6362 ^^ 6363 ^^^ 64 , 6261 = X64 . 
6162 = 6361 = 6363 = 64 , 6261 = X64 . 
6^62 ^^ 6363 ^^^ 64 , 626^ = X64 . 
6261 = 6362 ^^=^ 6363 = 64 . 

^2^1 ^^ ^8^1 ^^ ^8^8 ^^ ^4 • 
6261 = 6363 = 64 • 

6362 ^^ 6363 = 64 • 

^3^1 ^= ^8^3 ^^ ^4 • 

^8^8 ^^ ^4 • 

6^62 ^^^ 63 -|- X64 , 6261 = 63 "T A 64 , 6362 = 6363 "= 64 . 

6161 = 6^62 -— 63 , 6261 ^= 63 "T" X64 , 6362 ^^ 6363 ^^^ 64 , 6362 = A64 . 

6161 = 6162=63, 6361= 63-J-X64, 6361 = 6363^64, 6362 = A64. 

^1^1~~^8> 6162 ^^^ 63 -j- 3C64 , 6261= — ^Zi^^i 7 6361^6363 = 64, 6262^^64. 

6161 = 6162 = 63, 6361= 63 + X64, 6363^6262 = 64. 

6161 = 6162^^63, 6261 = 63-I-X64, 6363 = 64. 

Q3 of rank 2. 

\l) 6163=63, 6261 = X63 -p A64 , 6161=6262=6363=64, 6361=^^64, 

6362 = ^64 (x=^ — 1). 
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(2) Ciej=e, 

(o) 6162 = 65 

(4) Cie,=e, 

(0) 6162 = 63 

(6) 6162=63 

(7) 6162=63 



J 6261 — 'XC^-j'ACiy 6161 — 6362 — 6363 — 64, 6361 — (16^ (X^f^ — 1). 
, 626i = X63 + X64, 6161 = 6361 = 6363 = 64 (x=^ — 1). 
, 626i=X63 + X64, ei6i = 6363 = 64(jcqf:— 1). 

, 626i=x63+Jl64, e^ei=e^e^=e^e^=e^{x^—l). 
, 626i=x63 + a64, 6^61 = 6963 = 64 {x :4^— 1 ; a=0, 1). 
, 6261=^63+064, 6363 = 64(x^ — 1; a=0, 1). 
Type H: n'=n<*>=ti<»> = l, n<*>=0, w(*> = l. 

(1) 6161 = 629 6162=63= — 6261, 6263 = — 6362=64, 636^= (164(6^=0, 1). 

(J) 6161 = 62 > 6162 = 63, 6361= 63-1-64, 6263= 6362 = 64, 636i = X64. 

Here there is a class for every value of x*. 
(o) 6161=62 > 6162=63, 6261=^63, 6263= — 6362 = 64, 6361= 064 ((1=0, 1). 

(4) 6161 = 629 6162=63, 6361= ^BvXC^y 6262 = 6263= — 6362 = 64, 636i = A64. 
W/ ^l^i~~^l> 6163=^63, 6361=^63, 6362^^6263= — 6362 = 64, 6361 = A64. 

(6) 6161 = 62, 6162 = 63, 6261 = ^63, 6363 = 6361 = 64, 6163 = 064(0 = 0, 1). 

(7) 6161=639 6162 = 63, 6361 =^63, 6362=64, 6163=064(0=0, 1). 

(0) 6161 = 63, 6163=63, 6361 = X63 -p 64 , 6363=64, 6361=^164, 6163=^64, 
("/ ^i^\'~~'^ij 6461 = 63, 6363=64, 6163=064(0 = 0, 1). 

(10) 6161 = 63, 6361 = 63, 6361 = 6363 = 64, 616^^=^x64 . 

(11) 6161 ^^ 63 , 6163 = — 6261 = 63 , 6263 = 64 , 6363 =^64, 6361 = O64 

(x:^— 1; 0=0, 1). 

(U) 6161 = 63, 6361 = 63, 6163 = 6263^64, 6163 = ^64, 6361 = A64, 

6862=/i£64 (/[£:#:— 1). 
(13) 6161 = 62, 6361 = 63, 6263=64, 6362=x64, 6361 = 064(0 = 0, 1; x^ — 1). 

(14) 6161 = 629 6261 = 63, 6163 = 6363 = 64, 6361 = ^64, 6362 = A64(A^ — 1). 
(lO) 6161 = 63, 6162^=^63, 6261 = ^63, 6363=64, 6363 = ^64, 6361 = 064 

(;i:^— 1; 0=0, 1), 

(Jo) 6161^^=^63, 6163^63, 6361 = X63, 6163 = 6363=^64, 6361 = ^64, 6363=^64 
(li) 6j6i = 63, 6163 = 63, 6361 = X63 -|- A64 , 6363 = 64, 6363=^64, 6361 = 064 

(0=0, 1; ;i=l, if 0=0; («t^— 1, 0; x:^0). 

(lo) 6161^63, 6163=63, 6361 = ^^63-1-^64, 6163=6363 = 64, 6361 = ^64, 

6362=v64(xqf:0; vqf:— 1, 0). 

Type I: n'=w<*>=n<«> = l, n^*)=n<«>=0, «<«> = !. 

(1) 6161=62, 6163=63, 6361 = X63 -|- A64 , 6362=6363=64, 6361=^64, 6363=^^64 

(xq^ — 1). Here there is a class for every set of values of A^ 
/t/*, V* and X. 

(J) 6161 = 63, 6162 = 63, 6261 =X 63 -[-64, 6363=^64, 6361=^64, 6862 = ?'64(XtF — !-)• 

There is a class for every set of values of ^^, r' and x. 
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(3) 6161=62, 6162=63, 6261= X68, 6»6i= 6363 =64, 6862=v64(x=^— 1). There 

is a class for every value of v* and x. 

(4) 6161=62, 6162 = 63, 6363=64, 6261=^63, 6362=064(0=0, 1; xq^— 1). 

\u) 6161 = 62, 6162 = 63, 6261= 63 + X64, 6263 = 6363 = 64, 6262 = A64y 

6361 = ^1^64 , 6362 = 1^64 . 
\^/ ^1^1~~^2> 6162^^63, 6261= 63-I-3IC64, 6362^6363 = 64, 6262 = ^64, 636j=^|tC64. 

^1 ^ 6j6i^^62, 6162^^^63, 6261 ^^^ -^ 63 "|- X64 , 6262—^6363^^64, 6361^^X64. xJiere is 

a class here for every set of values of x*, ^^ 
(8) 6161=62, 6162=63, 6261= — 63 + 64, 6363=64, 6361 =^64. Here there is 

a class for every value of x*. 

(y) 6161 = 62, 6162= 6261 = 63, 6363^64, 636i = (l64((l^U, 1). 

(lU) 6161=62 , 6261=63 , 6262=6363=64 , 6162= A64, 6163=11/64, 6263=1' 64. Xnere 
is a class for every set of values of X*, /u*, 1;*. 

(11) 6161 = 62, 6261 = 63, 6162=6363=64, 6i63=f£64, 6263=r64. Here there is 

a class for every set of values of /£*, v*. 

( 12 ) 6161 = 62 , 6261 = 63 , 6163 = 6363 = 64 , 6263 = 1^64 . There is a class for every 

value of V*- 

(lo) 6161^62, 6261=^63, 6363 = 64, 6263 = 064(0 = 0, 1). 

Type J: «'=«(*) = !, «(»)=0, «(*)=n<»'=l. 

(1) 6161 = 62, 6262^63, 6163 = 64, 6261 = 064, 6361 = ^64 (0 = U, 1). 

(2) 6161 = 62, 6262 = 63, 626i = 63-pX64 , 6361 = A64. 

^ij^ 6161^^62, 6262 — - 63 , 6261 ^^x63~r~ A64 , 6162 ^~ 6163 ^^^ 64 , 6361^^ £(£64 • J. uere is 
a class for every set of values of x*, Jl and jm. 

(4) 6161 = 62, 6262 = 63, 6361 = 64, 6162=064(0 = 1), 1). 
W / ^161 --- 62 , 6262 ^-— - 63 , 6162 ^^^ 63 -r X64 , 6361 = 64 • 

(6) 6161=62, 6262=63, 6261=6361=64, 6i62=x63+>l64. There is a class 
here for every set of values of x*, 31. 
Type K: n' = »^*> = l, n<*>=0, w(*> = l, w<*>=0, w(«> = l. 

(1) 6161 = 62, 6262=^63, 6162 = 063, 626i = X63-|- A64 , 6263 = 64, 6361 = 11x64, 

6362 = 1^64(0 = 0, 1). 

(i&) 6161 = 62, 6262 = 63, 6162 = 063-1-64, 626i = X63 + A64 , 6263=64, 6361=^^64. 

There is a class here for every set of values of o', x*, /x', Jl and v. 

(a) 6161 = 62, 6262=^63, 6162 = ^63, 6261 = A 63 -p^ 64 , 6362 = 6163 = 64. 

(4) 6161^62, 6162 = 6262^=^63, 6261=^x63 + ^64, 6362 = 64. 

( O ) 6161 = 62 , 6262 = 63 , 6261 = 63 + X64 , 6362 = 64 . 

(o) 6161 = 62, 6262 = 63, 6261 = 064, 6362 = 64(0 = 1), 1). 

Type L: »'=n<*> = l, «<'')=0, n<*>=l, n<»> =*»<•) =«"J=0, «w=l. 

(1) 6161=62, 6262=63, e26i=xe8+X6^, 6162=64=6,68, es6i=|U64, 6362 =^64, 
6263=064. Here there is a class for every set of values of x, X*, 
(I'y r», a*. 
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\Z) 6161 = 62, 6262 = 63, 6261 = 63 4" ^64, 6369=64, 6361 = A64, 6s62=/M64, 6263 = V64, 

(*>) 6161=62; 6262=63, 6261=6363=64, 6361=^64, 6362^X64, 6263=^64. Ihere 
is a class here for every set of values of x, X', /m*. 

^4^ e-^e^'^^^e^^ 6262^^63, 6361^^6363^=64, 6263=^64, 6362 ^^a64, JLiiere is a class 
for every pair of values of x*, X^. 

(5) 6161=62, 6262=69, 6269=6363=64, 6362=^64. There is a class for 

every value of x^. 

(6) 6161=62, 6462=63, 6363=64, 6862=a64(a=0, 1). 

CHAPTER IV. 

Application to Associative Nilpotent Algebras. 

15. Invariantive Characterization of Two Types of General Nilpotent 
Algebras of Index Three. There are some types of nilpotent algebras in n 
units over the field C of ordinary complex numbers which are completely 
characterized by invariants in a rather interesting manner ; and we will now 
turn our attention to several such types. 

Consider a nilpotent algebra E={eij ...., 6„) of index three, where 
^= (6„). Then there are two interesting types of such algebras according as 
the fundamental quadratic 

l,n' 

0=2 rifn^iXfYi^ (n'=n— 1) 

is of rank zero for general >7,, or of rank one. When Q is of rank zero, we 
know from §§ 10, 13, 14 that the rank of 

|y»/n| (^;=i, — , w'), (15) 

is an invariant for algebras of this type which completely characterizes them 
when n' = 2, 3. By induction it can readily be shown that 

Theorem. Over the field of ordinary complex numbers the rank of the in- 
variant (15) completely characterizes nilpotent algebras E of genus (3 ; n — 1, 1) 
in canonical form^ when the fundamental quadratic is of rank zero. 

Similarly by induction from ti=3, 4 we have the 

Theorem. Over the field of ordinary complex numbers the rank of the in- 
variant (15) completely characterizes nilpotent algebras E of genus (3 ; n — 1, 1) 
in canonical form^ where the fundamental quadratic is of rank one. 

16. General Commutative Associative Nilpotent Algebras. In view of 
the theorem of § 8, the problem of the equivalence of two commutative n-ary 
algebras E and E' over a field F of index three (therefore associative) — where 
n' is the order of B^E (mod E^) and of B'=E' (mod E'^) — is the same as the 
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problem of equivalence of two families of quadratic forms (10), in the field 
F, in n' independent variables x^j ....,a?,/ and with n"=n — n' independent 
parameters >7,,+i, . . . ., >7» entering homogeneously. 

More generally, the theorem of § 8, together with the invariantive property 
of the invariants of the fundamental forms of the complex B^E (mod J5*), 
gives us the following 

Theorem. If we consider over a field F the n-ary commutativCj associative 
nilpotent algebras of genus (a; n', . . . ., n^*~^^) in ^^ special" canonical form 

F = S^fio where B=E {mod E^), B,^B' {mod F*+^), (16) 

with multiplication table 

6p e, = 2 y^qr er for e^ in B^, c, in B^, (17) 

and where 

then these algebras are characterized completely by those invariants which 
completely characterize the following set of a — 2 families of forms over the 
field F in n' independent variables: 

F,^ 2' F,,>7, (t=2, ....,a-l), 



where F^,^ i Yikr<^i^k (v^*"'> + l<r <r^*>), 

1, n' r" 
F^,= 2 ( 2 YklmYlfi^r)^i^h^l^ 



(18) 



and where, in general, F^ is the fundamental p-ic of the complex B. Here the 
Yl's are parameters independent of the x's. 

17. Commutative Associative Nilpotent Algebras in n Units with a=3, 
ti" = l. In particular, by the theorem of § 16, the problem of the invariantive 
characterization of commutative nilpotent w-ary algebras E over the field C 
where F*=(e„), 

E: eye,=e,.ey=y,.y„e^ (i, i = l, , n— 1), e^ek = e^e^=0 {k = ly ,n), (19) 

is essentially the same as the problem of the invariantive characterization of 
the quadratic forms 

<2 = '2"Viyn^.^i (20) 

in the field C, where the x'& are independent variables — the coordinates of the 



# 
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general number in E (mod E^). Now if r is the rank of Q, there is a non- 

r 

singular transformation on the a;'s in C which will carry Q into 2 a?| ; and 

hence, since Q is a covariant for the algebras considered, and since the x'& are 
contragredient to the units e^ . . . ., e„_i, and in view of the commutativity of 
E, there is a non-singular transformation on the units of E which will carry it 
into the algebra where e^e^^^^e^ {k'S^r) and where the products not written are 
zero. Thus we have the 

Theorem. The n-ary nilpotent commutative algebras of index three where 
E^=z (e^) are completely characterized by the rank of the fundamental quadra- 
tics (20), where the yi^j, are defined by (19). 

18. Commutative^ Associative Nilpotent Algebras in n Units of Genus 
(3; n — 2, 2). Furthermore, § 16 shows that in the field C the problem of the 
equivalence of two commutative nilpotent w-ary algebras E' and E" of index 
three* where £?'*=(e;«x, <) and £/'"=(e;'_i, ««), 



1,2 

E' : e[e] = 2 y<M'+i:«»'+* (^» i = l> • • 



, n'=n — 2), 



,n'=n— 2), 



(21) 



is essentially the same as the problem of the equivalence of the two families of 
quadratic forms 



1,2 1, n' 

* t»i 

1,2 l.n' 



(22) 



in the field C. Here the rr'^s are independent variables — actually they are the 
coordinates of the general number in E' (mod E'^) — and the >7"s are parame- 
ters independent of the a?"s. Similarly for the x"'s and >7"'s. 

By § 10 or § 11, a necessary condition that E' be equivalent to E" is that 
the polynomials 



1,2 ^ 

2 yi;v+fc >?«'+* I =^li{a]Y}'^_^-\rb]yi'^Y' {ijj = h > ^')> 

* / 

1,2 ^ 

2 y<>„/+fc >7n'+* I = n {ayV!n-i + 6/>7n ) '"' {hJ = '^j , ^') 



(23) 



be equivalent under a non-singular transformation on the parameters. Let 



and 






(24') 
(24'') 
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be the distinct linear factors of the two polynomials (23) respectively. With 
each linear factor there belong certain exponents /,,, (or ZJ'^) which tell the 
power to which that expression is a factor common to all r-rowed minors 
(f =1, . . . ., w'). 

If the two polynomials (23) are equivalent, then t' = t" and a one-to-one 
correspondence can be set up between the distinct linear factors (24') and 
(24") in such a way that the multiplicities of the corresponding factors are 
equal. If, further, the algebra E' be equivalent to E'\ then this correspond- 
ence can be set up in such a way that, for every r, if a particular factor (24') 
occur exactly Vf^ ^ times as a factor conunon to all r-rowed minors of the deter- 
minant (23'), then its corresponding factor (24") will be a factor of all r-rowed 
minors of the determinant (23") exactly Z, ,. times. 

Conversely, by the theory of elementary divisors, if such a correspondence 
can be set up between the distinct linear factors (24') and the distinct linear 
factors (24"), the fundamental quadratic (22) for B'^E' (mod £/'*) is equiva- 
lent to the fundamental quadratic (22) for B" =E" (mod £"*) under a non- 
singular transformation on the x"^^ combined with a non-singular transforma- 
tion on the Yi'*%. Thus, since the quadratics (22) are covariants for the alge- 
bras of genus (3; n — 2, 2), and since the ic"s are contragredient to the units 
e[y . . . ., en_2> ft^d in view of the commutativity, there is a non-singular trans- 
formation on the units which will carry E' into E" . Hence the following 

Theobem. Over the field C, two n-ary commutative nilpotent algebras 
(21) of genus (3; n — 2, 2) in canonical form are equivalent if and only if the 
determinants (23) are equivalent and such that the elementary divisors of one 
can he made to correspond to the elementary divisors of the other. 

10. Commutative^ Associative Nilpotent Algebras with w<6. As in the 
foregoing sections of this chapter, we will consider algebras defined over the 
field of ordinary complex numbers. Products not written are zero. 

n=l. There is only one class. 6f=0. 

n=2. There are two classes characterized by their index. 

e\=e^\ e<e^=0 (i, i=l, 2). 

n=:3. (1) e,e^=0 (i, i = l, 2, 3), 
(2) 6161 = 6262=68. 
( o ) 61 61 = 63 . 

\^) ^\^\-----^^i 6162 = 626x^^^63. 
The characteristic invariants here are respectively 
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y_ (4-a)(3-a) 

7,= (4-a)(a-2)(r-l), 

/s=(4-a)(a-2)(2-r), 

7_ (a-3)(a-2) 
^*- 2 ' 



1.2 



where a is the index and r is the rank of Q^^ 2 /iys ^*^y • 

6,6, =0 (i,; = l,2,3,4). 

6i 6^ = 62 ^2 "~" ^8 ^8 "~" ^4 • 

6 J 61 ^^^ 62 62 ^^^ 6^ • 

61 6^ ^^ 64 • 

61 61 = 6g , 61 62 = 62 6^ = 64 , 

61 6x ^^^ ^2 ^2 """ ^8 > ^1 ^2 ^^ ^2 ^1 "" ^4 • 
61 6^ = 63 > 6x 63 = 63 6^ = 64 . 
61 61 = 63 J 62 62 -— ^1 ^8 —-- ^8 ^1 — - ^4 • 
61 6^ =^ 63 , 62 63 ^==^ 63 62 ^= 64 , 

^1 ^2 --— ^2 ^1 ~~ ^8 > ^1 ^8 — - ^8 ^1 "~ ^4 • 

^1 ^2 -~ ^2 ^1 "~* ^8 > ^2 ^2 — " ^1 ^8 -"■ ^8 ^i ^^^^ 64 . 

^1 ^2 "-- ^2 ^1 "~ ^8 > ^1 ^8 -— ^8 ^1 "^ ^2 ^8 —- ^8 ^2 ~~ ^4 • 

6^ 61 = 62 y 61 62 = ^2 ^1 ^— ^8 > ^2 ^2 = ^1 ^8 ^^ ^8 ^1 ^^ ^4 



«=4. (1 

(2 
(3 
(4 
(5 
(6 
(7 
(8 
(9 
(10 

(11 
(12 

(13 



The characteristic invariants for n=4 are respectively: 

7 _ (5— a) (4— a) (3— a) 
^^- 31 ' 

I, = (^>_2) (5-«)(4-«)(«-2) (p^_2)(p,_i), 
7, = (n'-2) (5-«)(4-«)(«-2) (3_p^) ^^_^^^ 
I, = («'-2) (5-a)(4-a)(a-2) (3-p») (2-p,) ^ 
/, = (3-«') (5-a) (4-a) («- 2) ^g.,^), 
Ze = (3-«') (5-«)(4-«)(«-2) ^^^_^^^ 



/,= 



_ (5— a) (a— 3) (a— 2) 



(3-r,)(2-p,), 



/, = (5--a)i« -3)(a-2) ^^^_^^ ^^_^^ ^g-p,), 
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I^ = (5-«H«-3)J«-2) (^^_2j ^3_„^) (2-p.), 



/i«= 



(5— a) (a— 3) (a— 2) 



10 



7ii = 



_ (5— a) (a— 3) (a— 2) 



11 



(3— raXpa— 1), 
(r3-2)(m-2)(p,-l), 



/i.= (5-a)(a-3)(a-2) ^^^_^^ ^.^_^^ ^^^_^^^ 

7 _ (a— 4) (a— 3) (a— 2) 
^"- 31 ' 

where a is the index, p^ is the rank of ly^^j (t, j = l, 2), ps is the rank of jy^^J 

(t, ; = 1, 2, 3), fg is the rank of the discriminant of | 2 yti*»7*| {% i = lj 2), r, is 



8,4 



the rank of the discriminant of | 2 ytyt»7t| (i, ; = 1, 2, 3), and m is the maximum 



8.4 



multiplicity of a linear factor of | 2 y»,t>7t| (i, ; = 1, 2, 3). 



n=5. 



(1) 


e*e> 


(2) 


\ eic, 


(3: 


1 eiCi 


(4] 


> Cjei 


(5] 


1 Cifij 


(6] 


1 eiCi 


(7] 


» e,ea 


(8] 


1 6162 


(9] 


1 61^2 


(10] 


1 CjCj 


(11] 


1 e,ei 


(12) 


1 61 Ci 


(13] 


1 CiCi 


(14] 


1 CiCi 


(15) 


CiCi 


(16] 


1 61 Ci 


(17] 


1 6161 


(18] 


i 6161 




6,64 


(19) 


CiCi 


(20) 


1 6161 



ii,j=l, ,5). 

^8 > ^1 ^2 ^^ ^2 ^1 ^^^ ^4 > ^2 ^2 ~^ ^6 • 

■ 64 , 61 62 ^=^ 62 6^ = 65 . 

^2 ^2 ~~ ^4 > ^1 ^2 ~~ ^2 ^1 -— ^6 • 

' ^2 ^1 ~~ ^4 > ^2 ^8 -^— ^8 ^2 ~~" ^6 • 

• ^4 » ^2 ^2 ^= ^6 > ^8 ^8 ^^ ^4 I ^5 • 
^2 62 = 64 , 63 63 = 65 . 

■ ^2 ^1 "~" ^4 » ^2 ^2 -^ ^8 ^8 ~~ ^5 • 
^2 ^1 "~ ^8 ^$-—^4 J ^2 ^2 "-- ^6 • 

62 Cj = 63 ^8 *~" ^4 > ^2 ^3 — - ^8 ^2 ^ ^6 • 

62 ^2 -- ^8 ^8 -— 64 ^4 -— ^6 • 

^2 ^2 ■"■ ^8 ^8 "~ ^5 • • 

^2 ^2 ^^ ^6 • 

^6 • 

^8 J ^1 ^2 ~~ ^2 ^1 "~" ^4 J ^1 ^8 -— ^8 ^1 -—• ^6 • 

^8 > ^1 ^2 "~" ^2 ^1 "~" ^4 > ^2 ^2 —-■ ^1 ^8 "~" ^8 ^j --^ ^6 • 

^8 > ^1 ^2 "~ ^2 ^1 ~~ ^4 J ^2 ^8 -— ^8 ^2 "-" ^1 ^4 — - ^4 ^1 --■ ^6 • 

^2 ^2 *~" ^8 > ^1 ^2 --- ^2 ^1 ~~ ^4 > ^1 ^8 "—-^8 ^1 "— ^2 ^8 *"" ^8 ^2 "~~ ^5 ' 
64 61 ^= 62 64 = 6| ^2 = 65 . 

^2 ^2 "~" ^8 > ^1 ^2 -^ ^2 ^1 """ ^4 J ^1 ^3 -— ^8 ^1 ^ ^2 ^4 """ ^4 ^2 "~ ^6 • 
64 , 62 ^2 ^= 61 64 = 64 61 = 65 . 
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(Jl) ^l^l--^4> ^2 62^=^^8 ^8~~^1 ^4"-~^4 ^l"-^5 • 
(^J) 6161 = 68, 616^^=6^61=^6^ J 6164=6461 = 6863 = 65. 
V ^U } 6161^=6^ J 61 63 ^^^ ^8 ^1 ^^ ^4 > ^2 ^2 ^^ 61 64 = 64 61 "=. 6^ 6^'=- 6^ • 
(24) 6161=63, 6262 = 6163 = 6361=64, 616^ = 6^6-^^ = 6^6^ = 6^. 
(4-O) 6161 = 62, 6162 = 6261=63, 6262 = 6163 = 6361=64, 
61 64 = 64 61 = 62 63 = 63 62 = 65 . 

8 for these classes are respectively : 



/. = 



7. = 



/8 = 



^4 = 



7. = 



/« = 



h = 



h = 



h = 



/lO = 



/u = 



/„ = 



12 



/,.= 



13 



/w = 



14 



/« = 



16 



The characteristic invarianti 
(6 a) (5 a) (4 a) (3 a) 


4! 

(6 a) (5 a) (4 a) (a 2) 


3! 
(6 a) (5 a) (4 a) (a 2) 


3! 
(6 a) (5 a) (4 a) (a 2) 


3! 
(6 a) (5 a) (4 a) (a 2) 


3! 
(6— a) (5— a)(4— a) (a— 2) 


3< 
(6 a) (5 a) (4 a) (a 2) 


3! 

(6 a) (5 a) (4 a) (a 2) 


3! 
(6 a) (5 a) (4 a) (a 2) 


31 
(6 a) (5 a) (4 a) (a 2) 


3! 
(6 a) (5 a) (4 a) (a 2) 


3! 
(6 a) (5 a) (4 a) (a 2) 


3! 

(6 a) (5 a) (4 a) (a 2) 


3! 

(6 a) (5 a) (4 a) (a 2) 


3! 
(6 a) (5 a) (a 3) (a 2) 



(3— n') (4— n 
2! 

(n'— 2)(4— «' 



(n'— 2) (4— n' 



(«'— 2)(4— «' 



(n'— 2) (4— n' 



(«'— 2) (4— «' 



(n'— 2) (4— n' 



(«'— 2)(4— »»' 



(«'— 2) (4— n' 
(«'— 3)(n'— 2 



(»'— 3)(n'— 2 



2 



_ (6— a) (5— a) (4— a) (a— 2) (n'— 3) (w'— 2 



2 



_ (6— a) (5— a) (4— a) (a— 2) («'— 3) («'— 2 



2 



la 



(3-n') (2-p' 



Ti(2-Ti)(3-r,), 
(2^-._Hlz:^(3-..), 



(*-«-2) 



(3— w) (2— m) 



(r,-2)(3-m)(m-l)(2-T,), 
(r3-2)(3-m)(w-l)(T2-l), 

(r.-2) ("^-^)/^-^) r., 

AM 

(p_^3H|>-2Hp-l) 
3! 

(4-p) (p-2) (p-l.) 
^"2 



(4-p)(3-p)(p-l) 
2 

(4-p)(3-p)(2-p) 



(3- 



3! 
U) (4-r,) 
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7i.= 



i« 



/« = 



17 



(6— g) (5— g) ( g— 3 

(6— tt) (5— g) ( g— 3 

2« 



7i»= 



18 



__ (6— a) (5— a) (a— 3 



7 _- (6 — ^) (5 — oi) (ot — 3 

il9 — So 



J _ (6— a)(5— a)(a— 3 



J _ (6 — a) (5 — a) (a — 3 

l9^ T^s 



21 



7 _ (6— a) (a— 4) (a— 3 
^22 — n 



31 



J __ (6 — g) (g — 4) (a — 3 
^"" 31 



__ (6-a)(a-4)(g- 



3! 



_ (g-5)(g-4)(«- 
^26 — r"i 



<g-2) 



(3-„')(2-p')(r,-2)(4-rO, 



«-2) (3_„') (2-p') (r«-3)(n-2) ^ 



g— 2) 



a— 2) 



(3_n')(p'-l)(4-r,), 
(3-«')(p'-l)(r,-3), 



5L_2)(.„'_2)(4_r,), 



g— 2) 



(n'_2)(r,-3), 



?L^(3_r,)(4-r,), 



^^— ^^3-r3)(r,-3), 



^=^ (r,-2), 



«— 2) 



4! 



where r^ is the rank of | 2 y<^t>ft| («, i=l, 2, 3) and t< is the number of linearly 
independent sets of values {yji, 175) such that this determinant is of rank i; p. 



».*,& 



is the rank of \yns\{i,3=l ,4) ; r4 is the rank of | 2 y</t>7»| (t,;=l, 2,3,4) ; 

8,4 

fg is the rank of | 2 yiik^kl ih i=l> 2, 3) ; p' is the rank of the discriminant of 



3.4 



2 yifk^k] ih i=l> 2) ; and m is the maximum multiplicity of the linear factors 



4,6 



of i2y,,,>7,|(i,i = l,2,3). 
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Determination of the Order of the Groups of Isomorphisms 
of the Groups of Order p^ where p is a Prime. 

By Boss W. Marriott. 



It is well known that the group of isomorphisms of a group G, of prime 
order p, is a group of order p — 1, and that the group of isomorphisms of a 
group of order p^ is a group of order p {p — 1) and cyclic, if the group of 
order p^ be cyclic. It is isomorphic with the linear homogeneous group on p* 
variables (mod p), if the group of order p^ be not cyclic. 

Western in his paper, "Groups of Order p*g,'' Proceedings of London 
Mathematical Society^ Vol. XXX, treated the isomorphisms of groups of 
order p®. 

A knowledge of the groups of isomorphisms of a group is essential in the 
work of constructing groups having the given group as a subgroup. The iso- 
morphisms of the groups of order p, p*, p* are of fundamental importance for 
example in the work of tabulating all groups of the orders p**, p^gt> P*9^t> 

It is obvious that the determination of the orders of the groups of iso- 
morphisms of all groups of order p* must precede the tabulation, for example, 
of all types of groups of order p^g. This latter tabulation is logically the next 
problem of this character which remains to be undertaken, the orders p^Tf, 
p*g®**, pqrstW having been previously treated. 

It is the purpose of this paper to determine the order of the groups of 
isomorphisms of all groups of order p*. For the sake of convenient references, 

* Burnside, "Theory of Groups"; Young, "On the Determination of Groups whose Order is the 
Power of a Prime, American Journal of Mathematics, Vol. XV (1803) ; Cole and Glover, American 
Journal of Mathematics, Vol. XV (1893) . 

t Burnside, "Theory of Groups"; Cole and Glover, American Journal or Mathematics, Vol. XV 
(1893) . 

t O. E. Glenn, Trans, of Amer. Math. Soc, Vol. VII, No. 7. 

§ Burnside, "Theory of Groups"; Yoxmg, loo. dt.; Cole and Glover, {oc. cit. 

II Western, Proo. of London Math. 800., Vol. XXX. 

i Bagnera, Armali di Matematica (1898), pp. 137-228. 
♦* M. O. Tripp, "Groups of Order p'qV 
ft Holder, Oottinger Kachriohten (1895), pp. 211-229. 
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I shall recall a few of the well-known definitions and theorems, regarding iso- 
morphisms. 

Suppose two groups, G and G\ are so related that to each element, g' of 6?', 
corresponds one or more elements, Qy gu g^j • • • • of G\ while reciprocally to 
each element, g of G, corresponds one or more elements, g'^ g[y g'^j - ^ - of G'- 
Suppose further, that if gi and g^ are elements of G corresponding to elements 
g'i and g] of G\ g^g^ is an element of G corresponding to g\ g) of G\ Then, G 
and G' are said to be isomorphic. 

If / elements of G correspond to each element of G\ and k elements of G' 
correspond to each element of G, G and G' are said to have an {lyk) isomorphism 
with each other. The most important case is that in which / = A: = 1. Then G 
and G' are called simply isomorphic. Or, what is the same thing, if G and Gq 
be two groups of equal order, and if a correspondence can be established 
between the operations of G and Go, so that to every operation of G there 
corresponds a single operation of Go , and to every operation of Go there corre- 
sponds a single operation of G, while to the product PQ of any two operations 
of G, there corresponds the product P© Qq of the corresponding operations of 
Go , the groups G and G' are said to be simply isomorphic. 

Again, if the correspondence between the operations of a group G be such 
that to every operation P there corresponds a single operation P©, while to 
the product PQ of two operations there corresponds the product Po Qq of the 
corresponding operations, it is said to define an isomorphism of the group G 
with itself. 

The elements P, Q, /?, 8,I\ . . . . of a group are called independent if no one 
of them can be expressed as a product of powers of the others, — thus P is not 
expressible in the form Q^ R^ S"" 

A group is said to be determined abstractly when we know the number of 
elements it contains, and the way in which any two combine by multiplication. 
Hence, the group is given abstractly by a set of generating elements, and certain 
independent and mutually consistent relations which they satisfy. Two groups 
G and G©, having the same number of elements, combining according to the 
same laws abstractly considered, are one and the same group. 

Theorem. The order of the group of isomorphisms of a group G is equal 
to the number of ways that the group G can be made simply isomorphic with 
itself J and this is equal to the number of ways the generators can be chosen 
from the elements of G so that they will obey those laws, and only those laws 
which define the group abstractly. 

Let us suppose P, Q, Ry 8j . . . . are generators of a group G, satisfying 
certain relations, and P©, Qo> ^o? ^o> • • • • are elements of G satisfying pre- 
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cisely similar relations but no relations independent of these. Let these define 
the group Gq. Then an isomorphism (Gq'^G) of G exists in which P corre- 
sponds to Po , Q to Qqj R to Rq , etc. 

For G and Go having the proper correspondence between their elements 
are simply isomorphic, but as the elements of Go are also elements of G, this 
simply isomorphic property exhibits an isomorphism (Gq^G) of G with itself. 
Hence an isomorphism of G exists, where P corresponds to P© , Q to Q^ , etc. 

Now to each way of choosing the elements Po , Qo > ^o > • • ■ • of G© , corre- 
sponds a distinct isomorphism of G. The symbol of an isomorphism defines 
an operation simply isomorphic with a substitution performed upon the elements 
of the group G, the totality of these operations forms a group* simply iso- 
morphic with the group of isomorphisms of the group G. Hence, the order of 
the group of isomorphisms is the number of ways of selecting the generators 
PqjQojP'o^ etc. 

Our general method of procedure in the present problem is to take for the 
generating elements the most general operations in the group G, of order p* ; 
i. e., to assume the new generators in the form : 

Po = p* Qy R'S"" .. 
Qo = PlQ'iRlSr.. 
R, = PlQlRl8t .. 
So = PlQlRi8^ .. 



where Py Q, R, . . . . are the generators of G, to impose on the exponents the 
conditions necessary to make the new generators obey the defining relations 
of G, to subject the exponents to the conditions such that the new generators 
have no other relations existing among them. These conditions will be sufficient 
to insure that the new generators are independent, and so may be taken to 
generate the group. 

This method leads always to a set of congruences, the number of solutions 
of which, is the number of ways the new generators may be chosen and 
therefore gives the order of the group of isomorphisms of the group under 
consideration. 

The groups are considered in the order in which they are tabulated in 
Bumside, " Theory of Groups,'' pp. 87, 88, 89. Nine of the first ten groups 
require no separate investigation when p is an even prime. Number 7, how- 



* Burneide, "Theory of Groups," 166. 
18 



142 Mabbiott: Determination of the Order of the Groups of 

ever, requires an independent procedure when p is 2. The types of (7^ which 
exist only when p is even are treated in the latter part of the paper. 

The transformation formulae have been developed by mathematical induc- 
tion, and are given for each non-abelian group. 

Certain applications to the theory of numbers in connection with the deter- 
minants which enter into the congruences for certain of the types is another 
interesting feature of the details of the paper. 

With the exception of three types, every group of order p* has a group of 
isomorphisms of an order of the general form N=p''(p — l)*(p+l)*. Two of 
the exceptions are of the form N=2p''{p — l)*(p+l)*. 

The notation in the paper is practically the same as in Bumside, ^^ Theory 
of Groups." 

Section 1. 

Let Po=P' be a new generator. It will generate the group provided x is 
prime to p. The group contains p*(p — 1) operations of order p*. Hence, 

N=p^p—1).* 

Section 2. 
pp'=l, QP=1^ Q'^PQ=P. 

Let Po = P' (^^ Qo = P^ Q''. Then, 

P?«=l, .-.ic^O (modp),t (1) 

CJ = 1, .-. rCi^O (modp*). (2) 

The conditions (1) and (2) are sufficient to insure the independence of the 
generators so far as their powers prime to p are concerned. 
Suppose Po(?o = l, where k^O (modp), 

( hx + kXi^O (modp*), 
'lhy+ky^ = (modp). 

Since x^O (mod p) and a;i^O (mod p*), we must have h^O (mod p*), and 
hence, also, j/i^O. 

Now, if yi^O (mod p), the generators P© and Qo are independent, 

.-. t/i^O (modp). (3) 

There being no restrictions on y, there are p*{p — 1)* ways of choosing the 
generators, 

* Throughout the paper N denotes the order of the group of isomorphisms, 
t And no less power of Po is unity. This wiU be understood hereafter. 
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Section 3. 

Let Po=P'(^^ Qo=P^'Q'^\ Then, 

rr and t/ cannot be simultaneously ^ (mod p)y 
a>i and yi cannot be simultaneously ^ (mod p). 

Suppose PoQq = 1j h and A prime to p. This gives: 



hy+ky 

X Xi 



|^o](modp*), 



=fO(modp*). (1) 

y yi\ 

Condition (1) insures the independence of Pq and Qq so far as their powers 
prime to p are concerned. Suppose now 

P*'«'Qj'p=l, h' and k' prime to p. This gives: 



h'vij+k'pi,.^0} ^ ^'' 



X OOi 



py+k'ptfi 

3^0 (mod p). (2) 

yyi 

Conditions (1) and (2) are sufficient to insure that Pq and Qo generate the 
group. The number of solutions which satisfy (1) is 

p«(p«_l)(p_l)(p«+p_l), 

and this is the number of ways a pair of generators of order p* may be chosen. 
Of these solutions, the number which fail to satisfy condition ( 2 ) is 

p«(p-l)»(p+l). 

The number of ways of choosing the generators is 

i\r=p»(p«-i)(p-i)(pHp-i)-P»(p-i)»(p+i) = p''(P-i)*(P+i). 

Section 4. 
pp*=l, gp=], BP=1, Q-^PQ=P, R-'PR=P, R-'QR=Q. 

Let Po , Qa, Ro be defined as above, 

P^= 1, .-. -r jt (mod p) , (1) 

Qg = l, .-. iCi^O (modp), (2) 

R!^ = l,.:x,^0{modp). (3) 
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Let Xi=a/p and x^=x"p. Then, 



ic'y ffi and Zi are not simultaneously s l 
a?", fft and e, are not simultaneously ^ j 



For, if they were, Qo and Rq would be unity. 
Suppose PjQo-B* = 1, ^ and m prime to p, 

hx+kpx' + mpx" ^0 (mod p*), 
hz+kzi + mz^ 



^-^}(modp). 



That this may be satisfied requires fc ^ 0, and also 
Hence, we must have 

qf (mod p). 






^0 (mod p). 



^«2 



(4) 



The conditions (1), (2), (3), (4) are sufficient to insure the generators Po, Qo 
and iZo independent. 

There are p(p— l)*(p+l) solutions of (4) ; x has p(p— 1) values, ip', x", 
y and z, each has p values, 

.•.2^ = p«(p-l)»(p+l). 

Section 5. 

P^=Q^=B«^=5«'=:1, PQ=QP, RP=PRy PS=8P, QR=RQy Q8=^8Q, R8=8R. 

As before, P© > Qo > ^o > 8o are new generators. Since every operation of 
the group is of order p, these new generators satisfy the defining relations 
without condition. Suppose there is a relation PJ QJ iJJiS;' = 1. We get 

hx + kxi+lx^ + ma^ = 

^y + *yi + ht + ^2/8 = 

hz + kzi + lzt + mzz = 
hw-{'kWi'\-lw^+mWz^Q 

If these congruences do not co-exist, the new operations are independent, and 
will generate the group. The condition is fulfilled if 



(mod p). 



X X^ X^ (JC^ 

y Vi yt ya 

Z Z\ Z^ z% 
W Wi W2 Ws 



*o. 



(1) 



The DQinber of sets of values which satisfy (1) is 

N = ip*-1) ip'-p) {p*-p') (P*-P«). 
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Section 6. 

The transformation formulae for this group are : 

P^Qy=Qvp^ii+i^y'^ (1) 

Qvp'^^pHi-p*y)Qy^ (2) 

[P*Qy]*=:P**~4*(*-i)*w>*Q*yj (3) 

Pr=l, /. oj^O (modp), (4) 

Qg=l, /. o^sO (modp*). (5) 

Let Xi=:x'p^. 

Qo'PoQo^Po^'^f /. yi^l (mod p), i. e., yi = l. (6) 

Suppose now PoQo=l- 

The application of transformation equation (3) leads to a set of congruences 
inconsistent with those obtained from the defining relations. Hence, 

N=p^{p—1)^ whether p is odd or even. 

Section 7. 
pp-zzzl, QP=1, RP=1, R-'QR = QPP^ QP=PQ, RP=PR. 

The transformation f ormulsB for this group are : 

Q^R'=B'Q''P^^, 
P^QyE'=P'^^R*Q\ 

rp* 0^ 2?'l *=P**'"**^*"*^^'' Q^ U**. 
Let Po , Qq and R^ be new generators. 

iy=l, .-. a?^0 (mod p), 



A^o Pq "^0 ^^ ^0 > 
Vo Po Qo^^Pqj 



Ro'QoRo=QoP'o, 



. . 



a^^ssO (mod p), 
iCj—O (mod p), 

yyi 

ZZl 



^0 (mod p), 
= (modp), 



2^1^ 



^x (mod p). 



(1) 
(2) 
(3) 

(4) 
(5) 

(6) 
(7) 

(8) 
(9) 



Let now PiQlRQ=l, and apply the transformation formulae (1), (2), (3). 
There results a congruence contrary to (9). Thus the defining relations of the 
group determine the conditions which insure that Pq, Qo &i^<^ ^o ^^^ independent. 
We have now to find the number of solutions of the congruences (4)-(9) in- 
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elusive. (4) and (9) are the sufficient conditions that (7) and (8) have only 
zero solutions. Hence, the number of solutions is, when p is odd, 

N=p'{p-ir{p+i). 

Suppose now that p=r2. In this case we have the congruences 
x^Oj iTi— yi^i=0, a?2— 2/2^2=0, x=z^yi—yiZi, y^z=Oj all (mod 2), 

.-. -A^ = 3 • 2K 

Section 8. 

The transformation formulas for this group are : 

P^Q^=Qyp^o^p)\ (1) 

[P* QvY = p^^-hHk-i)xyp Qky (3) 

Neither x and y nor a?i and t/j can be simultaneously ^ (mod p). Else P^^ and 
Qq are not of order p^. 

PJ*=1 and <?5' = 1, without any condition on the exponents. 

<^^^o<^o = Po'^^ .•. y = 0, x^xy^—yx^ (modp). (4) 

Let PqQI = 1, This leads to a set of conditions inconsistent with the 
conditions obtained from the defining relations, 

.-. N = p'{p-1). 

Section 9. 
P^=Qp=Rp=:l, PR=RP'+p, PQ=QP, RQ=QR. 

The transformation f ormulse are, for this group : 

P'R'=R'P'0+py^ (1) 

B«P'=P«-»piJ*, (2) 

P'Q'>R*=R*P*o+p)*Qp^ (3) 

[P'Q«'fl']*=i?*'P*'['+''*^]g*«'. (4) 

Pg*=l. Hence, a!=fO (modp), (5) 

QJ=1. Xi^Oiraodp), (6) 

Rl=l. a;jaeO (modp), (7) 

Ro'PoRo=PV''' 3,^1 (mod p), (8) 

Po'QoPo=Q<,. «isO(modp), (9) 

''2(r*Qo'Ro=Qo' ^his requires no further conditions. 

Let PtQ'oK = l. 
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The transformation formulae show that we must impose the further con- 

dition jfi^Oj if the generators Pqj Q09 Rq are to be independent. 

Hence, we have 

t/i^O (modp). (10) 

The number of solutions of the above conditions is 

N = p'{p—iy. 

Section 10. 
pv=Qp=Rp=i, R-^PR=PQ, PQ=QP, RQ=QR, 

% 

The transformation f ormnlse for this group are : 

P' R* = R' P' Q", (1) 

R' P' = P' Q-" R% (2) 

P'Q'^ = RrP' g*+", (3) 

PJ' = 1, .-. aj^O (modp), (5) 

Qp=l, a^sO(modp), (6) 

B5=l, a^ = 0(modp). (7) 

Let Xi=x'p and Xt=x'' p, 

Q^'PoQo=Po, ••• 2i«0 (mod p), (8) 

p-ipp_po . r2/i^a;2!, (modp), 
7<o f-o^o-i-oVo, ••|a;'p^o(modp«). 

Since 2'^ ^ (mod p) and % = 0, we must have 

t/i^O(modp), (11) 

and hence et^O(modp). (12) 

Let Po Qo Ro = 1* The transformation f ormnlse applied to this give a set 
of impossible congruences. The above generators then are independent and 
whether p is odd or even 

N = p'{p-iy. 

Sections 11, 12, 13, p>3. 
Pf=l, Q'=l, RP=1, Q-'PQ=P'*', RPQ=PR, R-'QR=P^Q. 
The transformation formulae are : 



(9) 
(10) 



. } (1) 

P'Q»=Q»P'(^+P^' -l 

Qt px — ptO+P)-* Q» J ^^f 



Q'R'=R'Q''P^ 
iJ*Q«'=p-wQ«'iJ 
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L (3) 

JJ.p,_p*+.'(*-«,+*-(»±i)„p g_„^, J 

gt„_*(*pL)«^t, (5) 

The above formulae hold for groups 11, 12 and 13, according as r is a non- 
residue (mod p) unity or zero. 

(1) r is a Bon-residue (mod p). Pq, Qo and R^ being the new generators: 

P8*=l, .-. x^O (modp), (1) 

C?=l, .-. a;, = (modp), (2) 

fij =1, .-. Xi = (mod p). (3) 
Let Xi = x' p and a;j = x" p. 

Ro^Pf,Ro=PoQi,, •• 1/1 = a; 28 (modp). (4) 

xy,—reyt—Zi ^^'^7' ' + ^^\~ rx+z,rytmx'—rzyi (mod p). (5) 

/)-ipn-pi+P . r«i^O(modp), (6) 

V, A V.-n , . . I ^ =xyx-r«yi (mod p), (7) 

Ro^QoRo=P?Qo, .'• a; =yi2, (modp). (8) 

The above conditions are sufficient to insure that the new generators be 
independent. For a consideration of PoQoRo=l, leads to a set of congruences 
inconsistent with the above. The above congruences yield 2p^(p — 1) sets of 
values. Hence, 

Ar = 2pHp-i). 

(2) r=l. Set r=l, in the above congruences, and again, 

i^ = 2p*(p— 1). 

(3) r=0. Set r=0, in the above congruences, and 

2^ = 2p». 

Sections 11, 12, 13, p=3. 
pp'=l, Qp=il, Rp=P^, Q-'PQ=P'+', R-'PR=PQ'', R-'QR=Q. 

The transformation formulae for these groups are : 

P'Q»=:Qiip'0+py -y 

Q» p* — p*(l+p)-» QP J ^ ' 

P'R'=R' P'-'fp'-^ Q"" 
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P' Q' IV = R* P'—Pp"-^ Q'-^^, (3 ) 

[P* Q* fi*] *=p**-^^^*w+ *^*~"^*~'^ *^gp+^^^^«gp^^^ Q»»-*^T^** 2J*». (4) 

The above formulse hold for groups 11, 12 and 13, when p=3. 

(1) p=3, a=0, /3=1. Po, Qo and iJo heing the new generators. 

PS=1, .-. x+ce^z^O (mod 3), (1) 

01=1, .'. Xi+x[zi^O (mod 3), (2) 

iJS=l, .-. Xi+a^Zt^O (mod 3). (3) 

Qc^PoQo=Pl*', .'• xzi—x,z^O (mod 3), (4) 

x+a^zmixyi—Xiy+z '"^^'^~ ^ — gi^i^pJ. (mod 3), (5) 

Br' Po Ro=Po Qo , .-. • 3i ^ (mod 3 ) , (6 ) 

yi — XiZ^ZiX — a;2s(mod3), (7) 

a^-3a;xy+3g ^^^^^~^^ ^3xy,-3x,y+dz '''^'^-^^ -3g^^-l) (mod 9), (8) 

Ro^QoRo=Qo, ••• XiZt^O (mod 3), (9) 

aiyj— a^yi— «i2;i^^^^ = (mod3). (10) 

Before solving the above congruences can be reduced to the equilent teavs 
x^O, Zi^O, aJi^O, Xt^O, Zt^O, x+a^zi^xyi, y^^xzt, yi^O, 

x'^xy^+ZtO^^^^^—^t all taken (mod 3). 

The congruences obtjeiined from PoQoRo=l are not consistent with those 
obtained from the defining relations. Hence, Pq, Qq and Rq are independent, 
without further condition 

A'^=2»3*. 

(2) p=3, a=l, fi=-l. 

P»=Q'=1, R'=P»^ Q-^PQ=P'+', R-'PR=PQ-\ QR=RQ. 

Pl=l, .'. x—^z+z^O {modS), (1) 

01=1, .: x^—xiz+z^^O (modS), (2) 

fio=^> •'• ^i— a|«s!+2tssa;— a;*a+2 (mod 3), (3) 

Qo^PoQo=Po^', .'. ZiX-XiZ^O (mod 3), (4) 

x-a^z+z^xyi-x^y+zXi^^^^=^-ZiX^^^:^(mod3), (5) 

Ro'PoRo=PoQo\ ••. ^1^0 (mod 3), (6) 

yi = z^x—x^z (mod 3), (7) 

-{xi+zi) ^Sxyt-Sx^y+SztX ^^~^^ -Bzx^ (a^-l) (^od 9), (8) 

Ro^QoRo=Qo, ••• a^yi^O (mod 3), (9) 

.-. 3^ = and yi^O (mod 3). (10) 

19 
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Let 2i = 3 z'y a?! = 3 a?', rcg = 3 x". 

A consideration of P* Qo ^o*=l gives no further conditions to be imposed 
on the exponents to insure the independence of P© , Qoj Rq- 

The above congruences can be reduced to the equivalent set t/i^f 0, x^^O, 
rCi^O, ^1^0, z^^Oj x^Oj x—a^z+z^Z2y xj/i^x—a^z+z^Zij yi^z^^y 

x'-\-z' = —xyi—ZiX^^—^ — '-, all (mod 3), 

.'. N = 2' 3*. 

(3) p=3, a=— 1, ^=—1. 
i»=l, Q«=l, R'=P-', Q-'PQ=P'^+», R-'PB=PQ-\ RQ=QR. 

PS=1, x—a^z-^^0 (mods), (1) 

gS=l, a?!— tcf— s=0 (mod3), (2) 

Rl=Pl, Xt — a^ — Zt^—x+a^z+z (mods), (3) 

g-iPo(2=Pi+», a;y,sa;-a^2-2;(mod3), (4) 

R^'PoRo=PoQo\ ■'• ^1^0 (mod 3), (5) 

i/^^2^—x^{mod3), (6) 

a'— ic'^ajt/j— a;jt/+s,a;-i^^^^— erKj-i^^^ (mod 3), (7) 

R^^QoRo=Qo, .-. a^jj/x^O (mod 3). (8) 

^0^9 ^1^0 (mod 3 ) , else Pq and Qo are permutable operations, 

.-. x^^O, Zi^O. 

The relation P^Q^Rf,=l gives no further conditions. Hence, the above 
relations are sufficient for the independence of Pq , Qo, Rq. The above con- 
gruences reduce to the simpler set x^^O, z^^O, x^ss 0, ^z ^ 0, i/i ^ 0, x^ 0, 

t/i^gjic, Zi^x — a?z — z, xy-i^z^^x — c^z — z, 2' — aj' ^ a? y^ + 2i a; -^ — ^ — '- , 

all (mods), and where a^=3a;', «j=3a;", Zi=Zz^. We easily deduce from 
the above a^^l, z^^x+z, yi^\-\-xz, and find the number of solutions to be 

iyr = 2* • 3^ 

Section 14. 

pp=l, Qp=l, Rp=zl, 8"=!, R-'PR=P, R-'QR=Q, Q-'PQ=P, S-'PS=P, 

S-'QS=Q, S-'RS=RP. 
The transformation formulae are : 

«'S"'=5"'ie*P"'% (1) 

S''R'=P-'"R'S"', (2) 

P* Q* R' 8" = P'+'" Q* S" R', (3 ) 

[P'Q*JB*/S'"]*=P*'-*^^^Q*»5**-S'*". (4) 
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Every operation of the group is of order p, p being an odd prime. 
Pl=Ql=B,l=8l=l without restriction on the exponents. 

w^z^y^Oy (5) 

(6) 

So^QoSo=Qoj ••. w^Zi—z^Wi^Oy (7) 

8o^Po8o=Poy .-. w^z—zsw = 0y (8) 

Ro^QoRo=Qo, .-. W2Zi—Z2Wi = 0y (9) 

Ro^Polio=Poj .•. i<;2«— ^jW^^O, (10) 

<?r'PoOo = i'o, .-. W^Z—Z^W^O. (11) 

The relation PJ Qo Rq8^ = 1 gives a set of congruences which cannot be 
satisfied if we impose the further condition 

yi^O, (12) 

This last condition, j/i^Oy together with those obtained from the defining 
relations, insures P09 Q09 R09 Sq independent. The number of their solutions is 

N = p'{p-ir{p + l). 

8ection 15, p > 3. 

pp=Qp=R^=8^=zl, 8-^R8=RQy 8'''Q8=QPy 8''P8=Py R-'QR=Qy 

R-'PR=Py Q-^PQ=P. 

The transformation f ormulaB are : 

Q'S'-S^Q*!*^, (1) 

Br8'=8''R'Q'"P'^^, (2) 

P5=Qf=iej=Sj=l, without restrictions. 

8o^Po8o=Po, •'• Wl^^l^yl = w^^^^O, x^O, (4) 

Ro^QoRo=Qo, ••• Wi = Zt = yiWi^O, (5) 

So^Qo8o=QoPo, .*. iBi = y«W4. (6) 

yt^w^z,, (7) 

iCjsyjW^ + W^-y^^i^l-ia^. (8) 



Oq MVqOq — -^oVoy •'• 



Qir^PoOo=-Po- This is satisfied without restriction. 

The relation P* Q* R080 =1 is impossible from the above conditions. 
The generators Pq , Qoy Roy 80 are independent, and the number of solutions 
of the above conditions is 

N = p'{p—iy. 
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Section 15, p = 3. 
pp'=Qp=Rp=zl^ Q-'PQ=P, R-^PR=PQ, R-}QR=Pp^p-'^Q. 
The transformation formulae are : 

Q^R'^R^P'^^^'Q', (1) 

P'ii'=ii'P'+*^'^^'^ Q", (2) 

[P* Q^R'y=P^-^p^^'^^^^^^^^^^^T^^^'^ Q*y-***^^iJ**. (4) 

PS=1, /. x^O, (5) 

Ql=l,..\ aa = 0, 0^=3 x\ (6) 

iJS=l, .-. a?2 = 0, X2=3x% (7) 

Ro'QoBo=Po\ .-. 2(yi^,-y,;2i) = ir(2+««), (8) 

'% = 0, (9) 

iio-''Poiio=PoCo, .-. ] yi = ^«2, (10) 

xs^{z^—l) + 2[yz^—zy^+y^z] ^x\ (11) 

Qo'PoQo^Po, .'. PrZ^O. (12) 

The relation Po Qo ^o = 1 leads to a set of congruences inconsistent with 
those obtained from the defining relations of the group. 

The above congruences are all (mod 3). The number of solutions is 

N = 540. 

Section 16. 

The order of the groups of isomorphisms of the abelian groups is the 
same whether p is an odd or even prime, and so requires no further investi- 
gation. The order of the groups of isomorphisms of the non-abelian groups 
in Sections 6, 8, 9, 10 holds when p is odd or even. The group Section 7 
required independent investigation when p is even. The following sections are 
given to the investigation of groups which exist only when p=2. 

Section 17. 

P*=l, g*=:l, iJ2=l, Q''^PQ=p-\ Q^=P', QR=RQ, PR=RP. 

The following transformation formulae hold : 

p* Qy =Qv P'i^'^^) ^ (1) 

[ P* Q*' ] • = p*«-«*y*^^ Q^y^ ( 2 ) 

[P'gyfi*]*=P**-«^*^ Q^yR^. (3) 

P* = Q* = 1, without condition. 
^^0=^0, .•. a;— rry+2/ = iri— a?iyi+yigfeO (mod 2), (4) 
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Bl=l, .: oOi—XtPi+yt^O {mod2), (5) 

Qo^PoQo=Po\ .*. xyi—x^y^x—xy+y (mod 2), (6) 

Ro^QoRo=Qo, /. asiy,— a^yi = (mod2), (7) 

Bt^PoQo=Poj .-. a;yj— a;,y = (mod2). (8) 

Now, (6) is the condition that (7) and (8) have only zero solutions for 

Xi and yt > 

/. Xt^O, y,^0 (mod 2). (9) 

Suppose the relation to exist 

This requires Zt^O (mod 2). Hence, if z^^O, the above generators are 

independent, 

.-. 2j,gfeO (mod 2). (10) 

The number of solutions of these congruences is : 

Section 18. 
P'=l, C«=l, Q-'PQ=zP-'=zP\ 

Q» P' = p*(i-*«'+««^ Q»^ ( 2 ) 

There are four operations of order 8, and they are the odd powers of P. 
Let 

Qo^P" Q, 

and it is easy to see that 

N = 2\ 

Section 19. 

i»=l, Q'=l, Q-'PQ=P». 

P'Q'=Q*P'^^+*''>, (1) 

Q»p*-pH^+tf)Q»^ (2) 

^pxQyy—pix+tk<±:ll^=^TfQkv^ (3) 

There are only four operations of order 8, and they are the powers of P, not 
congruent to zero. Let 

Qo=P^Q\ 

Pl=[P']''=P^=l, .-. x^O (mod 2). (4) 

Ql=l, .-. a;,(l+2^)=0(mod4). 



154 Marriott : Determination of the Order of the Groups of Isomorphisms^ etc. 

Since y^ ^ 0, for if it were Pg and Qo would be dependent, we mast have 
x^sbO (mod 2) and yi^l (mod 2). Hence, 

N = 2^. 

Section 20. 
P»=l, Q*=l, Q-'PQ=P-'=P', Q'=P*. 

QW px _ px(l -4»+2»«) QV^ / 2 ) 

rp* Q»i *— pt»+toi> r ''^*~^y^~^^ »-t(t-i)i n**^ (3) 

There are four operations of order 8, and they are the odd powers of P. 
Let 

Pt=l, .-. x=^0 (mod 2), (4) 

Qo=l- This is satisfied without condition. 

Ql=Pt, .'. a; = l(mod2). (5) 

xV = 2\ 



Correspondences Determined by the Bitangents of a Quartic. 

By J. R. Conner. 



Part I. 

Introduction. 

The connection of the plane quartic curve with the figure of the general 
net of quadrics in space was first pointed out by Hesse * ; he considered the 
net of quadrics in the form 

{a^){axy=0{3 ^% 4 x's) ; (1) 

writing the discriminant of (1) considered as a form in x, 

(aX) (6X) (a) {dX) |a/3yS|'=0, (2) 

and regarding the ^'s as coordinates of a point in a plane % (2) is the equation 
of a quartic curve in ti, and the points of this curve are in (1, 1) correspond- 
ence with nodal quadrics of the system (1). In other words, (1) defines a 
uni vocal correspondence between points of n and quadrics of the net ; corre- 
sponding to the quadrics of a pencil chosen from the net is a line of tc, and to 
the four nodal quadrics of the pencil the points of intersection of the line with 
the quartic (2). Hesse showed that if (1) is a general net, (2) is a general 
quartic. To a double tangent of (2) corresponds a pencil of quadrics (1) 
which has the property that the nodal quadrics coincide in pairs ; such a pencil 
is that containing one line of the twenty-eight joining in pairs the base-points of 
the net (1). If a^ are these base-points, the base-curve of the pencil containing 
GiGf is GiGj taken with the cubic curve on the other six a's ; the two quadric cones 
corresponding to the points of contact of the associated double tangent are the 
cones projecting this cubic from its two points of intersection with GiG^. The 
double tangents of (2) are thus associated in a one-one way with the twenty- 
eight lines joining the eight base-points of (1), and this is the basis for the 
duad notation for the double tangents of a quartic, each being represented by 
two symbols chosen from eight. 

* Hesse, Journal fUr Mathematik, Vol. XLIX (1856). 
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In what follows we prefer to regard the equation (1) as determined in the 
following manner* : isolating one of the base-points of the net, say ao, there is 
determined a one-to-one relation between the qnadrics of the net and the bundle 
of planes on a^] thus, a given quadric has a definite tangent plane at ao, and a 
given plane on a^ has a definite tangent quadric at a^ ; this being true without 
exception, there is a collinear relation between the system of quadrics and the 
system of planes. The planes of the bundle on ao, or, better, their lines of 
intersection with an arbitrary plane co, take the place of the plane n in Hesse^s 
discussion. It is our object, by means of the space figure, to prove the exist- 
ence of certain Cremona transformations and other noteworthy correspondences 
associated with sets of the nodes of the quartic of lines thus obtained. The 
intimate connection between the plane and space figures makes many geomet- 
rical relations in both intuitive which might otherwise be difficult to prove. 
From our point of view there is another special convenience in determining the 
quartic in this way as a quartic of lines, for the correspondences arising appear 
as point to point correspondences. The method is almost exclusively geomet- 
rical, though the geometrical notions lead to analytical results whose possibili- 
ties we use to some extent, but make no attempt to exhaust. 

In the first part of the paper attention is given to the correspondences 
themselves as the^ arise from the figure in space, and independently of their 
connection with the nodes of the quartic ; then by means of these correspond- 
ences certain of their singular points are identified with the nodes of the 
quartic determined in the manner above specified. The correspondences are 
closely associated with configurations arising from the grouping of the nodes, 
and this feature is considered. Especial attention may be called to the Cre- 
mona involution of order 15 in space discussed in § 1 and to its use in the 
sequel. It is the analogue of the Bertini 17-ic transformation f in the plane, 
and is interesting for its own sake. We take occasion also to show how there 
arises from the figure in space a Kummer surface which has the property that 
its enveloping cone from a^ is exactly our quartic of lines. 

§ 1. The 15-ic Cremona Transformation in Space. 

Let seven points, Aq, ai, . . . ., a«, be given in general position in space. 
They determine a 15-ic Cremona transformation which, as has been remarked 
in the Introduction, is the extension to space of the involutory 17-ic transfor- 

* Compare Frobennis, Journal fUr Mathematik, Vol. XGIX, p. 276. 

t Sturm, '* Die Lehre von den geometrischen Verwandtschaften/' Vol. IV, p. 105. 
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• 
mation in the plane. In order that the analogy may be seen more clearly we 

summarize the latter briefly. The 17-ic transformation is determined when its 
eight singular points a< are given. There is a pencil of cubic curves ** c " on 
the points a< and oo* sextics " s " with nodes at these points. There is a unique 
sextic s with triple point at one of the a's. Sextics s meet a definite cubic c in 
points of a gl on this cubic ; thus, if a; is a general point of the plane, sextics s 
on X pass through a definite point y, the partner of x in the gl on the unique 
cubic c on x; x and y may easily be seen to be partners in an involutory 17-ic 
Cremona transformation which has a^ as six-fold singular point, the corre- 
sponding fundamental curve being the unique sextic s with triple point at a^. 
The Jacobian, j, of one sextic s and two cubics c is the locus of further possible 
nodes of sextics s ; any node of a proper sextic s not at a,- must lie on j. The 
curve ; is of order 9 and has tiiple points at a^ with the same tangents at a^ 
as the sextic s with triple point there. It is a locus of fixed points of the trans- 
formation. The transformation has besides an isolated fixed point, the ninth 
base-point of cubics c. 

In space, we have a net of quadrics on the seven points a ; we call these 
"quadrics C and indicate the eighth base-poiut by a. The general quartic 
surface in space has thirty-four constants, and since it is four linear conditions 
on a surface in space to have a node at a given point, there is a linear system of 
qq84-7.4 ^j. qq« quartic surfaces with nodes at a,; we call these **quartics C." It is 
ten linear conditions on a surface to have a triple point at a given point, and 
hence there is a unique quartic C with triple point at a,-; we call this surface 
Ci . There are seven such surfaces. The oo* elliptic quartic curves on a< (and a) 
we call ** curves E ;" these are base curves of pencils of quadrics Q, and every 
quadric Q may be regarded as a locus of curves E, — ^it contains oo^ such curves. 
The degenerate curves E are of special importance for us. A line joining two 
points a taken with the norm curve on the other six a's (this curve is bisecant 
to the line) is a degenerate curve E. There are twenty-eight of these degen- 
erate curves. The norm curves on Gq taken with five of the other a's are con- 
veniently separated into a set of six and a set of fifteen. We indicate the 
curve on ao, ag, . . . ., a© by ri (there are six such curves) and the curve on 
doy a^^ . . . .J a^hy r^j there are fifteen of these. We add r© , the norm curve 

A curve E is met by quartics C in sixteen points of which fourteen fall at a< ; 
the two variable points are pairs of a g\ on Ej either point of such a pair deter- 
mining the other uniquely. Since there is a unique quartic E on the general 
point, Xy of space, it is seen that all quartics C on x pass through a second 

20 
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• 
point jfy X and y lying on the same curve E and forming a pair of a definite g\ 

on this curve. The points x and y are partners in the Cremona transforma- 
tion in space which we wish to consider. This transformation we call T. 

From the way in which T is defined follows the invariance of curves E 
under T ; since quadrics Q are loci of curves E they are invariant, and the 
invariance of quartics C follows also from the definition. If 

C = 0, (2, = 

are the equations of a general quartic C and three linearly independent 
quadrics Q, then any surface of the form 

{ciQY^'C+{^Qr = Q (1) 

is invariant under T. The surface (1) is of order 2n with w-fold points at a<, 
though not the most general such surface; it is impossible to express the 
surface J to be mentioned presently in this form; X is, however, invariant 
under T, and every sextic surface with triple point at a< may be built from J 
and the form (1) for w=3. Thus every sextic surface with triple point at a^ 
is invariant under T. 

It is unnecessary for us to pursue further the general question of surfaces 
invariant under T\ certain identities exist among powers of forms like J, Q 
and C which make the general treatment of the subject rather long. We shall 
have special use later for those invariant surfaces of the form {^QY=Q. 

Becalling the definition of T by means of quartics C, observe now that 
quartics C on a general point of a line a< a^ (we call this Pi^) contain p,-^ 
entirely ; that quartics C on a general point of a curve r< contain r< entirely^ 
Also, bearing in mind the relation of curves E to T, note that curves ^K meet 
a surface C^ in only one variable point, the other intersection falling always 
ati a^ . 

Indicating for the moment a point of a surface of curve S by [x, S] , and 
keeping in mind the remarks of the above paragraph, we have the following 
relations which characterize T: 

Ta, = C„ (1) 

T[x,Pt,]=Pn, (2) 

T[x,r,] =u, (3) 

TE = E, (4) 

TQ = Q, (5) 

TC = C. (6) 

Equations (1), (2), (3) define all possible singular points of T. The points a^ 
are quartic singular points, the corresponding fundamental surfaces being C< ; 
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points of Pif and r,y are singular points such that to a point of such a curve 
corresponds the whole curve.* 

Equations (4), (5), (6) tell the rest of the story. From (1) we have that 
the transform of a general line passes four times through a,- , and that from 
the transform of a surface passing through a^ ^ Ci factors. If n is the order 
of the transformation, we have from (5) 

2n — 7-4 = 2, 

whence w=15. If m is the order of multiplicity at a< of the transform of a 

plane, we have from (4) 

15 • 4 — 7 m = 4, 

whence w = 8. Hence, 

a) The transformation T is an involutory Cremona transformation of 
order 15. The points a^ are singular points with C^ as corresponding funda- 
mental surfaces; points of Pi^ are singular points with p^^ as corresponding 
lines; points of ri are singular points with r< as corresponding curve. The 
transform of a general plane passes S-fold through ai , contains r^ triply and 
Pif singly. If a plane passes through a^^ Ci factors from its transform. 
Analogous theorems are true for the transforms of surfaces of any order. 
The transform of a curve of order n is in general of order 15 n with 4 n-fold 
points at ai. The order of the transform is reduced by owe, three or eighty 

m 

respectively J if the curve meets Pi^ or ri^^ or passes through a^.f 

Consider two corresponding points of T, a?, y say. The curve E through 
X and y carries a pencil of quadrics Q, one of which contains the line xy 
entirely. It follows that 

b) Lines joining pairs of corresponding points of T are in the cubic 
complex of generators of quadrics Q. 

The conditions that two points f and rj be apolar to all quadrics Q deter- 
mine the well-known cubic Cremona involution in space, Z say, and the lines 

« 

joining corresponding points of Z are generators of quadrics Q. If 2 is a line 
of the complex of generators, curves E bisecant to I (of course these curves 
lie on the quadric Q containing I) mark on I an involution of which the fixed 
points, points of contact of curves E with 2, are the points ^, rj on I. Hence, 

c) The points xy^ ^ri on a line of the complex of generators of quadrics Q 
are harmonic pairSj where Tx = y^ Z^ = yi. 

* Sturm, "Die Lehre von den geometrischen Verwandtschaften/' Vol. IV, p. 415. 
t It seems unnecessary to insert here the usual arguments by which this conclusion is reached from 
the preceding; compare the volume of Sturm already referred to. 
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If a quartic C have a node at point x, the correspondent, y, of a; by T falls 
at X. The point x is then either at a or on the Cay ley* dianodal surface, 

dC aCi dQ, dQ, 






dxi' 
dC 

OXt' 

dc 



dx,' 

dxi ' 
dQr 



uXi^ dxi 



• • • 



= 0, 



where (7 = is a general quartic C and Qi = are three linearly independent 
qnadries Q. It follows from the theory of Jacobians that J is a sextic surface 
with triple points at a,, and having at a< the same tangent cone as Ci . These 
facts which are important in what follows, we state in the theorem 

d) The sextic dianodal surface J is a locus of fixed points of T and a is 
an isolated fixed point. The surf nee J has triple points at a^ with the same 
tangent cubic cones as Ci at these points. 

The plane n^^^ on a^j a^^ a^ is transformed into a surface of order 
15 — 3 • 4=3 ; this is the cubic surface with nodes at ao, a^, as, a^ and passing 
through ai, a^ and a^. The surfaces Ci, Cg and Cs which factor out of the 
transform of n^fa, make up the necessary multiplicity at a,- eight of the trans- 
form of a plane by T. The cubic surface meets tIi,, in a cubic curve which is 
invariant under T. The plane ttijs ^^^ its transform together make up a 
quartic G which may be taken as the C in the expression for J. t 

A set of lines invariant under T are the lines a^ a. For such a line meets 
Ci at one and only one point not at a,-, and this means that its transform 
passed once through a.. . The line is bisecant to r,- . On it a is fixed under T. 
Its transform is of order 15 — 8 — 2 -3 = 1 (Th. a) ) ; hence, it is invariant under 
T. Corresponding points of T on aia are pairs of an involution, the points Z, 
and m< in which r^ meets afl forming such a pair. The double points of the 
involution are a and its harmonic conjugate as to 2, and m^, a point in general 
different from a». since aia^ linii are not in general harmonic pairs. We state 
this in another way more suitable for our purpose. If the second double point 
on aia is at a, , aia must touch J at a,. , and conversely. Therefore, 

e) The lines aia are invariant under T. They do not touch J at ai. 



♦ Cayley, Proceedings of the London Mathematical Society, Vol. Ill, p. 19. 
t Pascal, " Repertoriura der hCheren Mathematik," Vol. II (1002), p. 297. 
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The following may be of interest in passing : The Geiser transformation 
in the plane, namely, the octavic correspondence of eighth and ninth base-points 
of pencils of cubics on seven given points, may be obtained from the Geiser 
transformation in space, the 7-ic correspondence of seventh and eighth base- 
points of qnadrics on six given points; it arises from one of the invariant 
quadrics on the six points by simple projection of this qnadric on a plane 
from one of the six points. Similarly, the 17-ic Bertini transformation may 
be obtained from T by projection of the correspondence set up by T on an 
invariant qnadric Q from, say ao . 

§ 2. The Quartic Surfaces Ci. 

A quartic surface with a triple point, aoyin a. given space is represented 
in a one-to-one way on a plane n in the same space by simple projection of its 
points from a^. There are twelve lines through a© which lie on the surface; 
these are cut out by the cubic cone To tangent to the surface at a©. On n the 
plane sections of Cq appear as quartic curves on the points of intersection of a 
quartic and a cubic curve F. The cubic F is the trace on n of the tangent cubic 
cone Fo, and the quartic may be taken to be the intersection of Co and n. The 
quartic surface Cq with triple point at ao is thus mapped from a plane n in its 
space by quartic curves on the intersections of a quartic and a cubic in ti, and 
it is easily proved conversely that any such mapping scheme gives a quartic 
surface with a triple point. If two base-points of the system of quartic curves 
in n coincide at a point p, Cq acquires a node, plane sections of Cq through 
the node corresponding to the net of curves of the mapping system which have 
a node at p. In general this is the only way in which a node of Cq can be rep- 
resented. It follows from the mutual relations of n and the space figure that 

f ) // a quartic surface have a triple point and a node^ it has the same 
tangent plane at all points along the line joining the triple point and node. 

This result is so important for later developments that it seems advisable 
to add a direct geometrical proof. Let the surface have a triple point, at ao 
and a double point at ai and consider the tangent plane at any point, a;, of the 
line joining ao and a^. The tangent plane meets the surface in the line aoa^ 
and a residual cubic curve which has a node at ao and passes through x and a^ ; 
thus this residual cubic meets aoa^ in four points, and the line aoa^ must factor 
from it. The tangent plane at x therefore meets Cq in the line aoOj counted 
doubly, and hence must touch Cq at all points along aoai. Similarly, it may be 
proved that if a surface of order n have two multiple points of multiplicities 
whose sum is n + \ it has the same tangent plane at all points along the line 
joining the multiple points. The cubic surface with more than one node is a 
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case in point. Likewise, if a surface of order n have two points whose multi- 
plicities total n-\-2 the line joining the points is a double line of the surface. 
And so on. 

In our mapping scheme the pencil of lines on n through p corresponds to 
plane sections of Co through triple point and node, and the tangent line to T 
at p corresponds to the conic cut from Co by the tangent plane along the line 
joining triple point and node. 

For the surface Cq of § 1 the section by a plane 71 is a quartic curve C^^ 
touching at six points the section ro, of the cubic cone Fq tangent to Cq at ao, 
the six points being the intersections of n with poi (* = 1, • • • •> 6). Hence, 

g) A plane n meets Cq in a quartic curve which touches the intersection 
Fox of n tvith Tq at the points p^Tt (i = l, . . . ., 6). The surface Cq is then 
mapped from n by means of quartic curves touching Fq^ at the points PoiTtj and 
a quartic curve of this system in n is the projection of its corresponding plane 
section from a^. 

A curve r^(i::/=0) meets Cq in all multiple points but the node a<; these count 
for 5-2+3 = 13 intersections. Hence, 

g') The surface Cq contains the six cubic curves ri{i^Q). These are maps 
from n of conies on five out of the six contacts of the quartic curves with Fq^ 
on n. 

The latter statement is obvious from the space figure. Similarly, 
g") The surface Ci contains the cubic curves r^{j-4='i)» 

We indicate by go.i the tangent line to r^ at ao and by go.is the tangent line 
to fi2 at a©. 

Since Ci contains the line poi aiid the curves r^, . . . ., re it follows that the 
lines Poij 9o.2> • • • •> 3o.6 ar.e lines of a quadric cone with vertex at ao, this cone 
being the cone tangent to Ci at ao. Again, projecting r^ from a© we obtain a 
quadric cone containing the lines 30,1? Po2> • • • -j Poe* For later reference we 
state the above in the theorem 

h) The lines Poi, go.t po^ssing through ao are twelve generators of the cubic 
cone Vq tangent to Cq at a©. The lines qou Po2, • . . ., Po« (^^^ generators of a 
quadric conCj and t1ie lines poi, go,2j • . • •> So.e ^^^ generators of a quadric cone. 
Analogous results follow by symmetry. 

§3. The (1,4) Quadratic Correspondence,"^ 

In what follows we shall be concerned mainly with the geometry of the 
bundle of lines through ao ; in order, to attain clearer statement we shall regard 



*Thc reader will, of course, recognize in this the (1, 2) connex; cf. Clebsch-Lindemann, '< Vorlesun- 
gen iiber Geometrie/' pp. 1007-1014. 
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this bundle as cut by a plane n. In this bundle it is important to distinguish 
between directions about Gq and lines through a© ; these we shall denote by the 
generic symbols d and e, respectively. The symbols d and e will also be used 
to indicate the corresponding points in 9f, and the transformations P, 72, Ri^j, , 
Rij to be defined are always to be taken as meaning the replacing of a d by one 
or more e's ; their inverses replace e'a by d's. 

The most general (1,4) quadratic correspondence in the plane is given by 
a set of equations of the form 

P2/.=/t(^), (1) 

where /, are quadratic functions of Xiy x^j x^. From (1) we have for a given 
X a unique y, and this without exception if the conies /<=0 have no common 
point; it fi=Q pass through a point a, y is indeterminate for this point, and a 
is a singular point of the correspondence. Fixing y we have, eliminating p 
from (1), 

Vi 3/2 Vz 

h U h 



^0, 



or if Ki^yJs—yshj etc., 

three conies of a pencil since 

2/1^5^1 +2/2*^2 +2/8*^3=0 ; 

the base-points of this pencil are the correspondents of y, four in number. 
The fixed points of (1) are given by the matrix 

Xi X2 Xs 

h U h 



^0, 



of order 7. Hence, 

i) The general (1, 4) quadratic correspondence in the plane has seven 
fixed points. 

These fixed points can not all lie on a line ; for this to occur the line would 
necessarily contain a singular point, and singular points do not exist in general. 
It follows by symmetry that no three fixed points can lie on a line. If three 
fixed points are chosen as the vertices of a triangle of reference, and the conies 
corresponding to the three sides of this triangle are 4>,=0, the transformation 
appears in the form 

P3/t=4>i(^) (2) 

where 4>,=0 are now conies passing through the vertices of the triangle of 
reference by twos. The ^'s are three linearly independent conies generating 
the net of conies corresponding to lines {riy) =0 of the plane. 
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Beturning now to the figures in space, attention being fixed on the 
geometry about a©, and on the section of the figures arising by a cutting plane, 
it is clear that there is a unique curve JB, without exception, having a given 
direction <i at ao, this direction fixing on a plane n a point. The direction dj 
or the point in ti, determines four lines e^ the lines to the points where the 
corresponding curve E meets n. There is determined a (1,4) correspondence 
in 71; to a given d correspond four e's. Call this P. In order to determine 
the order of P we consider a plane a through Gq. There is a unique quadric 
Qa touching a at a©, and all curves E with directions aoa lie on Qa; the contrary 
would mean too many intersections with Qa- Hence, the transform by P of the 
line I which a marks on n is the intersection with n of the quadric Qa^ a conic. 

In this and the sections immediately following we call the intersections of 
Poiy ^o^> 3o,ty 3o,t7 with a cutting plane tc, simply p,., p, g^, g^y, respectively, where 
no ambiguity can arise. If the direction d at Gq is poi the curve E determined 
is Poi taken with the cubic curve on all a's but Gq and a,. The four points cor- 
responding to Pi are the intersections of n with this curve and Pi itself. The 
points Pi and similarly p are therefore fixed points of P. We have 

j) The correspondence P determined on a plane n by making to corre- 
spond to a point x in n the four points of intersection of n with the curve E 
tangent to a^ at ao, is a quadratic (1, 4) correspondence having the seven fixed 
points pi, . . . ., p«, p. The net of conies corresponding to lines {viy) =0 of n 
is determined as the conies of intersection of n with quadrics Q. 

In the general (1,4) quadratic correspondence (1) let us suppose given 
seven pairs of corresponding points, say oj^*'^, y^*\ and let it be further required 
that the conies corresponding to three lines a^*^ pass through three definite 
points a^*^ given in general position. This gives the set of twenty-four linear 
equations 

Piy<=A(^^^^), i = h ,7, i=l, ,3 

2a?>/,(a;<^)=0, ; = 1, ....,3. 

This set of linear equations determines uniquely the ratios of the eighteen 
coefl5cients in fi and the seven proportionality factors p^. Hence, 

k) The most general (1, 4) quadratic correspondence in the plane is uniquely 
determined when (1) seven pairs of corresponding points are given^ and (2) the 
correspondents of three given lines are required to pass respectively through 
three points given in general position. In particular, 

k') The most general (1, 4) quadratic correspondence in the plane is 
uniquely determined when its seven fixed points are given j three of these points j 
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PiPiPs 0,^^ isolated^ and it is required that the correspondent of p^Pf pass 
through three points a,^ in general position. 

The figure of eight base-points of a net of quadrics in space taken with a 
general plane 71 has 21+3 — 15=9 absolute invariants. The complete figure 
determined in the plane 7t has therefore nine absolute invariants and 8+9 = 17 
constants. On the other hand the most general (1,4) quadratic correspondence 
in the plane has seventeen constants (the ratios of the eighteen coefficients in 
equations (1), and we would expect the correspondence P which we have 
determined to be general. It will now be proved that it is general, and a still 
more important result follows from the proof. First, the set of seven points 
p in TT is general. For, choosing a plane n in space and seven general points 
PiP on it, choose the point ao; the lines Poi9 • • • -^ Poe^ Po=^o^ &i*6 then deter- 
mined. Choose ^4, a5, ae, a arbitrarily on po4> P059 Pw^ Po* There are then 
three unique quadrics Qu Q^j Q^ containing PozPosCtAj . . . ., ^> ©tc., respectively. 
The quadrics Qi, Q^ and Qz meet pou Pozf Pos ^^ three points a^, a^j a,, respec- 
tively, and the points a thereby determined are the base-points of a net of 
quadrics of which Qi are three linearly independent surfaces.* Hence, 

1) The set of points p in'a plane n not passing through a© is general. 
The geometry in the bundle of lines at ao is identical t with the geometry of 
seven points in the plane. 

Let us now assume a general (1, 4) quadratic correspondence P' in a plane 
n in the form (2) ; The curves 4>i=0 are conies passing through two out of 
three vertices of the reference triangle. Let these vertices be Pi, p%y p^^ 
When the conies 4>< are given the equations (2) are not definite, but they are 
absolutely fixed when a fourth fixed point, say P4, is given. The transforma- 
tion P' is thereby uniquely determined. Choose now a point a© not on n and a 
point ai on aop^. There is a unique quadric Qi containing the lines a^piy aoPs, 
flo P8 y the conic ^1 , and passing through a^ . Two other quadrics, O2 > Qzj are 
similarly determined. These quadrics are linearly independent. They pass 
through ao, three points a^, a^^ a^ on aoPi, ^0^2, a^Pz respectively, through 04, 
and through three further points as, ««, a. The (1, 4) correspondence deter- 
mined on n by the points a with a^ isolated must now have exactly the equations 
(2), and must coincide with P'. Hence, 

m) The geometry of the (1, 4) quadratic correspondence in the plane is 
completely identical with that of the plane section of the figure of eight base- 

^^^— I ■ ■ ■ ■ 11- ■ ■ -■ ^- ■ -^— ^ fc — ■■■ ■»■■■■ ■■■■■■■ ■ ■■■i^»^ 

* Compare A. C. Dixon, Quarterly Journal, Vol. XLI (1910), p. 210 ff. 

t The word " identical ** is used here in a slightly strained sense, but its meaning will not be mis- 
understood. 

21 
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points of a net of quadrics when one of these base-points is isolated. The 
domains of rationality are in both cases the same. Or, 

m') The geometry of the (1,4) quadratic correspondence is identical with 
that of the configuration which is the plane section of a complete seven-point in 
space. The fixed points of the correspondence pair with the seven points. 

It follows easily from the argument above that the (1, 4) quadratic corre- 
spondence is uniquely determined when the net of conies corresponding to lines 
of the plane and four fixed points are given. For, if pj ,...., P4 are the four 
fixed points, Pi ,...., Pa may be chosen as vertices of the reference triangle ; 
then there is a unique conic of the net passing through p^ p^ ; this is the ^ of 
(2). The conies ^ and ^s A^6 similarly determined. The fourth fixed point 
P4 fixes the arbitrary multipliers of the ^'s in ( 2 ) , and the correspondence is 
uniquely determined. It is obviously immaterial which three p's are chosen as 
vertices of the triangle of reference. This may be stated in another way. 

m") The (1,4) quadratic correspondence is uniquely determined by a 
cubic curve and four points in general position given as fixed points of the 
correspondence; the polars of the cubic, of course, furnishing the net of conies. 

It is of interest to see how the configurations of theorems m) and m') 
determine the correspondence without reference to space. For brevity, we 
omit proofs of the statements made ; little further use is to be made of them. 
The configuration of theorem m') consists of thirty-five lines and twenty-one 
points, in which every line carries three points and every point five lines. 
The points and lines may be named by symbols ij and ijfe, respectively, 
chosen from seven indices, the point ij being incident with the line ijh. 
Now, if five indices are chosen from the seven and we consider only those 
points and lines whose names involve indices among these, we obtain a Desar- 
gues configuration (configuration B). There are twenty-one such configura- 
tions contained in the larger configuration. A configuration B is self-polar 
with regard to a definite conic N ; we obtain in this way twenty-one conies Ni^ , 
and these conies are in a linear system, they lie in a web of conies. To this 
web is apolar a net of conies, and this net is the net of our correspondence. 
The seven fixed points may be linearly constructed from our configuration, and 
the correspondence P is thereby determined. 

It is easy to see from the space figure how, conversely, the configuration 
is determined when P is given. We show in the next section how the points 
q^ and q^ are determined by the fixed points of P alone. Let us consider a 
point 12, say, of the configuration, plane and space figures being supposed 
given. The line a^a^ marks on n the point 12. This line taken with r-^ is a 
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degenerate curve Ey and the tangent to r^^ at a^ marks on n the point Qi^. 
Thus the transform by P of q^ is the point 12 of the configuration taken with 
the three points in which ri2 meets n. The points of the configuration thus 
appear as transforms by P of the points g^, g^y, whose importance will be 
abundantly evident in what follows. This may be stated purely from the point 
of view of the plane correspondence. Given P the seven fixed points are given 
and the points g< , g^y are determined by them. To Qi^ , Sas y Qn correspond by P 
three sets of four points. Three points may be selected, one from each set of 
four, and in only one way, such that the three points lie on a line. These points 
are the points 12, 23, 31 of the configuration. 

In the figure in space, as we have remarked, there is a one-one correspon- 
dence between quadrics Q and planes on ao, every quadric having a unique 
tangent plane at ao and every plane on ao having a unique tangent quadric. 
On the quadric is a pair of lines which lie in the tangent plane. Projecting 
from ao , the curves E onQ give a pencil of cubics in n on the points p and a;, ^, 
—the traces on n of the pair of lines in the tangent plane. In the plane n the 
points Xj y are pairs of the Geiser involution, O^ of order 8, having the p's as 
triple singular points, the correspondent of pi say, being the cubic with node 
at pi and on p^ ,...., p. There is a unique pair of points x^y — pairs ofG — 
on any line ; this, of course, may be seen from the space figure. * But since a 
quadric Q marks on n the transform by P of the trace of its tangent plane at 
ao (Th. j) ) and the points rr, y are on this line, we have 

n) The pair of points in which a line meets its correspondent conic in a 
(1,4) quadratic correspondence^ P, are partners in the Geiser involution deter- 
mined by the seven fixed points of P. 

This is true without exception ; on a line through Pi say, pi and the point 
where the line meets the corresponding cubic are partners. This is still true^ 
if the line passes through another singular point, p^ say. On piP2 , Pi and Ps 
are to be regarded as partners. 

§ 4. The Transformations Ri^ and R^^ . 

We saw in the previous section that a (1,4) quadratic correspondence is 
determined in the bundle at ao or on a plane tc, and if n is arbitrary (or in 
general position), the (1,4) correspondence is general. This may be stated 
in another way. A cutting plane n may be fixed once for all, and all possible 
(1,4) correspondences with the seven general fixed points may be studied by 

* Compare Dixon, loc, cit. 
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regarding them as determined by a second plane tt" in any position, and by 
choosing n' in a special position we obtain a specialization of P. After all 
we are studying merely the geometry at Oq , the planes of space figuring as 
auxiliaries. In this section we examine the most interesting of these speciali- 
zations. * 

The general quadratic Cremona transformation in the plane is uniquely 
determined when three singular points (the three of either set) and its four 
fixed points are given, for, if the singular points are taken as reference points, 
the equations of the transformations are of the form 

and when four fixed points are given we have from this twelve equations to 
determine the ratios of the nine a's and the four proportionality factors. 
Thus, it is clear, a priori^ that given seven general points in the plane, a set of 
thirty-five quadratic Cremona transformations is determined by requiring three 
of the seven points to be singular and the other four fixed. We consider the set 
of thirty-five transformations determined in this way by the seven points p in 
the plane n. For the immediate use which we make of these transformations, 
it is convenient to separate them into a set of twenty, and a set of fifteen. 
We call the transformation with singular points pu p^, ps and fixed points 
Pif P59 P^j Pj -^128 9 ^^^ the transformation with singular points Pu P2} P ^ud 
fixed points Pbj Pn P59 P^^ ^u* There are twenty transformations of the first 
type and fifteen transformations of the second. The inverse notation is here 
chosen in order to conform to the notation of the previous section. These 
transformations are specializations of the (1, 4) correspondence P. 

Consider the section of the space figure by the plane ni28 on ai , Oj and Oz . 
Lines in the bundle on a^ give us points on tCiss 9 thus we have from p^fl^a a set 
of seven points pi, pg, p^ ( = «!, ^2, ^s), Pij P^j P«, P; from g©.* a set of six 
points qi , and from q^^ ^^ a set of fifteen points q^^ . Given a direction d at a^ 
a curve E is determined which meets 9I128 in P\y p^y Ps (^i, ag, Oz) and a fourth 
point e. The correspondence (rf,e) is here one-to-one; call it Rj^- It appears 
here geometrically as a special case of the correspondence P of the previous 
section, and is therefore a quadratic Cremona transformation. The transform 
i2i28 h where Z is a line in Uifg , is a conic on Pi, P29 Pzj aud hence, pi , p^, p^ 
are singular points of i2{^; this transformation is identical with the Ri^g of the 
previous paragraph. The singular points of JBjgs are the correspondents by 

* Compare Glebsch-Linderaann, loo. cit. See also Timerding, Mathematitiche Annalen, Vol. LIIl , 
p. 193 ff. 
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EjiJ of the lines Pi Ps ^ PsPu Pi P2 • Now, p^ Pz taken with fgs is a degenerate 
curve E ; hence, the correspondent of p^ p^ by U^J is marked on Tti^z by the 
tangent go, 28 to ^'23 at a©; that is, it is the point g^. This gives us 

o) The transformation Ry^^ is a quadratic Cremona transformation with 
singular points q^^ g^j, q^^; R^^ has singular points pi, p^y p^. The transform 
l?i28 1 where I is any line meets I in a pair of the Geiser involution G deter- 
mined by the seven points Pi ,...., Pe > 2?. it ^^^ the four fixed points 

PiJ PSJ P69 P' 

The two latter statements of this theorem are consequences of the fact that 
Rin is a specialization of P. For the first see Theorem j ) , for the second. 
Theorem n). Of course, they may be proved directly by the methods employed 
in the proof of the theorems cited. There are twenty transformations 22^,^ 
determined in a manner similar to the above; ii^yj has singular points g^jt, g^^, 
g<y, with corresponding fundamental lines PjPki PhPn PiPj- ^Til bas singular 
points PxyPzj Pa with corresponding fundamental lines gj^, gjg, etc. The trans- 
formation has all p's, except p^, py, p^ as fixed points. 

We consider now the three points Rm<li (*=1> 2, 3). The point g< is the 
trace on 71123 of the tangent to r< at a^. Hence R^qi is the third point, i. e., the 
point not at p^ or p|. , in which r< meets Uysz • We call this point gj** ; there are 
three such points. Since r^ lies on the quartic surface C© (see p. 162), it follows 
that the points gj® lie on the section of Co by xtj^s ; this is a rational quartic 
with nodes at pi, p^ and pj, C^a say. Now Co contains the lines aoa^ hence, C128 
passes through the points p*, Ps* Pe— fixed points of R^^. Transforming C128 
by R^ and remembering that gj^ passes into g< we obtain the theorem : 

p) The six points gi, g2, gs, P4, Ps, Pe ^^^ six points of a conic^ the trans- 
form i2^Ci28* Similarly the six points g^ g^, gjt, p,, p^, p^ are six points of a 
conic, the transform RjilCi^^. 

The twelve points Pi, . . . ., Pe, gi> • • • ., g« are seen from Theorems h) and 
p) to lie by sixes on thirty-two conies. Theorem h) furnishing twelve,, and 
Theorem p) furnishing twenty. Observe that there are sixteen pairs of conies, 
any pair containing the whole set of twelve points. These facts will appear 
later in another light. 

After the preceding discussion of JRiss the transformations which we call 
Rif are easily disposed of. We consider the plane 7t^ on a^ a^j a. As before, 
we indicate the projections of a,., a on tCi^ by p<, p. Directions d determine on 
7ii2 sets of four points e of which three are at pi , pg , p ; the fourth is variable. 
Again we have a quadratic Cremona transformation, a special case of P, which 
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we call -8,2 • By an argument similar to that employed in the case of R^ss we 
have 

q) The quadratic Cremona transformation R^ has the singular points 
3i> Q29 3ia <^^d the fixed points psi Paj Psy Pe- R12 ^^^ singular points Pi, P2> P- 
• The points g,, q^j q^ pair respectively with p,, pg, p. 

§5. The Quintic Cremona Transformation R. 

It is for its usefulness in connection with the transformation which is the 
subject of this section that the division of the quadratic transformations of the 
previous section into two sets is adopted for the present ; of course all thirty- 
five are a symmetrical set determined by seven points. 

The 15-ic Cremona transformation T oi %1 has the singular point ao, and 
to ao corresponds the quartic surface Co ; this surface has a triple point at ao 
and double points at o^, . . . ., ^0 and, as we saw, is uniquely determined by 
these conditions. To directions about ao correspond univocally points of Co; 
to a direction d at a^ corresponds a definite line 6 on ao, the line joining ao to 
the correspondent rf on Co. Conversely, given the line e on a©, it meets C© at 
only one point not at ao since ao is a triple point of Co, and this point furnishes 
a unique correspondent d. We obtain thus a Cremona transformation (d^ e) 
in a cutting plane n which we denote by R. 

Quadrics Q are invariant under T. The directions along a quadric Q at ao 
must therefore pass by T into the curve of intersection of the quadric with Co. 
Let { be a line in a plane n and let Q^ be the unique quadric Q touching the 
plane ao2=a at ao. Since a touches Qi at ao and therefore defines there the 
same set of directions, it follows that to the directions aoa correspond points on 
the curve of intersection of Qi and Co, a curve of order 8 with triple point at ao 
and double points at ai, . . . ., a^. Projecting this octavic curve from a©, its 
triple point, we obtain in n the curve JBZ, a quintic curve with nodes at Pi, . . . . , pe ; 
R is, therefore, a quintic Cremona transformation and Pi, . . . . , Pe are the singular 
points of IJ-^ Since Qi touches a at ao the curve of intersection of Qi and C© 
touches a along three directions at ao, and these directions lie along the 
generators of To, the cubic cone tangent to C© at a©. Since J, the surface of 
invariant points of T, has at a© the tangent cone To (Th.d) ) d and e must coin- 
cide along these directions, and the transformation R inn has F, the trace of 
To on Ttj as a curve of fixed points. 

The curves r^ lie entirely on Co and to a point of such a curve corresponds 
by T the whole curve. To the direction d at a© along go.o ^^^ tangent to r^ at 
ao, corresponds the whole curve r,, and hence to the point g< in n corresponds 
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by R the projection of r< from ao, the conic on the five points Pj(j^i). The 

points Qi, P2j 9 Po are on a conic (Th. h)), Ui say. Five other conies are 

similarly defined. The points Qi thus fixed on F when the p's are given are 
singular points of R. The corresponding fundamental curves are of course 
the conies ti,-, but it is also especially to be noted that the conic ^i^ ... .9 95=^09 
say, passes through p^ (Th. h) ). It thus appears that the points p^ and g, are 
two symmetrical sets, although our determination of them is asymmetrical. 
That the two sets are symmetrical will be proved presently. Summarizing the 
above we have the theorem : 

r) The transformation R determined on a plane n hy the space figure is 
quintic. R has the singular points g^, . . . ., g^, and R"^ the singular points 
Ply . . . ., Ps. The twelve points p^ . . . ., p©, gi, . . . .^q^lie on a cubic curve V 
which is a curve of fixed points of 2J, and R has besides the fixed point p not 
on r (Th. e)). It has no other fixed points. The transformation R is the 
most general quintic Cremona transformation in the plane to within a collinea- 
tion on the q's. The conic u^on p^^ . . . ., Pe passes through q^ and the conic 
Vi on q^y . . . . , 36 po^sses through pi. There are two sets of six such conies which 
are fundamental curves corresponding to the singular points of R and R"^. 

Two statements in this theorem require proof. That R is general . to 

within a coUineation on the q'& follows from the fact that the set of points Pi is 

general. The statement that R has no fixed points other than those cited may 

be proved as follows: The general (1, 25) quintic correspondence in the plane 

may be given in the form 

py<=A(rr), (1) 

where fi are general homogeneous functions of the coordinates Xi of order 5, 
The fixed points of this correspondence are the roots of the matrix 

fly /2> fz 

thirty-one in number. If (1) is a Cremona transformation the three quintics 
fi have six common nodes, and the three sextics of the matrix (2) have the 
same nodes. The number of fixed points in the case of the general quintic 
Cremona transformation is, therefore, 31—6 -4 = 7. If (1) in addition has a 
cubic curve of fixed points F — passing necessarily through both sets of singular 
points — the curve F is a factor of the three determinants (2). The two cubics 

F ' F 

meet in the six singular points, the two points Xi=fi=0 (the three points of 



-0, (2) 
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iCi=/i=0 on r are to be excluded) and in one further point. There is, there- 
fore, only one fixed point of the transformation which does not lie on r. It is 
here especially to be emphasized that 

s) The transformation R is the most general quintic Cremona transforma- 
tion in the plane that has a cubic curve of fixed points. 

If (li are the elliptic parameters of Pi on the curve F, these parameters 
must be taken to be connected by the relation (Th. g) ) 

where g) is a half period of the elliptic functions on F. If v^ are the parameters 
of Qij we have, since g,. and the five points p^ (i=#=t) are on a conic, 

whence 

an involutory relation connecting fii and v^. Also 

and the symmetry of the relations between the p's and q's is put definitely in 
evidence, either set given on F determining the other uniquely and in the same 
way. 

The line PiP, meets F again in the point with parameter — {ui+(i^) and 
the line qiq^ passes through the same point Therefore, 

t) The lines PiP^ and q^q^ meet on the cubic curve F. 

It may easily be verified that the lines Piq^ and p^q^ meet on the cubic F, 
and that there are thus obtained fifteen points like 12, lying by threes on fifteen 
lines like 12 1 34 1 56, this being the line through the three points 12, 34, and 56. 
The configuration thus obtained is the section by n of the fifteen lines and 
fifteen tritangent planes of a cubic surface left when a double six is omitted. 
The transforms of these lines by R bear especially interesting relations to the 
lines themselves.* 

§ 6. Analytical Form of the Transform of a Curve by R. 

It is possible, and in a unique way, to build up from the quadrics Q a sur- 
face of order 2 n having the points a as w-f old points when the tangent cone 
at one of these points is given arbitrarily. Let the a chosen be ao and choose 
a© as the vertex a^=a?2=rr8=0 of the tetrahedron of reference, the opposite 
plane being chosen as the plane n of former sections. Let (arr)"=0 be a given 
cone at a^, — this cone is of course uniquely detennined by the curve (aaj)"=0 
in 71, (aa?)" = not involving x^. Let QuQzjQs be the three quadrics Q 



* See Morley, Johns Hopkins Ciroulws, February, 1912, p. 89. 
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touching the three reference planes at ao . These quadrics are linearly inde- 
pendent. Then 

{aQy = (1) 

is the surface above cited having the tangent cone {axy = at ao. For, the 
Q's are of the form 

Qi = X2X^ — k2, > (2) 

where A:, are quadratic functions of %, tCg, iCg. Substituting (2) in (1), we 
find that the coeflBcient of rrj, the highest power of x^ occurring, is (arr)", and 
hence, (1) is the surface built on the Q's of order 2w and with w-fold point at a© 
and the tangent cone (arr)" = 0. 

The ft's in (2) are significant as being the intersections of the quadrics Qi 
with n{x^=0). Since Qi touches the plane x^ at Qq (i=l, 2, 3) we have 

PXi = ki, (3) 

where P is the quadratic (1, 4) correspondence of § 3. 

The surface (aO'* = may be defined geometrically in such a way as to 
bring out more clearly the matters with which we are dealing. Let, in the first 
place, a curve (aic)" = be given in tc, and let it be regarded as defining a set 
of directions at Oq . The curves E with these directions lie on a surface whose 
intersection with 7t is P(aa;)% a curve of order 2n. This surface must coincide 
with (aO" = 0. Incidentally, 

u) Every locus of curves E is of the form (aQ)'* = 0, andy conversely j 
every surface of this form is a locus of curves E. 

This might also have been inferred from the facts that, 1) a curve E meets 
{aQy=0 in 8n points; 2) that these 8n intersections are accounted for at the 
points a; 3) that the sum of the elliptic parameters on any curve E at the 
points a is a period; 4) that, therefore, if a curve E meets (aQ)* = at a 
point not an a, it lies entirely on the surface. 

The in variance under T of the surface (aQ)" = follows from the fact 
that it is a locus of curves £?, and of course this is also obvious from its form. 
In order to determine the transform by R of (aa;)*=0 we have only to project 
from Gq the curve of intersection of (aQ)* = with Co, where the Q'q are of 
the form (2). We have from (2) 

{oLQy^[{ax)x,-{ak)r=0, (4) 

or, taking account of (3), and writing 

0LiPx^+a2PXi+a^PXi = {aPx) = P(ax), (oLQy = [{aLx)x,—P{aLx)]\ (5) 
22 
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Now, Co is of the form 

C^^Tx, + C = Q, (6) 

where (7=0 is the quartic curve of intersection of Co with n {x^=Q)'y then the 
projection of the curve of intersection of Cq and (aQ)" = 0, or the transform 
R{aLxY is obtained by eliminating a;4 from (5) and (6). Substituting in (5) 
the value of x^ from (6), we obtain 

l?(aa?)»=(aa;)»C'»+(;)(arr)"-^P(aa;)C»-^r+(;)(arr)«-*P(aaj)^C'»-*r 

+ ....+P(arr)*r=0.* (7) 
We state this in the theorem 

v) Given the transformations R^ R"^ having the singular points g,-, p^ t^^ 
curve of fixed points T and the fixed point p, and choosing any one of the oo« 
(1,4) quadratic correspondences^ say P, with the fixed points PiP, the trans- 
form i?(a2;)", where (arr)'*=0 is any curve in the plane^ is expressible in terms 
of the cubic F, a quartic C determined uniquely by P, and the set of covariants 
of (ouc)** and P which are of the form 

(aa?)"-*P(arc)« = 0, (JB = 0, 1, . . . ., w). (8) 

These curves are loci of points x which lie on the correspondent by P of their 
(n — R)'th polars as to (aa;)"=0. 

The last statement is easily proved. Fixing Xj the (n — B)-th polar of x 
to (aa;)'*=0 is (our)*~'^(ai/)'^=0, where y is variable; its transform by P is 
{aLxy~^ P{ay)'^ = 0, and the condition that x should lie on this curve is 
(aa?)'»-^P(arc)« = 0. 

Applying (7) to the cubic r^{yxy which we know to be invariant under 
JB, and remembering that if a curve passes through a singular point g^ of ii, 
the conic t/, factors from its transform, we obtain 

Rr^u,u^....uer = rc^+3{yxyp{yx)rc^+3{yx)P{yxyrc^+pr'r'y 

whence the interesting identity 

tii....We = C«+3(ya?)^P(ya;)C^+3(yrr)P(ya;)*Cr + Pr-r. (8') 

The curve PF is a sextic passing through the points p^ , since p^ are fixed 
points of P. The curve u^ meets C=0, a quartic touching F at the points Pi, 
at three points not on F, Ui=0 passing through the five points p^ (j^i) of F. 
The identity (8') tells us that the eighteen points thus obtained from Ui are the 
24 — 6 = 18 intersections of PF and C which are not on F. This may be seen 
in another way, which incidentally serves to identify these six triads of points. 
The transform of g^ by P is obtained from the direction d which go.t determines 
at a© 9 the corresponding curve E being r^ taken with the line aia. This meets 

* No attempt is here made to fix the possible constant multipliers of the forms occurring in this 
formula. This would become necessary if several choices of P were made and exact results were required 
from combination of the resulting expressions. It is sufficient for our present purpose that the formula 
(7) gives a system of curves from which R (ax) ^ may be linearly built. 
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7t in a point of the configuration of theorem m') and in the three points in 
which r< meets n. Since r^ lies on Cq and is projected from Gq into Ui , the 
inferences from the identity are obvious. The curve C is of course determined 
by these conditions. 

As a special case of theorem v) we have 

v') The transform of a line I of n by R is of the form 

Rl^Cl + VPl, (9) 

where P is any one of the oo* (1,4) correspondences having p^^ p as fixed points. 

We infer from (9) that, 1) Rl meets F at points of C, — C touches T at p, 
and Rl has nodes there; 2) Rl meets I at its three points of intersection with V 
and its two points of intersection with PZ, — ^.the former is obvious from the fact 
that points of V are fixed under Z2, the latter furnishes additional information ; 
*i) Rl meets C at its eight intersections with PL We have here the new facts: 

w) The transform Rl meets I in five points j three of which are on T and 
are fixed points of R; the other two are the intersections of I with its transform 
by P. These two points are the pair of the Geiser involution determined by 
the points Pi, p which lie on I (Th. n)). It meets PI in these two points and 
in its intersections with (7, the quartic curve associated with P. 

Since the quadratic transformation Ri^i^ and Ri^ are special cases of the 
correspondence P, we have 

x) The transform Rl may be written in twenty ways in the form 

(^ijk i + riJi^jfc z = 0, . 

and in fifteen ways in the form 

C,^ I + TR^i I = 0. 

Theorems v') and x) lead to an endless variety of algebraic identities, one of 
which we use in the next section. 

§ 7. The Points q^^ and the Quadratic Transformations S. 

The transformation R sends points on the line g^^y into points on the line 
PiPfy and a correspondence is thus determined between the points of the two 
lines which is necessarily projective since it is univocal. The lines PiP^ and 
g^g^ meet in a point of P (Th. t) ), a fiixed point of ii, and hence their intersec- 
tion is self -corresponding. The ranges determined on p,p,. and q^q^ by R are, 
therefore, in perspective position. It will presently be seen that the point g^, 
is the center of perspective, this theorem showing exactly how the points go^ 
may be determined directly by R without using the quadratic transformations 

The transform Rl may be written in the form (Th. x) ) 
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where Ciss is the rational quartic cut from Cq by the plane on ai, aj, 03 (or its 
projection) ; C128 touches F at p^j p^j p^ and has nodes at Pu p2j Ps, and is 
thereby uniquely determined : I is any line of the plane and RiyJ^ its transform 
by the quadratic transformation of §4. R^ has singular points q^j gan 3i2 
and iJilJ singular points Pi, p^, Ps. Take I now as the line gi23i3. We have 



^9i29i3=Ci2s • 9i2Si8+r • Pi JP2 • Pi Pa , (1) 

since q^^z contains the two singular points q^^ qizj and hence 

I^mQuQiB—PiPi ' Pi Pa. ( 2 ) 

We see from the identity (1) that Rq^s meets piPg at its intersection with 
PiTPis? ^^^ ^^^^ point must be the transform by R of the point in which q^q^ 
meets gig^. We have then that the line q^qiz through g^ marks on p[p2 and 
QiQi correspondents by R. Similarly, it may be proved that g^igii, giigii, gi^ 
mark on these lines correspondents by B, and hence gig is the center of perspec- 
tive of these ranges. We state this in the theorem 

y) The fifteen points g,^. are symmetrically related to the two sets of seven 
points Pi, . . . ., P6J P> 9i» . . . .> qey P> either set determining them in the same 
way. The point g.y is the center of perspective of the correspondence deter- 
mined between the lines p^ and q^j by the quintic Cremona transformation R 
which is itself determined by either set of seven points. 

From the symmetry of the relations of the points g,^ to the two sets of 
seven points p„ p, g,, p, we have 

z) There exist twenty quadratic Cremona transformations /S128, etc.\ 8^^ 
has singular points q^^ gsi, g^; 8^^ has singular points gi, gg, gs^ ^wrf S'la has 
fixed points g4, gs, ge? p. There exist fifteen quadratic Cremona transforma- 
tions S12, etc.; 812 has the singular points g^g, Pi, P2, «^^ ^i^, the singular 
points Pi, gi, gg. The transformation 812 has the fixed points gs, g4, gs, go. 

In the part of this paper which is to follow the correspondences here 
treated will be discussed in connection with their relation to the nodes of a 
quartic of lines. The lines of the quartic referred to are marked on n by 
planes tangent at ao to nodal quadrics Q. This curve has the twenty-eight 
points Pi J p, go g.y as nodes. This known fact we shall prove by means of the 
transformations whose theory we have developed. The existence of a vast 
number of other transformations follows by symmetry, and these transforma- 
tions have what seems to the author an interesting bearing on certain configura- 
tions of points and lines associated with the nodes, apart from the fact that 
they seem to add geometrical interest to their abstract grouping. 

Daltimobe, January, 1916. 



Infinite Groups Generated by Conformal Transformations 
of Period Two {Involutions and Symmetries)* 

By Edwabd Kasneb. 



Our main problem is to find all conformal transformations of period 2 
and the infinite group generated by such transformations. The result is quite 
simple and is given in Theorem IV below. 

We shall consider only those conformal transformations of the plane which 
convert the origin into itself and are regular at the origin. Such regular trans- 
formations are expressed by power series of the two forms 

Z = (iz+^s?+Yis?+ , a:#=0, (1) 

Z = a%+i8'4+/^+. . . .,. a':#:0, (2) 

where z=x+iyj Zq=x — iy and the coefficients are arbitrary complex members.! 
The direct (or proper) conformal transformations (1) form a continuous infinite 
group G] if we add the reverse (or improper) conformal transformations (2)^ 
we have a mixed group G\ 

It is easy to determine all regular transformations of period 2. In the 
direct type Z=f{z) the functional equation is f{f{z))^z^ that is, /*=! ; in the 
reverse typeZ=f{zQ) the functional equation is f{fo{z) ) ^Zj that is, //o=l, where 
/o denotes the series whose coefficients are the conjugates of the coefficients of 
series /. We shall call a transformation the former type {excluding the iden- 
tical transformation) a conformal involution^ and one of the latter type a con- 
formal symmetry. 

It can be shown without difficulty (by undetermined coefficients and other- 
wise) that every involution can be reduced conformally to the simple form 
Z = — z (symmetry with respect to the origin) ; and that every symmetry can 
be reduced to Z=Zo (symmetry with respect to the axis of reals). Conformal 
symmetry is thus the same as Schwarzian reflexion in an analytic curve. 

* Presented to the American Mathematical Society, September, 1914 and December, 1915. 
t All the work of the present paper is formal ; we shall not take into account the convergence of 
the series. Hence, we are discussing groups of formal power series. 



178 Kasneb: Infinite Groups Generated by Conformal 

Theobem I. I'he only transformations of period 2 in the general conformal 
group G' are conformal involutions and conformal symmetries. These are re- 
ducible to the normal forms Z = — 2, Z=Zoy respectively. 

The set of all involutions, likewise the set of all symmetries, is in number 
00*. Roughly speaking, the functional equations allow half of the coefficients 
in the series (1) and (2) to be arbitrary. Neither set by itself, nor the two 
together, constitute a group. 

The question then arises, what types of transformation are obtained by 
combining any number of involutions or symmetries. The results are given 
in the following theorems : 

Theorem II. The only transformations which can be obtained as products 
of conformal involutions are of the two types 

Z=z+pz^+yis^+ . . . ., y-/3*=0, (3) 

Z = — e+|3'««+/e«+...., . y'+/8'*=0. (4) 

These form a mixed group which we denote by G,'„^. (the group generated by 
involutions) . 

Any one of these transformations can be factored into involutions in an 
infinitude of ways, of which at least one will contain four or fewer factors. 
When the number of factors is even we have the type (3), forming a continuous 
subgroup Gin^. 

Theorem III. The only transformations which can be obtained as products 
of conformal symmetries are of the two types 

Z = oLZ+^z^+yi^+ , |a| =1, (5) 

Z = a'«o+i8'2S+/^+...M I a' 1=1. (6) 

These form a mixed group which we denote by Ggy^. (^^^ group generated by 
symmetries). 

Any one of these transformations (5), (6) can be factored into symme- 
tries in an infinitude of ways, of which at least one will contain four or fewer 
factors. In the direct type (5) the number of factors is, of course, always 
even. This type forms a continuous subgroup G,^^. . 

It will be observed that (3) and (4) are both included as special cases in 
(5). It follows that every product of any number of involutions can be fac-, 
tored into a product of symmetries. In particular, every involution can be 
factored into symmetries. The converse is obviously not true; for in a sym- 
metry (or product of symmetries) the leading coefiicient may be any complex 
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number whose absolute value is unity, while in the involution case we are 
restricted to the two values ±: 1. 

Every product of symmetries and involutions in any order can be written 
as a product of symmetries. This gives our 

Fundamental Theorem IV. The group generated by all conformal trans- 
formations of period 2 is identical with (?iy^. . It is represented by (5) and 
(6), that is, it consists of all regular transformations for which the modulus 
of the leading coefficient is unity. 

Discussion of Products of Involutions. 

The chief question here is to find the form of those transformations which 
can be obtained as the product of two involutions. Given a function f{z) 
we inquire whether it is possible to find two functions ^{z)j '4^{z) such that, 
symbolically, 

/==i/.<^, ^^=1, ^^=1. (7) 

The direct treatment by the method of undetermined coefficients is somewhat 
long and involved. We may simplify the discussion by noticing that every 
involution Z=^{z), ^^=1 can be written in the implicit form 

Z+z=a{z—Zy+b{z—Zy+c{z—Zy+ . . . ., (8) 

where all the coefficients are entirely arbitrary. (In the explicit form (1) 
half of the coefficients are arbitrary and the others are determined.) The 
product of two involutions will necessarily have its leading coefficient unity. 
Our question is to find when the equation 

Z=z+c^s?+c^^'\' (9) 

can result from the elimination of the variable w from the two equations 

Z'\'W=a(z — wY+b{z — wY-\- . . . ., 

w+z=^A {w—zy+B{w—zy+ , 

defining two arbitrary involutions. 

It is convenient to write c^=2*e^ and to introduce 

t=z—w. (9") 

Eliminating s, w, Z from the four equations (9), (9'), (9"), we find the follow- 
ing equation in the single variable t, 

—t+P+e^P^+esP^+.... 

=A\t + e2P^+eiP^+ \^+B\t+. ..•!*+...., (10) 



(9') 



where 



P^i-\-at'^+bt*+ct*+ 
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Arranging (10) in powers of t and equating corresponding coeflScients, we 
obtain the infinite sequence of equations which must be discussed. 
The first two of these equations are 

a+e2=Aj 2ae2 + es = 2Ae2. 

This gives a necessary relation eg — 2el=0, that is, Cg — cl=0. We shall not 
write down the higher equations of the sequence (corresponding to i*, <S etc.), 
but merely state that, if we assume C2=#=0, there are no further relations 
between the coefficients of (9). Therefore, 

Theorem V. Every transformation of the form 

Z=z+CiZ^ + Csis?^+ , Cz^^O, Cg— (^=0 (11) 

can be factored into two involutions. This can always be done in oo* tvays. 

Assume next ^2=0. The first two equations of the sequence give a=Aj 
C8=0. The equations corresponding to t*, f^ and f now take such a form that 
we can eliminate a, b and Ay B, obtaining a necessary relation 

^c\—(i+2c,c,c,—clc^=0. (12') 

No additional relations exist if we assume c^ ^ 0. Hence, transformations of 

the form 

Z=z+c^z*+c^+ , C4 :#= 0, (12) 

where (12') holds, can be factored into two involutions. 

A new type arises when C4=0, and so on. The final result is 

Theorem VI. All regular conformal transformations which can be obtained 
as the product of two involutions are of the form 

Z=z + c,,Z^'^ + C,,^,z''^'^'+ . . . ., 02,:#:0, (13) 

where x=l, 2, 3, . . . ., and a single rational relation 

holds between the coefficients. 

The form of this relation, as well as the numbef of coefficients involved, 
changes with the integer x, but in all cases c^^_i can be expressed as a rational 
function of the previous coefficients. 

For each value of the integer x we have a certain set of transformations 
which can be factored into two involutions. Thus, for x=l, we have the set 
(11); and for x=2, we have the set defined by (12) and (12'). No one of 
these sets has the group property. The same is true of the totality of all 
the sets. 
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All the transformations in question are, however, included in the larger 
class, 

Z=z+CiZ^+c^+ , Cj— c|=0, (14) 

which does constitute a group, as may be verified immediately. 

A simple example of a transformation of the group (14), which is not of 
the form specified in Theorem VI, and hence cannot be factored into two invo- 
lutions, is Z=z+i^. We shall now show, however, that every transformation 
of the group (14) can surely he factored into four {or fewer) involutions. 

If, in (14), C2 does not vanish, we already know (Theorem V) that two 
involutions are sufficient. Consider, therefore, any transformation, T, of our 
group (14) for which c^ does vanish. Of course, then, ^8=0 on account of the 
relation Cg — cl=0. We can factor T into two transformations, T' and T", both 
of the form (14), and such that the coefiicients Cj and c^ do not vanish. This 
is seen from the fact that the product T'T" is of the form 

and, hence, the coefficient of s^ can be made to vanish without taking either Cg or 
C2 equal to zero. We already know that T' and T" can each be factored into 
two involutions. Hence, T can be factored into four involutions. 

The type (14) is what we have written as (3) in Theorem IL To com- 
plete the proof of this theorem, we merely multiply (11) by a general involu- 
tion and find the type (4). The latter type can, therefore, surely be factored 
into three (or fewer) involutions. 

Discussion of Products of Symmetries. 

A conformal symmetry we have defined as a reverse conformal transfor- 
mation, Z=/(2o), whose square is the identical transformation; that is, such 
that f{fo{z) ) =«. The conditions that 

Z=(xZo+fizl+y2^o+ .... (15) 

shall be a symmetry are therefore that the coefficients of the conjugate series 

Zo=a^+^^+yo^+ .... (15') 

shall be the same as the coefficients of the series obtained by reverting the 
original series (15). Therefore, 

OL (X, (X, 

The first of the conditions gives |aj =1. 
23 
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We now examine the conditions that a direct transformation (1) shall be 
expressible as the product of two symmetries. An obviously necessary condi- 
tion is |a| =1. The question is whether transformations of the form 

Z=az+p2?+yi^+ , ia| =1, (16) 

can be factored into symmetries. 

Since we have two arbitrary symmetries at our disposal, each involving an 
infinitude of arbitrary constants, we might, at first sight, expect that the coeffi- 
cients |3, y, . . . . in (16) are entirely arbitrary. But the detailed examination, 
by the method of undetermined coefficients, shows that this is so only " in gen- 
eral," namely, if we assume that the amplitude 6 of the leading coefficient a is 
irrational ; that is, $/n is an irrational number. This distinction between the 
irrational and the rational cases is analogous to that arising in the writer's 
treatment of another problem of conformal geometry, namely, the invariants of 
curvilinear (analytic) angles.* 

For the irrational case we have this simple result : 

Theorem VII. Transformations of the form 

Z=(iz+^is^+y;^+ . . . ., (17) 

where the modulus of a is unity j and the amplitude of a is irrational (so that a 
is not a root of unity) ^ are always factorable (formally) into two symmetries. 

In the rational case such a factoring is not always possible. This may be 
verified most easily by taking the case a = 1 ; that is, 

Z=z+^2^+ys?+ (18) 

We find, by the method of undetermined coefficients, that there is now a neces- 
sary condition on the higher coefficients, namely, 

\r\-\(i\'=o. (18') 

If this relation does not hold, factoring into two symmetries is impossible. If 
it does hold, and if ^^0^ the factoring is possible. Higher relations arise when 
/3=0, etc. Analogous results are obtained when a is a root of unity. 

Transformations (17), for which a is a root of unity {rational case), are 
not factorable into two symmetries unless the higher coefficients are subjected 
to certain restrictions. The form of these higher relations and the number of 
coefficients involved is different for different rational angles 6. 



* Sec " Conformal Geometry/' Proceedings of the Fifth Interfiational Congress of Mathematicians, 
Cambridge (1912), Vol. II, pp. 81-^7. Also G. A. Pfeiffer, Ambbican Joubxal of Mathematics, Vol. 
XXXVII. 
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It will not be necessary, however, to employ these higher relations in order 
to solve our group problem. Transformations factorable into two symmetries 
do not, by themselves, constitute a group. The larger class defined by | a | = 1 
do constitute a group, and we shall show that every one of its transformations 
can be factored into four (or fewer) symmetries. 

In the irrational case we already know that two are sufficient. If, now, 6 
is rational, we may break it up into two parts, 6' and d", both of which are 
irrational. (This, of course, can be done in an infinitude of ways.) Hence, 
the given transformation T, 

can be decomposed into two transformations, T', T", 

Z=a'z+I3'z^+ , a' =e'^ 

Z=a''z+^"z^+ . . . ., a"=e*^', 

such that T' and T" both come under the irrational type. (This can be done 
in Qo* ways, since /3', y', . . . . can be taken arbitrarily, |3", y", . . . . being then 
determined.) Since, by Theorem VIE, we can factor T' and T" each into two 
symmetries, it follows that T can be factored into four symmetries. 

It follows also th^t all products with an even number of symmetries as 
factors make up the continuous group of direct transformations (5). To com- 
plete the proof of Theorem III, stated earlier, we need merely observe the re- 
verse type (6) is obtained from (5) by multiplying with the simple symmetry 
Z=Zo. This shows that (6) can be factored into five (or fewer) symmetries. 
By a simple device we can, however, always reduce the number of factors to 
three. 

If, in the general regular transformation (1) or (2), the leading coefficient 
a or a' has an absolute value different from unity, then factoring into symme- 
tries or any regular transformations of period 2 will, of course, be impossible. 
We can, however, reduce the modulus (which expresses the stretching ratio at 
the origin) to unity by means of a homothetic transformation 

Z = mZy 

where m is real. This gives the following interesting result : 

Any regular conformal transformation of the plane {converting the origin 
into itself) can he decomposed into a homothetic transformation together with 
a finite number {not exceeding four) of conformal symmetries. 
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That is, it is possible to find four or fewer regular analytic ares through 
the origin (analytic elements), such that successive Schwarzian reflexion in 
these ares, followed by a stretch, is identical with the arbitrary transformation 
(1) or (2). 

nomothetic transformations combined with involutions generate a con- 
tinuous subgroup defined by (1) with the single relation /S* — ay=0. 

We point out, in conclusion, that our results are valid in the complex (four- 
dimensional) plane, as well as in the usual real or Gaussian (two-dimensional) 
plane/ 

C<rLi;MinA Vsivntnrr, Kkw Yoek. 



* Hee Trans. Amer. Math. Hoe., Vol. XVI (1915), pp. 333-349, for the distinction between real mnd 
eom plev conforin«l geometry. 



On the Solutions of Linear Homogeneous Difference 

Equations.* 

Bt B. D. Cabmichael. 



Introduction. 

Let us consider the linear homogeneous difference equation of order n, 

F{x+n) +at{x)F{x+n—l) +at{x)F{x+n—2) + +a^{x)F{x) =0, (1) 

in which the coe£Scients are analytic at infinity or have poles there. By means 
of a transformation of the form 

F(x)=x^f{x), 

we arrive at the new equation, 

/(a:+n) +a^{x)f{x+n-l) +a^ix)f{x+n-2) + .... +a,{x)f(x) =0, (2) 

where 

It is obvious that integers (i exist such that each of the functions aj,{x) is an- 
alytic at infinity. For the value of (i we choose the least integer such that the 
functions ai^{x) are all analytic at infinity.f Let us write 

a,{x) = a^+ -^ + -^ + . . . ., i=l, 2, . . . ., w, \x\>R. (3) 

We shall confine our attention to the case in which the constants Oioj a^j 
. . . . , a^o are such that the characteristic algebraic equation t 

a"H-aioa"~^+a2oa'*"*+ +a^=Oj (4) 

has its roots ai , 02 ,...., a^ , different from each other and from zero. In this 

* Read before the American Mathematical Society at Chicago, December 29, 1914. 

fit is easy to see that x-ttttQuiop) is analytic at infinity for every value of k from 1 ton and that 
/i is the least integer for which this is true. We shall say that the value of dP-^^dj^C^) at infinity is df. 
Comparing with equation (3) we see that aM>=0~'^*dto • 

t It will be said that this is the characteristic algebraic equation aaaooiated either with (2) or 
with (1). 
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case, as is well-known, equation (2) has n formal power series solutions of the 
form* 

/,(a;) =a?a;-*(l+ ^ + ^ + • • ' •)' '^^' 2, . . . ., n. (5) 

These are in general divergent. 

In this paper I shall show ho\^ the formal solutions (5) afford a means by 
which equation (2) may be separated into two members so that the method of 
successive approximations, when applied in its usual form, will lead to an actual 
solution of (2) and by aid of this single solution shall develop means by which 
the most important fundamental systems of solutions of (2), and hence of (1), 
are found. 

This paper contains no new results, so that its novelty lies entirely in the 
new methods employed. The theorems demonstrated are essentially equivalent 
to those obtained by Birkhoff in the Transactions of the American Mathemat- 
ical Society J Vol. XII (1911), pp. 242-284, and hence are more complete than 
the similar ones previously demonstrated by me and published in the volume 
just referred to, pp. 99-134. The method of the present paper is more closely 
related to that of my previous paper than to that of Birkhoff's later memoir. 
It shares with both of them the desirable property of being a direct means for 
attaining the end in view ; but it is essentially different from either of them and 
in several respects is to be preferred to them. I have found it convenient to 
use the Birkhoff modification of the integral earlier employed by me, since this 
modified integral serves the purpose of securing a rather simpler fundamental 
system of solutions, especially as regards the asymptotic character of the func- 
tions in the solution. 

For other methods of dealing with the problem of difference equations see 
Norlund, Acta Mathematical Vol. XL, pp. 191-249, and the papers to which he 
refers. 

§1. Formal Solutions by Successive Approximation. 
Let us denote by li{x) the functions 

l,{x) =afaj^'(l+ ^- + ^- + . . . . + ^-), i = l, 2, . . . ., n. 
Form the equation 



* The value of the constants m< > <^<i » ^i2 » • • • • may be determined by substituting the value of /« (a?) 
from (5) into (2) and directly reckoning out the constants so that the resulting equation shall be a formal 
identity in oo. 



J 
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gi{x+n) 


gi{x+n 1).. 


..gi{x) 


li{x+n) 


l^{x+n — 1) . . 


.. l^{x) 


li{x+n) 


Izix+n — 1) . . 


. . h{x) 



i,(a;+w) l^(x+n—l) l^ix) 



=0. 



(6) 



This is obviously a linear homogeneous diflference equation of order n at most ; 
and it is of order 7i if the minors of gi{x+n) and gi{x) are neither identically 
zero. These minors are D{x) and D{x+1) respectively, where 



D{x) = 



li{x+n—l) li{x+n—2) . . . .li{x) 
Izix + n — 1) l2{x+n—2) . . . .kix) 



l^{x + n—l) l„{x + n—2) l^{x) 



(7) 



Divide the first row of this determinant by oliX^', the second row by afa;%. . . ., 
the last by aja;^". Each element of the resulting determinant is analytic at 

infinity; and hence the function D{x) represented by this resulting determinant 
is analytic at infinity. It is easy to see that the value of D{x) at infinity is 



D{oo) = 



ar' 


Oil . . . . Oti 


^2 


^2 . . . . ^2 


<-' 


ttn . . . . a„ 



or 



Z)(x) = n(a,— a,), r<s. 



r,9 



Since the numbers ai , aj ,...., ot^ are all different by hypothesis, we see that 
D{x) is not identically zero; in fact, it is different from zero at infinity. 
Hence, D{x) is not identically zero: and therefore equation (6) is of order w. 
In the determinant in equation (6) divide the second row by ajx^, the 
third row by a^x'^y . . . . , the last row by aj-r^, and expand the resulting deter- 
minant in terms of the elements of the first row. The coefficients of the quan- 
tities gi{x+n)j gi(x+n—l)y . . . ., gi{x) are obviously all analytic at infinity, 
that of gi{x+n)j namely, D{x)y being different from zero at infinity. Hence 
we have from (6) an equation of the form 

gi{x+n) +Ki^)gi{x+n—l) +M^)gi{oo+n—2) + . . . . +?i^{x)gi{x) =0, (8) 

in which ^i(a;), ^(a;), . . . ., ?.„(a;) are analytic at infinity. This equation has 
the solutions li{x)j kix)^ ....,Z„(a;), as we see readily from equation (6). 
Moreover, these form a fundamental system of solutions, since D{x) is not 
identically zero. 
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By means of the fact that equation (8) has the solution ii(a;), li{x)j . . . ., 
ln{oiy) and the relation which exists between ^^(a;), i=l, 2, . . . ., w, and the for- 
mal solution (5) of equation (2), it may be shown by direct computation that 



a, 



^t, m+l I ^».ii»+2 



that is, that the expansion of \{x) in a descending power series in rr coincides 
with that of ai(x) as far as the term in l/x'^'^\ 
Now, write equation (2) in the form 



2 :^.j,{x)f{x+n—k) = l^k{^)f{x+n—k)y 



M^)=^' 



Then the function ^^(a;) may be expanded as follows: 






X' 



X' 



K — J., «^, ■•••, n* 



Form the system of equations 



n 

^^k{<^)9i{x+n—k) 



=0, 



'2.%{x)gr{x+n-k), 



^%j,{x)gi{x+n—k) 






(9) 



(10) 



(11) 



By means of these, used as equations for successive approximation, we shall 
be able to obtain formal solutions of equation (9) or (2). 

The first equation in (11) is homogeneous and has the fundamental system 
of solutions li{x)j kix), . . . ., Inix)^ as we saw above. The remaining equa- 
tions in (11) are of the form 



2 ^k{^)g{x+n — k) z=yi{x). 

k=0 



(12) 



We shall next find two formal solutions of this typical equation. Our method 
is the classic one of variation of parameters. We assume a solution of the form 



g{x) = 2tk{x)h{x), 



(13) 



and determine the functions ti{x)y tiix), . . . .y t^{x) in a convenient way so 
that they shall formally satisfy equation (12). Thus we may write 
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gix+l)=-St,ix)l,{x+l), if ^At,ix)h{x + 1)=0; 
g{x+2) = 2 h{x)h{x+2), if i Atj,{x)hix+2) =0 ; 



g{x+n—l) = 2 ifc(ir)Z4(ir+n— 1), if 2 Atf,{x)lj,{x+n—l) =0 ; 

11 n 

5f(a;+w) = 2 ti,{x)lt{x+n) + 2 Af4(rc)/fc(ir+w). 

So far we have imposed n — 1 conditions on the n functions ti{x)y <2(^)> . . . ., 
tj,{x). We obtain an w-th condition, namely, 

n 

^ Atj,{x)lf,{x+n)=7iix), 

k=l 

by substituting the preceding values of g{x)y g{x+l)j ... .^ g{x+n) in equa- 
tion (12), remembering that li{x)jl2{x)f . . . .jl^{x) satisfy the equation obtained 
from (12) by replacing rj{x) by zero. 

The n equations of condition now placed upon the functions t{x) may 
readily be solved by determinants for the quantities A<t(a;), k=l, 2, . . . ., w. 
Thus we have 



At,{x) = {-iy^'yi(x)Mj,{x+l)/M{x+l), A; = l, 2,....,n, (14) 



where 



M{x) = 



li(x) h{x) 

li{x+l) h{x+l) 



in(^+l) 



li{x+n — l)l2{x+n — 1) .... l^{x + n — 1) 

and Mi.{x) is the minor of the element li.{x+n — 1) in M{x). 
Now, the function 

M (x) /li{x)l2{x) l^{x) 

is analytic at infinity and is different from zero at that point, as one may see 
readily by considering its value in the form of a determinant obtained from 
that for M{x) by dividing the columns in order by li{x)y liix) y . . . . j l^{x) ; 
for each element of the resulting determinant is analytic at infinity and the 
determinant has at infinity the same value as the determinant D{x) consid- 
ered above. Likewise it may be shown that the function 

Mj,{x)/l^{x) lk-i{x)lk+i(x) hi^) 

is analytic at infinity and is different from zero at that point. Hence, we may 

write 

{-iy^'M,{x)/M{x)=A,{x)/h{x), 

24 
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where Aj^{x) is analytic at infinity and is different from zero at that point. 
Hence, we have from (14) 

Atf,{x) =yi{x)At{x+l)/lf,{x+l), k = l, 2, , n. (15) 

Equations (15) have the following two formal solutions: 



00 



tj,{x)= — ^yi{x + i)A„{x+i + l)/lj,{x+i + l), fc = l, 2, , w; 

00 

tj,{x) = Xyi(x—i)Ai,{x—i + l)/lf,{x — i+1), A; = l, 2, . . . ., w. 

Substituting these values in (13), we have the following two particular 
formal solutions of equation (12) : 

g^{x)=-l; iyi{x+i)A,{x+i+l)h{x)/h{x+i+l); (16) 

g-ix) = i; in{x-i)A,{x-i+l)h{x)/l,{x-i+l). (17) 

<=1 fc=l 

These formal solutions will be denoted by 

^,(>7) and r,(>7), 
respectively. 

Let Pi{x)y Piix)^ . . . ., Pn(^) be n arbitrary periodic functions of x of 
period 1. Then for the formal solutions of the successive equations in (11) 
we may conveniently select either of the following sets : 

n 

9t{x)= ^pt(,x)h{x), 

9t{x)=lp^{x)h{x)+S^ i^^^{x)l.p^{x)h{x+n-i^)\, 

gt(,x)=ip,{x)h{x)+S,\ i^^(x)ip^{x)h(x-^n-H)\ 

> 

n 

g:[{x) = :Lpt{x)lt{x), 

g^ix) = i p,ix)h{x) +rj i %{x) i puix)h{x+n-ir) j, 

i7,-(a;) = i p,{x)h{x) +T,\ i *^(a;) 2 pA^)h{<^+n-i,) \ 

+T,[i%ix)T,^,_J X%{x)Xp,ix)h{x+n-H)\], 
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We are thus led to the following two forma] expansions : 
r{x) = 2 Pu{<^)h{x) +S. j i ^f^{x) i p,{x)h{x+n-i,) \ 

+S.r2'PJrr)S'.^._^] ^^^{x)ip,{x)h{x+n-i,)U + . . . ., (18) 

+r,[i'PJa;)r,^.._j2tpaa;)2pt(a;)/»(a;+n-i,)iJ + (19) 

It is easy to verify that these functions aflford formal solutions of equation 
(9). It is su£Scient to this purpose to make a direct substitution of the expan- 
sions into the equation, reducing the result by means of the relations 

Each of these solutions is in general illusory on account of the divergence 
of certain series contained in the terms of the expansions. Let a^ and a, be 
any two a's such that |a^|>|a,|. Put p<(a;)=0, i=^r; p^(x)=l. Then the 
second term in the series in (18) takes the form 



00 



aSJ S'P<.(a;)Z,(a;+n-ti)j=-2 2 'PJx+t)^(x+t+l) 

lr{X'^n'^i—i^)lj,{x)/lj,{x+i+l). 

It is easy to see that the series in the second member of this equation is not in 
general convergent. A similar discussion may be made of the second teim in 
the series in (21) ; it turns out that the series denoted by this term is not in 
general convergent. 

§ 2. Two Actual Solutions. 

From the last result of the preceding section we see that the series in (18) 
and (19) do not in general represent actual solutions of equation (9). We 
shall now show that an appropriate choice of the periodic functions Pi{x), 
P2(^)>- . • •> Pni^) ^yi l^ftd to actual solutions of this equation. 

First, we shall consider the case of the series in (18). We assume that 
the notation for the roots ai , Og ,...., a„ of the characteristic algebraic equa- 
tion is chosen so that 

|ai|<|a2|<....<|ani. (20) 

Then put 

p^{x) =1, p^ix) =0=ps(x) = =P«(^). 
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Denote the resulting formal solution (18) by /j*"(a;). Then we may write 



n 



+8,[iv^{x)S,^,_^\ l%ix)l,{x+n-i,)\] 



\h=1 i.= l ti'l / 



+ 



(21) 



It is convenient to introduce the term right D-region to denote a region of 
the complex plane defined as follows : Consider the curve made up of a semi- 
circle C with center at the point zero and terminated at each end on the axis of 
imaginaries, its position being to the right of that axis and its extremities being 
A and B, together with the straight lines Aod and Bco drawn from the points 
A and B, respectively, to infinity in a direction parallel to the axis of reals and 
lying in the left half -plane. Thi^ curve oo ACBco divides the plane into two 
parts, one containing the point and the other not containing this point. The 
part not containing the point is called a right D-region. It is understood 
that this D-region does not contain the point infinity. 

Now it is clear that there exists a right D-region, call it Di , and constants 
Af 1 , Af 2 , M^ such that each of the following inequalities is true so long as x is 
in Dj! 



A, (x+i+ l)l,{x) 

l,(x+i + l) 
hix+n — k) I 
li{x+i) 



<M^\x 



— m— 2 



<M,\h{x)\, 
<2\k{x)\ • \a\\. 



fv— -X, ^, . • • ., n* 



(22) 



It will also be assumed that D^ is chosen so that the functions ^fc(ic), Ai,(x)j 
\hi^) l"^ 8^re analytic in D^. 

The first term in the second member of equation (21) is a function which 
is analytic throughout the finite plane except at ic=0. The second term denotes 
a series. It is obvious that 



\8A ^%{x)h{x+n-i,)\\<S^\ ^nf^{x)h{x+n-i,)\, 

where S^ denotes the series obtained from S^ by replacing each term in the 
latter by its absolute value. If we confine x to the region Di , and employ 
inequalities (22) and (20), we come readily to the following relations among 
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mfinite series, these relations being valid term by term : 



00 



S,\ 'Z%{x)h{x+n-i^)\\<'2M^\h{x+i)\^nM^\x+i\'^''M^J. |ar'| 



00 



< 2 \h{x)\'2nm^M^M^\x+i\'"^''^. (23) 

If we further confine x to lie in some closed region S in Di , then it is clear 
that a constant M exists such that the last series above is term by term less 
than the series of constant terms 

^M^i+iy^-^ 

This series being convergent, it now follows by the theorem of Weierstrass that 
the series denoted by 

SA i%S^)h^^+n-i^)\ (24) 

is uniformly convergent in S. Furthermore, each term of this series is analytic 
in S. Hence, the sum of the series is a function of x which is analytic through- 
out 8. It is therefore analytic at every point in D^ , since 8 is any closed region 
in Di. 

By means of (23) we shall now obtain more convenient inequalities gov- 
erning the character of the function in (24). We have 

8,\ l.%Sx)h{x+n-i^)\\<2nm^MMz\h{x)\i \x+i\''^-\ 



If x=u+vy — 1 and u and v are real it is easy (cf. Birkhoflf, loc. cit.j p. 248) 
to show that we have 



00 



^ <-r-^. I^I>1. t*>0; 



<=o|a5+tr+* |a;|"+' 






00 

! -, .. *< - — . 



8,\^%ix)k{x+n-H)\\< 



(25) 



<=o |rc+i|"*+^ \v\ 

Hence, if we assume that the semicircle used in defining Di has a radius greater 
than unity, we have the following inequalities valid in Di : 

'2nn^M,M2Ms \lAx)\'\x\ -«-S ii > 0, 
^nn^M^MJH^ \h{x)\'\v\ '"^\ \v\>l. 

It is obvious that the regions in which the two inequalities in (25) are sepa- 
rately valid overlap and that the two regions make up the whole of D^ . 

We may proceed in like manner to the study of the function defined by the 
third term in equation (21). It is obvious that the series denoted by 8^ in the 
expression 
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S,[ 2*^(0!) S-.^.^^! X%ix)k{x+n-i,)\] (26) 

is term by term equal to or less in absolute value than the series denoted by 
S^ in 

SAi%{x)S,^n-^\ i%{x)h{x+n-i,)\]. (27) 

It is now convenient to make a separation into two cases. 

Let us consider first the case in which ti>0. By employing (25) we may 
readily see that the series denoted by S^ in (27) is term by term less than the 
series 



SA ^%{x)2nn^M^M^Ms\li{x+n—i^) \ • \x+n—i^\ 



— w-l 



and that this in turn is term by term less than the series 

SA2nnm,M^MsnMi\x\~"^m^\k{x) \ • |ic|-"»-^]. ^ (28) 

From this point we may proceed as in the discussion of the second term 
of the series in (21). Thus we may show that the series denoted by /S, in (26) 
is uniformly convergent in any closed region S lying in Di and having no 
point to the left of the axis of imaginaries, and therefore that (26) denotes 
a function which is analytic at every point in Di and not to the left of the axis 
of imaginaries. Moreover, through an examination of (28) it is easy to see 
that 

\SA i *i.(^)S,+n-i.! 2 %ix)h{^+n-i,)\]\ 

< {2nn^MiM^Msy\h{x) \ • |aj|-^— *, u>0. (29) 

For the next discussion we confine x to D^ and to that part of Di in which 
|i;| >1. Then the second inequality in (27) becomes available. Making use 
of this and proceeding by the method just employed in the preceding paragraph, 
we may show that the function (26) is analytic at every point in the region in 
consideration and that moreover the following inequality is satisfied : 

\8A 2 *i.(^)S.+n-J 2 *H(^)ii(^+n-t,) I ] I 

< i^nn^M^M^Ms) ^\li{x)\'\v\ -2— ^ 1 1^ | > 1. (30 ) 

It is now easy to see that the method used above may be further employed 
in an investigation of the successive terms of the series in (21) and that the 
following results will thus emerge: Every term of the second member in (21) 
represents a function which is analytic at every point in D^ ; this series is term 
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by term less in absolute value than each of the following series : 



X 



m+l 



+ Mi(a;)|( 



X 



m+1 



I ~r • • • • > 

M = 2nn^MxM2Mz , ^< > ; 



^^(^)l + l^i(^)|-y|pr + l^i(^)l(-^ 1^1 



>1, 



(31) 



each inequality being valid for that part of Di for which the corresponding 
adjoined condition ii>0 or |t;| >1 is satisfied. 

Let us put on the region Di a further restriction consistent with those which 
we have previously placed upon it, namely, that it shall have the property that 
for any a; in Di, where ic=w+^V— 1, the following two inequalities shall be 
true: 

M|a;|~*-^<] when w>0; 2M|i;|""-^<l when |t;|>/3, 

^ being an appropriately chosen constant. Now let 8 be any closed region 
lying in the modified D^. Then, from the result associated with (31) above, 
we see readily that the series in (21) is uniformly convergent in S\ whence it 
follows that the sum ft{^) is analytic at every point in the region Di, since the 
terms of that series are analytic at all such points. Moreover, it is clear that 
ft{^) satisfies the following inequalities, valid in Dj: 

M 



\ft{x)-h{x)\<\h{x) 

\n{x)-h{x)\<\h{x) 



X 



»+ 



^— M, ' 



2M 



n-i 



ti>0; 



v\>^. 



(31') 



as one sees readily by transposing the first term in the series in (21) to the 
first member of the equation and comparing the resulting second member term 
by term with the series in (31), exclusive of the first term in each, and finally 
summing the last series (with first term removed). 

From the last inequality we have readily the following limits : 



lim ^- [^ -1 



=0, 



lim t;-(^^-l]=0, 

l>=±oo Ln(^) J 



(32) 



the first being valid for any approach of x to infinity in the right half -plane, 
and the second being valid for the approach of the real variable v to either 
+ 00 or — 00 . Since v= |a/|sin(arga?), it is easy to see from these two limits 
that 

lim xAtlM, -ll=0, (33) 

x«« \.li\X) J 
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provided that x approaches infinity in any way so as to remain always withont 
any sector determined by two rays from zero to infinity and including between 
them the negative part of the axis of reals. 

By actual substitution it may now readily be shown that the function fi{x) 
satisfies equation (2) for all a; in D^. By means of the equation 

«*'=-i:(5)«^+«'-aJ)""+"-'>— ■-W''"+*'' 
which is obtained from (2) in an obvious manner, one may further define the 
solution fi{x) in the part of the finite plane exterior to Z>i . It may thus be 
seen that the extended solution fi{x) is analytic throughout the finite plane 
except at the singularities of the functions 

aAxy ^{xy""^ aAx) ^^^^ 

and points congruent to them on the left. (A point a — i is said to be congruent 
to a on the left, if t is a positive integer; similarly, we say that a+i is con- 
gruent to a on the right, if t is a positive integer.) It is further obvious that 
the singularities of fi{x) are poles in case the functions (34) are rational and 
that the complete set of numbers each of which is the order of a pole of fi{x) 
is a bounded set. 

In obtaining the solution whose properties we have just developed, we 
began with the series (21) which at first was only known to have formal validity 
and by means of it arrived at the actual solution ftix). Similarly, one might 
start from the formal solution 

fnix) ^K{x) +T,\ i ^f^{x)K{x+n-i,) \ 

+TA i %(^)T,^.-i,\ i *H(a^)?.(a;+n-h) n + . • • ., (35) 

obtained from (19) in a way similar to that by which (21) was obtained from 
(18), and show that we are thus led to an actual solution /» (a;) of (9). There 
would be no essential modification in the style of the argument. Instead of a 
right D-region we would employ a left D-region, such a region being defined 
by saying that its points are obtained from those of a right D-region by reflec- 
tion through the axis of imaginaries. In fact, practically the only modification 
of the argument necessary is that which comes of an interchange of the roles 
of the right and left sides of the plane. 

Combining the principal conclusions which we reached in the treatment of 
equation (21) and those which will emerge from a discussion of (35) in the 
manner indicated, we have the following result : 
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Pbbliminaby Thbobem. // the characteristic algebraic equation associated 
with the difference equation (2) has its roots ai, 02, . . . ., n^. different from 
each other and from zero and these are ordered so that |ai|<|a2|<. . . .<|a„|, 
then this difference equation has two particular solutions ft(x) and fn(x)i 
possessing the following properties: 

1) The solution fi(x) is analytic throughout the finite plane except at 
the singularities of the functions (34) and points congruent to them on the left. 
The solution f^ (x) is analytic throughout the finite plane except at the points 
congruent on the right {at a distance of n units or more) to the singularities 
of the functions ai(a/), agCrr), . . . ., a^{x). Moreover, the singularities of each 
solution in the finite plane are poles provided that ai(a?), aa(a?), . . . ., a,(a/) 
are rational functions, and the complete set of numbers each of which is the 
order of one of these poles is a bounded set. 

2) There exists a right D-region RD [left D-region LD] in which the 
solution ft (x) [fn{x)] is representable by the series (21) [{35)], this series 
being absolutely and uniformly convergent throughout any closed region 8 
lying entirely in RD [LD]. Equation (2) itself then suffices to determine the 
solution in that part of the plane not in the region RD [LD]. 

3) If X approaches infinity in any way so as to remain always without 
any sector {however small) determined by two rays from zero to infinity and 
including between them the negative [positive] part of the axis of reals, then 

^i(^) [^n(^)] being the function denoted by that symbol in the first equation 
in § 1. Also, 

limt;'"!^^— 1]=0 riimv'^f^^— l]=o], x=zu+vy/^^. 

Bemabk. It is important for later use to point out the fact that, in so far 
as any statement in the conclusion of the preliminary theorem refers to a region 
RD [LD] or any part of it, it is independent of the nature of the coefficients 

Vi{x),%{x), . . . .,V^{x) of {9), and hence of the coefficients ai{x),a2{x), , 

a^{x) of (2), in the part of the plane exterior to RD [LD]. More precisely, 
if the functions Vi{x), ^2(^)9 ...., Vn(^) ^^^ analytic in some right [left] 
D-region and throughout such a region are represented asymptotically by the 
expansions in (10) or throughout such a region merely satisfy an inequality 
of the form 



l'»'*(^)l<-n::S 

25 



X ' "■'"* ' 
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where (i is a constant j then there exists a solution fi{x) [/» (^)] (^^d a right 
[left] D'region.RD [LD] such that ft{x) [/n(^)] has in RD [LD] the same 
properties as the sohition fi{x) [fni^)] given in the theorem. Likewise the 
inequalities derived above for such solutions in such D-regions remain valid 
under the less restrictive hypotheses. 

It should be observed, at this point, that the two solutions obtained above 
were gotten by the aid of certain functions li{x)j hix), . . . ., l^{x)j these being 
obtained from the formal expansions (5) by breaking them off at the (w+l)-th 
term. It follows therefora that the functions fi{x) and fn{oo) are now to be 
treated as functions of m as well as of rr ; or, more exactly, we are to look upon 
them as possibly functions of m. Ultimately we shall show that they are 
indeed independent of m (at least when m is sufficiently large), this proof 
being readily made after we have obtained a fundamental set of solutions, each 
solution being a possible function of m. As soon as this independence of m 
is proved, we shall be able to obtain readily the asymptotic character of fi{x) 
and fn{^)' It is clear that the limits in the above theorem are sufficient for this. 

§ 3. The First System of Intermediate Solutions. 

For the difference equation (2) we shall now obtain four sets of n partic- 
ular solutions each, the solutions in each set being independent with respect 
to periodic multipliers of period 1, and therefore constituting a fundamental 
system of solutions. 

We shall first start from the particular solution fi{x) obtained in the 
preceding section. By means of the substitution 

f{x)=ft{x)g{x), (36) 

equation (2) goes over into the form 

g{x+n) +ka^{x)fi:(x+n-l)gix+n-l) + .... +ka,{x)ft{x)g(x) =0, (37) 
where k=l/ft{X'\-n). If we put 

G(a;)=A.9(rr), 

the preceding equation becomes 

G{x+n—l) + B^{x) G{x+n—2) + +B^^^{x) G{x)=0, (38) 



where 



B^{x)=l + ka^ix)fi'{x+n-l), 

B^{x) = l+ka^{x)ft{x+n—l)+ka2{x)ft{x+n—2), 

B,_Ax) = l+ka^{x)ft{x+n-l) + ....-\-ka,.,(x)ftix+l). 
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From the way in which equation (37) was fonnd, it is clear that its formal 
power series solutions gi{x) may be determined from the relations 

^*^'^^"afrr^(l+Cna;-^ + c^ar^+....)' t-1, 2, . . . ., n, (39) 

by formal division in the second member for each value of i. Furthermore, 
the formal power series solutions Gi{x) of (38) may be obtained from these 

by reckoning out formally the differences A^<(a?), i = 1, 2, , w. Thus 

we have 

G,{x) = (^Y x^*^^-'^(^^ i=l,2, ....,n-l. (40) 

Let us denote by L<(a?), i=l, 2, . . . ., n — 1, the functions 
L,ix) = (^^y x-*»-..^^_iJ (l+^^+ .... +^), t=l, 2, . . . .,«-!, (41) 

where m has the same value as in the preceding section. 

An examination of equation (38) with reference to the first remark 
following the theorem of the preceding section is sufficient to bring out the 
fact that there exists a right Z)-region in which the coefficients Bi{x)^ . . . . 
B^_i{x) satisfy the conditions requisite for the application of that part of the 
theorem which relates to the right D-regions. In order to set up in detail the 
inequalities by which this may be proved, it is necessary to separate equation 
(38) into two members after the manner in which equation (2) was separated 
into the two members in (9), and then to employ the inequalities by which we 
have found fi{x) to be restricted. There is nothing involved in this more 
than the straightforward algebra of inequalities, and one can even see before- 
hand what must be the result of the computation, so that it is unnecessary 
to perform it. 

By means of the theorem of the preceding section we now have the follow- 
ing result: There exists a right Z)-region BD and a solution Gt{x) of equation 
(38) such that Gt{x) is analytic throughout UZ), and is representable in such 
a region by a series of type (21) which is absolutely and uniformly convergent 
throughout any closed region S lying entirely in BD. If x approaches infinity 
in any way so as to remain always without any sector (however small) deter- 
mined by two rays from to ao and including between them the negative part 
of the axis of reals, then 

lim 0,- (^"v-.^-l] = 0. 

Also, 

limt;»f^-l]=0. 

• = ±00 L^l(^) J 
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These limits may be replaced by the somewhat stronger inequalities by which 
they were derived, namely, those corresponding to (31'). Then for appropri- 
ately chosen constants K and ^ we have 

\Gi-{<^)-L^{x)\<\L,{x)\'K\x\'^\ ti>0, \ 
\Gi^{x)-L,{x)\<\L,{x)\'K\v\-'^\ \v\>^J ^ ^^ 

where x=u+vy — 1 and lies in the region RD. 

Now, equation (37) has particular solutions gtix) such that 

Agt{x) = Gtix). (43) 

There are two solutions of (43) from each of which we are led to interesting 
particular solutions of (37) and hence of (2). Of these we shall treat one in 
detail in this section and the other in a later section. 
Equation (43) has the obvious formal solution 

g}{x)=Gt{x-l)+Gnx-2)+Gt{x-3) + (44) 

In order to treat conveniently the matter of convergence of this series, it will 
be necessary to put on the further restriction that |ai|<|a2|. (Compare 
equation (20).) Then, from the second inequality in (42), it follows readily 
that the series in equation (44) converges for every value of x such that x — 1* 
X — 2, x—3j .... all lie in RD; that is, it converges for every x such that 
|^i«^i> where Ri is the radius of the semicircle by means of which the region 
RD is defined. Moreover, if S is any closed region throughout which |v|^i2i, 
then the series in (44) is clearly uniformly convergent in S. But each term 
of this series is analytic in S. Hence, gi" (x) is analytic m S; it is therefore 
analytic at every point of the finite plane for which |v|^i2i. 

We may also obtain an upper bound to the absolute value of gt (x) when 
I ^ I ^^1 • We observe that Ri should be chosen greater than 2 K and greater 
than ^ so as to make valid all our inequalities. Define a function S{x) by 
means of the series 

S{x) =Li(a?— 1) +Li{x—2) +L^{x—3) + (45) 

It is easy to see that this series is absolutely and uniformly convergent when 
X is confined to a closed region 8 throughout which | v|^i2i. Then, from (42), 
(44) and (45) we have 

\gr{x)-S{x) I < i \L,ix-i) I 'K\v\-^-\ \v\>R^. 
Now, positive constants N-i and ^2 e^ist such that 



N^ 






Li(a;)| 
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provided that \v\ is suflSciently large. Hence, 

\gt{'^)-S{x)\<N,K\L,{a>)\ 



vr+\Zi 






— t 



From (45) we see that \S{x) \/\Li{x)\ is bounded away from zero.* From 
this fact and the last relation it follows readily that a positive constant ^s 
exists such that 



Six)' 



< 



N, 



8 



V 



m-Hl * 



(46) 



Bef erring to the definitions oi Li{x) , li(x) and lt(x),we see that 



where y^^i , . . . . are constants, the expansion being valid for suflSciently large 
values of \x\. From this relation and (45) it follows that 



«<-) = clil+|,(t)"'(--'''-(T^^^+--)- 



(45-) 



On transposing the term h{x)/li{x) and dividing the resulting equation 
through by this term, we have a relation from which it is easy to show that 
a positive constant N^ exists such that 



S{x)k{x) 
k{x) 



00 



<2 



02 
Oi 



— < 



^4 



< 



N, 






V I ^^+^=1 



ai 



— I 



In showing this, it is necessary to observe that 



1 (») \aj 



af-'^(l+....), 



the quantity in parenthesis being a descending power series in x. Hence, 
a positive constant ^5 exists such that 

S{x)h(x)_^ 



kix) 






(47) 



Multiply relations (46) and (47) together member by member and combine 
the resulting inequality with (46) and (47) ; thus we have 



gtix)li{!^) 
li{x) 

where N, is a positive constant. 



— 1 



< 



N, 



6 



V 



>+!> 



(48) 



* Or this may more readily be proved by aid of relation (47) and the fact that Li{9)li{a)/h{9) 
approaches (ai/ai) — 1 as x approaches infinity, the latter fact being readily demonstrated by aid of equa- 
tion (46a). 
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Now, a solution ftix) of equation (2) is given by the relation 

as one sees from (36). This solution is analytic for \v\ sufficiently large. 
From (31') we have a relation of the form 



flM 

h{x) 



N, 



V 



^+i» 



where N^ is a positive constant. From this relation and (48) it follows readily 
that a constant N exists such that 






N 



V 



1+1 » 



v\>R, 



(49) 



where i2 is a positive constant. This is one of the fundamental inequalities 
for 7? (a;). 

A similar one may be found corresponding to the first inequality in (42). 
It may be written 



h{x) 



— 1 



< 



X 



ni+l ' 



w>0, \v\>R, 



(50) 



where /tx is a positive constant. In view of (49) it is obviously sufficient to 
prove this for the case when x is further limited to lie in a sector made by two 
rays from zero to infinity and lying entirely in the right half -plane. Further- 
more, it is clear that \x\, and hence Uj may be taken as large as one pleases. 

We start from equation (44). Choose x so that u is large and denote by 
k the greatest integer such that 2k <u. Write (44) in the form 



gi{x) = ^Gt{x-i)+ 2 Gt{x-i). 



Then 



00 



gt(x)-8{x) = 'S.\Gt(x~i)-U{x-i)\^- 2 \Gt{x-i)-Ldx-i)\, 
SO that, in view of (42), we have 



\gt{x)-S{x)\<^\L,{x-i) 

<=i \x- 



since it is clear that the first inequality in (42) is applicable to the first 
summation and the second inequality to the second. 

Now, it is clear that a positive constant /xi exists such that 



L^{x—i) 
L,{x) 

Then from (51) we have 



</^i 



Oj 
«! 



— t 



* — J., ^j • • . «, Iv, 
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\gt{x)-S{x)\<ii,\Li{x) 



2K 



k 



^ 

«! 



— t 

+ ^i|Li(a:) 



K 



V 1 "+' <_t+i 






— t 



If I a; I increases indefinitely, it is clear that the second term in the second 
member becomes indefinitely small with respect to the first term ; to see this^ 
it is sufficient to observe the role of the exponential quantity | o^/ai | ""*. There- 
fore, a positive constant fi^ exists such that 

\gt{x)-S{x)\<\L,{x)y^i,\x\—\ 

From this point forward the march of the argument is like that in the 
preceding treatment. As in the previous case it may readily be shown that 
\S{x) |/|Li(a;) I is bounded away from zero; hence we see from the last ine- 
quality that a positive constant /i^, exists such that 



S{x) 



</t^3|« 



— m— 1 



By a method similar to that by which (47) was proved, it may be shown 
that a positive constant fi^ exists such that 

S{x)h{x)_^ 



I Ax) 



<iM4|a; 






In the demonstration of this result it will be necessary to separate the series 
for S{x) in (45') into two series, one of k terms and the other of the remaining 
terms. The argument is similar to that just employed; it may readily be 
supplied by the reader. 

Making use of the last two relations and continuing precisely as in the 
argument following (47) one may readily complete the proof of (50). Thus, 
we have the requisite properties of the second solution ft{x) of equation (2) 
in case | ai | < | Og | . 

In case | ai | = | Oj | the method by which f^ {x) was found is obviously valid 

for a second solution ft{x). We now call li fi{x). It has the properties 
expressed in (49) and (50). 

Now, apply to equation (38) the result which we have just derived for 
equation (2). We see that (38) has a second solution Gt{x) such that 



— m— 1 



\Gt{x)-L,{x)\<\L,{x)yK,\x\ 
\Gt{x)-LAx)\<\L^{x)lKAv\-^-\ 



w>0; 



where fi is a positive constant, these relations being valid when 1 1^ | is suffi- 
ciently large. If we start from this solution and proceed by a method similar 
to that employed in the discussion associated with O^ix), it is clear that we 
shall be led to a third solution f}{x) of equation (2), that this solution will be 
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analytic for | v | sufficiently large and that it will verify the following relations : 






— 1 



— 1 



< 



< 



X 



M+l > 



M>0; 



V 



m+l > 



(52) 



when 1 1; I is sufficiently large, fi' being a constant. 

By continuing this process of interaction between equations (2) and (38), 
we shall be led finally to a set of n solutions, 

ft{x) = n{x), U{x), . . . ., Jtix), (53) 

of equation (2), each solution being analytic wh^n |t;| is sufficiently large. 
From the inequalities such as (52), by which these functions are bounded, we 
have the following 'relations: 

l i<(^) 



limx' 



-1 [ = 0, »=1, 2, . . . ., n, 



(54) 



the first relation being valid for x approaching infinity in any way so as to 
satisfy the two conditions that \v\ is sufficiently large and that x remains 
without a sector formed by two rays from zero to infinity and including 
between them the negative part of the axis of reals. 

That these solutions are linearly independent with respect to periodic 
multipliers of period 1, and hence constitute a fundamental set of solutions of 
(2), is easily shown. It is sufficient to prove that the determinant 

fj{x) Jjix) ....7j{x) 

ft{x+i) f}{x+i) ....f:{x+i) 



D{x) 



f^{x+n-l)f}{x+n-l) . . . .fi{x + n-l) 

is not identically equal to zero. Divide the fc-th column of this determinant by 
ajaf% k=lf 2, . . . ., «. It is sufficient to prove that the resulting determinant 
is not identically zero. But in view of (54) it may be seen that this determi- 
nant approaches the value D{co) as 1 1; | approaches infinity, D{oo) having the 
same meaning as in the first part of § 1. This is different from zero, since 
tti, . . . ., a„ are all different. Therefore, the set (53) is a fundamental system 
of solutions of equation (2). 

We have seen that the function fi{x) was possibly dependent on m. The 
other functions in (53) were obtained by aid of ft{x)y and therefore they are 
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possibly functions of m. We shall now show that they are indeed independent 
of m, at least if m is sufSciently large. 

More generally, let /*(a;) be any solution of equation (2) such that 

fki^) _i|^o (55) 



lim a?"* 



U*(^) 

when x^ =u + vV — 1, approaches infinity in such a way that u approaches 
+ 00 , and I V \ becomes sufficiently large, say | v | > F, 

Since fti^) is a solution of equation (2) it may be written in the form 

h{x)=p,{x)Jt{x)+p,{x)J}ix) + ....+pAx)n{^), (56) 

where Pi{x), P2(^)> • • • •> Pn(^) are suitably determined periodic functions of 
X of period 1. Then, from (55) and the first equation in (54), we see that 



""n*"'"* w+*'<"' W+---+''-'"* 



— 1 



=0. 



Let Xo, =Wo+^oV — 1» be any value of x such that |vo|> F, let / be a vari- 
able running over the set 0, 1, 2, 3, ... ., and let s be a non- negative integer. 
Then on replacing xhy Xo+t+s in the preceding limit and reducing, we have 
the relations 

lim r J rtXi*'^-'* • «ti(l+fi,) + . . • • +r^<J''--'"' ' uU{l + eJ \ =0, 

1=00 

where Ww=a^afc, c^ approaches zero as t approaches infinity, and 

rki=Pi{^o)uth ^^K ^*fc=P*(^o)— 1. 
It is to be observed that no two of the quantities %| are equal and that each of 
them is different from 0. 

Now suppose that m is not less than the real part of any of the differ- 
ences fij — fifc , fi^ — /i£fc, . . . . , fi^ — /Ufc . Then from the preceding limit we have the 
following : 

limir^^r^ • wli(l + £u) + . . . . +r,X«<^- ' u%^{1+b^) \ =0, (57) 

Iboo 

where the real part of v^ is zero or positive for every value of I. This rela- 
tion is valid for any non-negative integral value of s. 

Consider the set of relations obtained from (57) by giving to s the values 
5=0, 1, 2, . . . ., n — 1. By multiplying these in order by the cofactors (in 
' order) of the elements in the Z-th column of the determinant 

-'■ I ^10 1 I f 20 .... 1 + F„o 

MH(l+eu) Wtj(l+fa) «i,(l + e,a) 



A= 



«ti (l+ei.»-i) 



26 
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and adding the resulting relations, we have 



Since 



lim r;fe,wi,r'A=0. 



1 1 ....1 



lim A 



Ujci Uic2 



• • • • 



Mfc, 



•«l« 



«*r'«2«~' 



••Wt«^ 



#=0, 



we have 



lim rj,iuiit'''=0. 



This relation can be true only if |%|| <1 o^ ^*i=0, since the real part of 
t;^ is not less than 0. But |iifc,| = |a//ai|>l unless l<k. Therefore rj,i=0 if 
l>k. Hence, pj,{Xo)=l and pi{xo)=0 if l>k. Therefore, we see from (56) 
that 

/*(^)=Pi(^)7iM^) + ....+P*--i(^)7^i(^)+7ir(^), \v\>V, (58) 



where Pi(a;), . . . ., Pk-i{^) are suitably determined periodic functions. 

From the particular case when k = l we see that a solution /, (a:) of equa- 
tion (2) which satisfies the relation (55) for A = l coincides with /i^(a;),at 
least if m is greater than the real part of each of the quantities (i^ — fij, jUs — f^u 
. . . .,/££„ — [jLi. From this it follows readily that each of the solutions of (2) in 
the set (53) is independent of m, provided that m is greater than the real part 
of every one of the differences (i^ — fi^, J = lj 2, . . . ., w, i=j + l, . . . .,w. In 
order to see this, it is only necessary to observe the manner in which these 
solutions were obtained. 

It should be observed that the only use made of the fact that the real part 
of Vi is not less than zero was to insure that w[|r» does not approach zero, for 
t becoming infinite, when / > A;. This condition is obviously satisfied without 
regard to the value of v, , provided that the roots aj , ag ,...., a„ of the char- 
acteristic algebraic equation are different in absolute value, for then | w^i | > 1 
when l>k. Hence we may take m=0 for the case when the a's are all differ- 
ent in absolute value. 

We shall now determine largely the asymptotic character of the solutions 
(53) under the hypothesis that m is greater than the real part of each of the 
differences f/^ — f£y, i = l, 2, . . . ., w, t=j + l, . . . ., n, or without restriction on m 
when the roots of the characteristic algebraic equation are different in absolute 
value. 
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In this connection it is convenient to distinguish (cf. Birkhoff, loc. cit.y 
p. 248) between two kinds of asymptotic representation of a function by a 
series of the form 



S(x) =af'a'af(c,+ ^ + ^+"' ')' 



Let g{x) be the given function; if for each m the difference 

d{x) =g{x)x-'^a-^x'^-(co+ ^ + .... + ^^) 

becomes uniformly small of order m ; that is, if lim x'^dix) =0 for x approach- 
ing infinity in a certain region, we say that ^ (a:) is asymptotically represented 
by S{x) in that region, with respect to x; if, on the other hand, we have 
lim v'^dix) =0, we say that g{x) is asymptotically represented by 8{x) in that 

•=±00 

region, with respect to v. 

Making use of relation (54) for increasingly large values of m and remem- 
bering that fti^) is independent of m, we see readily that fti^) is asymp- 
totic to 



-•«"(i+T+ ?+■■■•) 



with respect to v and also with respect to a;, provided that x approaches infinity 
so as to satisfy the conditions that 1 1; | is sufficiently large and that x remains 
without a sector formed by two rays from zero to infinity and including between 
them the negative part of the axis of reals. 

The fundamental properties of the functions fiix)^ . . . .^ fi{x) are now 
determined throughout a region in which |i;| is sufficiently great, say |t^|^F, 
and X is to the right of some line parallel to the axis of imaginaries. Their 
properties in the remainder of that part of the plane for which | v | > F may be 
determined, as in the case of ft{^) in § 2, by means of equation (2) itself. 

The principal results indicated in this section may be put together in the 
form of the following theorem : 

FiBST System op Intermediate Solutions.* // the characteristic algebraic 
equation associated with the difference equation (2) has its roots different from 
each other and from zero, then the difference equation has the fundamental sys- 
tem of solutions 

'^The existence of these solutions was first pointed out in my memoir, loc, cit,, p. 119. Their prop- 
erties were first developed in Birkhoff's memoir, already referred to. 
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ni^),n(x) ,f:{^), (53 ws) 

determined above, and these solutions have the following properties: 

1) A constant V exists such that each function in the set is analytic when 

v\>V, where v is defined by writing x=u+v^ — 1, u and v being real; 

2) The asymptotic relations 



ft{x)^atx^^[l+^ + 

X 



{ 



^ -h....y, 



V ^-^ J.* *irf|*a*«| n* 



exist and are valid with respect to x in that part * of any right half -plane for 
which \v\>V and with respect to v in the entire plane. 

(By a right [left] half -plane is meant that part of the plane which is to 
the right [left] of a line parallel to the axis of imaginaries.) 

Let us retain for m the value if the roots of the characteristic equation 
are different in absolute value and in the contrary case a value not less than 
the real part of any of the differences (ii—(ijy ; = !, 2, . . . ., w, t=;-}-l, ....,«. 
Denote by kix), i=l, 2, . . . ., n, the functions so represented in the first part 
of <§» 1. Then a solution f{x) of equation (2), 

f{x)=p,{x)n{x)+p,{x)n(x)+...,+p,{x)j:{x), (59) 

where Pi{x)j Pzi^), . . . ., p„(ic) are periodic functions of x of period 1, has an 
important set of properties obtainable from the first relation in (54), namely, 

fixo+t) 



lim <"* 
limf*^ 



{ 
{ 



Pni^o) 



=0, 



f{ !>So + t)-pAXo)f:{Xo + t) 



— P«-i(«o) 



=0, 



v\>V, 



lim t 



{ 



fiXo+t)—p^{Xo)fi{Xo+t)'- -P2(^o)/2"(.'^0+0 



— Pi(^o) 



= 0. 



(60) 



The proof of this is so far similar in character to the argumentation associated 
with equations (55) to (58) that it may readily be supplied by the reader. 
Furthermore, any solution of (2) having the properties (60) is easily seen to 
be identical with the solution /(re) defined by (59). Consequently, the relations 
(60) may be looked upon as a sort of set of *' initial conditions" at infinity, 
defining uniquely a solution of the given equation (2). 

In general these relations are complicated. It may be observed, however, 
that the single " initial condition " 



'^The asymptotic character of the first solution ffix) is maintained with respect to w in any unre- 
stricted right half-plane. 
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',!:!: '■{{(It^-^'->)='' 



is sufficient to define uniquely a solution f{x) =p{(X))fi{x). In this case alone 
is the solution defined in a simple way by the initial conditions. 

§ 4. Second System of Intermediate Solutions. 

The fundamental set of solutions of the preceding section was obtained by 
means of a class of transformations depending on the solution fi{x) of § 2. 
If one starts from the solution f;;{x) of ^2 and proceeds by a method in ev6ry 
respect similar to that employed in § 3 he will obviously be led to a new funda- 
mental system of solutions related to those in <§ 3 as /« (^) is related to fi{x). 
It is unnecessary to give the argumentation. We merely state the result : 

Second System of Intermediate Solutions. If the characteristic alge- 
braic equation associated with the difference equation (2) has its roots different 
from each other and from zero^ then the difference equation has a fundamental 
system of solutions, 

7r(a?),7r(^),....,7n(a^), 

possessing the following properties: 

1) A constant V exists such that each function in the set is analytic if 

\v\>Vj where v is defined by writing x=u+vV — 1, u and v being real; 

2) The asymptotic relations 

7r(x)~a?af'(l+ ^ + ^ + . . . .), i=i, 2, . . . ., n, 

\ X X / 

exist and are valid with respect to x in that part * of any left half -plane for 
which \v\'>V and with respect to v in the entire plane. 

The second property implies a set of relations analogous to those in (54). 
In fact, it is by means of such relations that this part of the theorem is demon- 
strated. From these follows a set of ^' initial conditions '^ analogous to those 
in (60), the limits in the present case being taken for t approaching — oo . The 
reader may readily supply them. 

§ 5. The First System of Principal Solutions. 

By means of the particular solution fi{x) of equation (2), obtained in § 2, 
we proceeded in ^ 3 to build up a fundamental set of solutions. In doing this 

'^The AAymptotic character of f^((») is maintained with respect to (v in any unrestricted left half- 
plane. 
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we made a transformation which introduced a new function gt {x) satisfying 
the relation 

£^gt{x)=Gt{x), (43 bis) 

Gt{x) being a particular solution of equation (38), this latter equation being 
obtained from equation (2) by means of the transformation (36). For gt{x) 
we took the function gt{x)j defined in equation (44), this function satisfying 
equation (43). We stated that another solution of (43) would also lead to 
interesting solutions of (2). These latter solutions we shall now find. 

« Throughout this discussion we shall assume that the integer m has been so 
chosen that ft {x) is independent of m, this being possible, as was shown in ^ 3. 
Then we have not merely the limits affecting fi{x)j which were stated in the 
preliminary theorem of § 2, but also the further property expressed in the 
asymptotic relation 



/na5)~ata^(l+£^^ + ^ + ....), 



valid with respect to a; in the entire right half -plane and with respect to v in 
the entire plane. Similarly, if we make use of this extended property of ft (x) 
then, instead of the inequality (42)^ we have the asymptotic relation 

valid with respect to x in the entire right half-plane and with respect to v in 
the entire plane. Furthermore, the function gi{x)y defined by equation (44), 
is asymptotically represented by 

\ai/ alx^{l + CiiX-'^+ ) 

as one sees readily from its properties as developed in ^ 3 ; the range being the 
same as before, except that | v \ must now be restricted to be not less than a 
certain fixed quantity. 

A solution gi{x) of (43) in the form of a contour integral, the path of 
integration going to infinity along two parallel lines, will be found to serve our 
purpose. We form the function 

gt{^)=SLp{^-2)p{^y^)GH^)dz, (61) 

where 

p(a:— ^) = jl — e''^-'^*-'>rS 

and where the path of integration L is yet to be chosen and the function p{XfZ) 
is to be determined subject to the condition that it is analytic with respect to x 
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and also with respect to z throughout the finite planes of these variables and 

that 

p(x+lyZ)=p{XjZ). 

Let RD be a right D- region throughout which fi{x) and Gt(x) are both 
analytic and verify the relations (31') and (42), respectively, for every value 
of m. Since Gt{x) is analytic throughout RDy it is clear that all the infinities 
of the integrand in (61) are at the points «=ir±r, where r is zero or a posi- 
tive integer. Let AB be the straight line containing all these points. Let the 
path of integration L or CKRH lie entirely within RD and be formed in the 
following manner : It consists of three parts : a part RH lying entirely above 
AB and extending to infinity in a negative direction RH parallel to the axis of 
reals ; a part KC lying below AB and extending to infinity in a negative direc- 
tion KC parallel to the axis of reals; a finite part KR which crosses AB 
once between x — 1 and x and at no other point. Moreover, the path CKRH is 
such that the part of the finite plane not in RD lies entirely to the left of this 
path. 

In order that the integral along such a path shall exist, it is necessary 
that the function p{XjZ) shall have certain requisite properties. The value 
p(a?, z)=l would satisfy this requirement, provided that |ai| < |a2| ; and it 
would indeed lead to solutions of our equation (2) (compare my memoir, loc. 
cit.f p. 119). Simpler solutions may, however, be obtained by a different choice 
(compare Birkhoff, loc. cit.j p. 264). 

For the present we assume that |ai| < jasj and choose for p{Xj z) the 
function 

p(a;, e)=c2'^^-^^'->, 

where 7^ is the least integer not less than the real part of 

^ ,/-^ (log aj— log oi). 
2nV— 1 

Then for gt{x) we have the value 

gt{x) =SLp{x-z)e''^'^~'^'-'>Gt{z)dz. (62) 

It is evident that this function is analytic throughout RD. Furthermore, the 
value of gtix)^ for a particular a?, is unaffected by any deformation of the path 
of integration, provided that during the deformation it has always the proper- 
ties stated in its definition. 

We show that gt{^)j ^^ defined in (62), is indeed a solution of equation 
(43). We have 

gt{x+l)=5^.f{x-z)e'-'^-'^^^''^Gt{z)dz, 
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where U is a path CKT8RH which differs from CKRH only in crossing AB 
between x and x+1 instead of between x — 1 and x. Then 

J L ' J L = JKT8RK • 

By Cauchy's theorem on residues the last integral is equal to 2nV — 1 times the 
residue of the integral at the point z=x; that is, it is equal to Gt{x). Hence, 

9t{x+\)-gt{x)=Gt{x)', 

or, gtix) satisfies equation (43). It is this particular solution of (43) which 
we shall denote by gt{x) in the remaining discussion. 

We shall now determine a bound to the magnitude of \9i{x) \ for certain 
ranges of variation for x. For this purpose it is convenient to break up the 
path of integration into two parts L^ and Lg , as follows : The contour L^ is the 
fixed contour oo A-fi^^x^ lying entirely in the region RD and containing within 
it that part of the finite plane which is exterior to Rl). Moreover, it consists 
of three parts, each of which is a straight line, a finite part AiB^ perpendicular 
to the axis of reals, and two infinite parts A^(x^ and J^ioo parallel to the axis of 
reals. The contour Lg lies entirely without the region inclosed by L^ . If a; lies 
above -Bioo , Lj consists of a loop circuit to infinity lying above -Bjoo and includ- 
ing within it the points x — 1, x — 2, a;— 3, . . . ., but not the points re, a;+l, ic+2, 

Moreover, in the neighborhood of infinity the bounding lines of L^ are 

parallel to the axis of reals. If x lies below Ai^ , Lg consists of a loop circuit 
to Qo of the same nature as when x lies above f^ioo . If x lies between B^y^ and 
Ai^ , then L^ consists of a finite loop containing within it the points x — 1, a?— 2, 
. . . . , X — Ij but no other point congruent to a?, x — I being the leftmost point 
congruent to x and not on or within the contour L^ . For the integrand in (62) 
it is clear that the integral along L is equal to the sum of two integrals, one 
along Ly and the other along L^ , provided that x is not congruent to a point on 
the contour L^ . In symbols 

where 7^ denotes the integral in (62) and Z^,^ and I^^ similar integrals taken 
along the paths L^ and Lj , the integrand being the same in all three cases. 

Let us consider first the integral /^^ It denotes a periodic function of x 
of period 1 since the contour is fixed and the integrand is a periodic function 
of X of period 1. It may be written in either of the forms: 






J g2irV-l(»-») ' 
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If Xf =zu+vV — 1, approaches infinity so that v becomes positively infinite, the 
integral in the first one of these equations is bounded. If v becomes negatively 
infinite, the integral in the second one of these equations is bounded. If x 
approaches infinity while v remains bounded, then 7^^ is itself bounded. Hence, 

according as x lies above Bico , between Bico and Aico , or below Aico , the 
function q(x) in each case being periodic in x of period 1 and bounded. This 
result is strictly valid only when x is not congruent to a point of the contour 
Li . For all such x as this, it is obvious that a single modified contour might 
be used and that a similar form for Ii^ would be obtained, the periodic functions 
q{x) being different in this case, but still being bounded. 

Let us next consider the integral 7^,. We separate the treatment into 
two cases. 

In the first place, let us suppose that x lies above Bioo or below ^^oo . In 
this case the integral Ii^^ may be evaluated as a sum of residues multiplied by 

27iV— 1; thus, we have 

h=Gt{(C-l)+Gt{x-2)+Gt{x-3) + 

Hence, in this case, 

a function whose asymptotic character is known. 

In the second place, let us suppose that x lies between Bicc and Aico and 
to the right of AiBi . Then, evaluating as before by means of residues, we have 

h = kGrix-k). 

kml 

The asymptotic character of Ij^^ with respect to x in the right half-plane can 
now be determined in precisely the same way as that by which the correspond- 
ing bounds to the increase of \gi{x) \ were determined in § 3. The only modi- 
fication necessary arises from the fact that we now have a finite series instead 
of the infinite series in (44), so that when this series is separated into two parts, 
as in the earlier discussion, the second part as well as the first consists of only 
a finite number of terms. But it was precisely this second part which did not 
affect the asymptotic form, so that the modification in the argument will not 
affect the conclusion. 
27 
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Taking these two cases together, then, and remembering the asymptotic 
form of gt{^)y we find that 

throughout the right half -plane. 

Now let us define a second solution ft(x) of equation (2) by means of 
the relation 

From the known form of /£,, and the known asymptotic character of Z^, and 
fi{x) we see that 



f}{x)'^q {x)\^alx^(l+ ^ + . . . .)}+a|a;^(l+ ^ + . . . .), 



(63) 



according as x lies above fijoo , between Bico and ilioo or below ^loo , the 
asymptotic representation being valid with respect to x in any right half -plane 
and with respect to i; in the entire plane. 

From this result we may determine, in simpler form, the asymptotic char- 
acter of f} (x) with respect to a? in a right half -plane. Suppose first that x 
lies above BiCc . The dominating term in the above representation of Uix) 
depends upon the dominating term of the set 

If we divide both of these quantities by the last, the exponents are 

log ai— log og 



27i\di[;i+ 



2nV 



'^h «■ 



If the real part of the first exponent is negative the latter of the two quantities 
predominates. From the definition of X and the fact that we now have | ai | < 1 02 1 
it follows readily that the real part of this first exponent is indeed negative 
if u (where x = u+v^ — 1) is positive and also if u is merely bounded below 
provided that the real part of (log Og— log ai)/(27tV— 1) is not the integer ^ 
and V is sufficiently large. Therefore, 



ft {x)-^aix^(l + ^f +....) 



(64) 
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for X above ^loo and to the right of the axis of imaginaries ; and, unless the 
real part of (log Oa — log ai)/(27iV— 1) is an integer, the asymptotic represen- 
tation is valid for x above Bico and to the right of any line parallel to the axis 
of imaginaries. 

Suppose next that x lies below AiCc . The dominating term in the asymp- 
totic representation (63) of ft{oi^) now depends upon the dominating term of 
the set 

The second of these predominates, provided that the real part of 



I 271 V—l J 



x 



is negative ; and this real part is in fact negative if u is positive or if u is 
merely bounded below and — v is sufficiently large. Hence, the asymptotic 
representation (64) is valid for x below A^co and to the right of any line 
parallel to the axis of imaginaries. 

Finally, suppose that x lies between ^loo and -Bioo . Then the dominating 
term in the asymptotic representation (63) of ftix) is clearly the last term, 
since now |ai| < |a2|, so that the asymptotic representation (64) is valid for x 
between ^loo and B^oo . 

Combining these results, we see that the asymptotic representation (64) 
is certainly valid with tespect to x for x approaching infinity in any way so as 
to remain to the right of the axis of imaginaries when in the upper half -plane 
and to the right of any line parallel to the axis of imaginaries when in the lower 
half -plane. Moreover, if the real part of (log Oj — log ai)/ (2 n V — 1) is not an 
integer, then the asymptotic representation is valid with respect to x in any 
right half-plane. 

The above result was obtained on the supposition that | Oi ] < | Oj | . If 
|ai| = |a2|, we form a second solution /j"(a?) in the same way as ft{x) was 
formed in § 2 (see the preliminary theorem), this being obviously possible 
since ai and a^ then play exactly parallel roles. This solution ftix) has the 
asymptotic representation (64) with respect to a; in any right half-plane. 

Thus, in any event, we have two solutions of equation (2). We proceed 
further as in ^ 3. Equation (38) is now known to have a second solution and 
its asymptotic character is determined in the same way as that of f^ix). By 
means of this second solution of equation (38) we are led to a third solution 
of equation (2). Then by a further reaction between equations (2) and (38) 
we find another solution of (2), and so on until n solutions of (2) are found. 
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These are analytic in a suitable right half -plane and are represented asymp- 
totically by the formal power series solutions of (2). By means of their 
asymptotic form it may be shown (as in the case of the solutions obtained 
in § 3 ) that they are linearly independent with respect to periodic multipliers 
of period 1, and hence form a fundamental system of solutions of equation (2). 
Since they are analytic in a suitable right half-plane, the possible position of 
their singularities may be determined as in the case of ft {x) in ^ 2. Combining 
the various results which we thus have, we obtain the following theorem : 

FiBST System of Pbincipal Solutions. // the characteristic algebraic 
equation associated with the difference equation (2) has its roots different from 
each other and from zero, then this difference equation has the fundamental 
system of solutions 

fi{^)jft{^)y-jft{x)y 

determined above and possessing the following properties: 

1) Each function in the system is analytic throughout the finite plane^ 
except at the singularities of the functions (34) and points congruent to them 
on the left. Moreover^ the singularities ^ in the finite plane^ of each function in 
the solution are poles, provided that ai{x), 02(3?), . . . ., a^{x) are rational func- 
tions and the complete set of numbers, each of which is the order of one of 
these poles, is a bounded set. 

2) The functions ft{x), t=l, 2, . . . . , n, have with respect to x the asymp- 
totic representation 

/i^(a;)'-a?x^'(l-f ^ + ^ + . . . .), t = l, 2, . . . ., n, 

this representation being valid for x approaching infinity in any way so as to 
remain to the right of the axis of imaginaries when in the upper half-plane 
and to the right of any line parallel to the axis of imaginaries when in the 
lower half-plane.* Moreover, this representation is valid in any right half- 
plane provided that no one of the quantities 

log a<— log a, -10 • • I 1 

^-— -> J = h 2, ,n; t=; + l, ,n, 

has its real part equal to an integer. 

m ■■!■■ - -- T ■ i_- _r-r- . ■!■■*■ " > ~^ — ' ~ ' ' ' — ~~ ~' - -_.--. . _. . 

* The upper and lower half-planea enter here unsymmetrically. Their rAles may be interchanged 
by a different choice of the quantities X entering into the discussion. See the paragraph containing 
equation (62). 
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From results previonsly obtained we know, furthermore, that ft (x) always 
maintains its asymptotic character with respect to rr in any right half -plane and 
with respect to v in the entire plane. 

The solutions mentioned in the foregoing theorem are called principal solu- 
tions on account of the important properties which they possess. 

11 fi^{x) is any solution of (2) which is analytic in some right half -plane 
and is there represented asymptotically with respect to x by 



'•!^(i+^+^ +•••■)• 



then it may be shown (as in a similar case in § 3, beginning with equation (55) ) 
that* 

fk{x)=Pi{x)nix) + ....+pj,_,{x)fi_,{x)+ft{x), 

where Pi{x)y . . . ., Pt-i{x) are suitably determined periodic functions of x of 
period 1. By means of this result one again has a theory of " initial conditions '' 
analogous to that associated with equation (60). 

§ 6. The Second System of Principal Solutions. 

In the preceding section a fundamental system of solutions was obtained 
by starting with the solution ftix), obtained in § 2, and carrying out a certain 
process of transformation of equation (2) and interaction between it and the 
transformed equation. Similarly, one may start from the solution /jT (x) , ob- 
tained in ^ 2, and by a similar process arrive at another fundamental system 
of solutions of equation (2). We state merely the result of this work in the 
form of the following theorem : 

Second System of Pbikcipal Solutions. // the characteristic algebraic 
equation associated with the difference equation (2) has its roots different from 
each other and from zero^ then this difference equation has a fundamental system 
of solutions 

fT{x),f^{x),....jf^{x), 

possessing the following properties: 

1) Each function in the system is analytic throughout the finite plane 
except at points congruent on the right {at a distance of n units or more) to 
the singularities of the functions ai(a?), 02(0;), . . . ., a^(a?). Moreover, the 
singularities of each solution, in the finite plane, are poles provided that ai{x), 

— - — ■ . - . , . 

* If /k(«) 18 replaced by the A;-th solution of the first fundamental set of associated solutions, then 
it is easy to see that we continue to have the same relation as that given in the text, this relation cer- 
tainly being valid if |t7| is sufficiently large. 
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a^ix), , , . .y a^{x) are rational functions and the complete set of numbers, each 
of which is the order of one of these poles, is a bounded set. 

2) The functions /r(^)> *=1, 2, . . . ., n, have with respect to x the asymp- 
totic representation 

f7{(c)^a^x'^^(l+ ^-+^^+...\ t = l, 2, . . . ., n, 

\ X X I 

this representation being valid for x approaching infinity in any way so as to re- 
main to the left of the axis of imaginaries when in the lower half -plane and to the 

9 

left of any line parallel to the axis of imaginaries when in the upper half-plane* 
Moreover, this representation is valid in any left half-plane, provided that no 
one of the quantities 

log Oj—log a^ ._ ^ ..— 11 

- / — - ,3 — 1, -,...., w ; t — 7 I -*■> • • • •} n, 
2nv—l 

has its real part equal to an integer. 

Further remarks, similar to those at the close of the preceding section, 
may be made with reference to the solutions /r(a;), . . . ., /™(a;). 

§ 7. Other Results. 

The methods by which the foregoing results are demonstrated are essen- 
tially distinct from any at present existent in the literature of difference equa- 
tions. There are three other results which are necessary to complete the first 
fundamentals of a general theory of equation (1). These are due to Birkhoff 
{loc. cit.), who has demonstrated them for a system of n equations of the first 
order rather than for a single equation of order n. Birkhoff's proof, with 
merely formal modifications, will apply to equation (1) and may be based on 
the theorems demonstrated above. It is therefore unnecessary to repeat the 
proof. It seems desirable, however, to have a careful statement of these in a 
form to be directly applicable to equation (1) and for the sake of completeness 
of the fundamental results assembled in this paper. Consequently, a statement 
of these theorems, without proof, is given below: 

1. If the characteristic algebraic equation associated with the difference 
equation (1) has its roots different from each other and from zero, and if the 
coefficients di{x), a^ix), . . . ., d^ix) are polynomials in x and if further we 
write 



* Compare the foot-note to the previous theorem. 



Homogeneous Difference Equations. 219 

F7{x) = pn{x) Ft{x) + PiA^) Ft{x) + . . . .+Pi,{x) Piix), i=l, 2, . . . ., n, 

where 

Ft (x) = x^' ft (x) , Fr {X) = x^' fr (x) , 1 = 1, 2,.... ,w, 

then the fundamental periodic functions Pi^ix) are of the form 

Pii{x)=l + CJ}^ e*' V-l ' + C^f e4ir V-l * -I- -f gBirii, V-l e2irA V-l x ^ 

Pi^{x) =6*'^*^ V"i*[C§^^ + C<^^ e2T V=i,-|- +c(A-i) 6201-1)' ^-1*], i :^i, 

where X^^ denotes the least integer not less than the real part of 

loga<— |ogay 
2n^/—l 

If the functions di{x)y Ozix), ...., a„(a;) are restricted merely to be 
rational, then the periodic functions Pij{x) are rational functions of e2»V-i*. 

2. Let the characteristic algebraic equation associated with the difference 
equation (1) have its roots different from each other and from zero, and let 
the coefficients ai(a?), SgC^)? • • • •> 5«(^) ^^ polynomials in x. Write 



,„v_,(i5|j^+^).„. 



where \ is the least integer not less than the real part of the negative of the 
first term in parenthesis. Mark the two sets of points 



Bin y fs«~l J 7 «i,i-l y ^^^ Bin— 2 ^ V— 1, , f<.i-i —2 n V— 1, 0, 

and call them, respectively, 

Pn J Pn—1 7 • • • • > -Pt ^'id Vn J Qn-l >••••> V< • 

Construct the convex broken line P^ P^ , . . . P^ above which all the remaining 
points P lie, and likewise construct the convex broken line Qn Qe - -- - Qi below 
which all the remaining points Q lie. Let the acute angles which the successive 

sides of P^Pff. .. .Pi and Q^Qe Qi niake with the axis of reals be ^„,^^,. . . . 

and -^n J "^tf > • • • , respectively. The critical rays between arg x=0 and arg x=2n 
are then 

in angular order. The asymptotic form of F:r{x) changes from 

e2w\uy/-izci^^xf^^(itxf^i(l+^ + ^+ ) 

to 

g2TX*.V-U^(0)^AC*aJa;A.A _^ ^ + >^ + . . . . V 
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along the critical ray arg x=in — ^4, and likewise from* 



to 






along the critical ray arga?= — i^+4'«. Between the last critical ray of the 
first set and the first of the last set the asymptotic form is given by 



rc^a?a;*Yl+^ + ....V 



A similar theorem exists for the functions F;t{^) ^^ <^^^^ equation (1) is 
such that it may be written in the form 

ao{x)F{x+n) + +a'n^i(x)F{x + l) +F{x) =0, 

where ao(^)> ^i(^)> • • • •, «n-i(^) are polynomials 

3. Let Ff (a?) ,. . . .^Fi{x) and Fr(a?), , F;{x) be two sets of single- 
valued functions which are analytic fliroughout the finite plane, except for 
poles, and which have the further property that 

lim Ft (x) a?-'«ar'a?"'** = 1, lim Fr (a?) a?™'^ar'a?-''* = 1, 



2s:go 4;asaO 



fi being an integer, the constants ai , Oj 9 . . . . , a« being different from each other 
and from zero and the range of x for the limits being as follows : In the first 
[second] case x may approach infinity in any way so as to remain to the right 
[left] of any line parallel to the axis of imaginaries when in the upper [lower] 
half -plane and to the right [left] of any line parallel to the axis of imaginaries 
when in the lower [upper] half-plane. Furthermore, let these two sets of 
functions be connected by the relations 

FTi(x>) =Pa{x)Ft{x) + .... +p,,{x)Ft{x), i=l, 2, . . . ., «, 

where the functions Pif{x) are periodic in x of period 1. Then the sets Fi*" (rr), 
. . . ., Fi{x) and F^{x)y . . . ., F~(a;) are fundamental systems of solutions of 
a difference equation (1) in which the coefficients di{x)f . . . . , a^{x) are rational 
functions of x. 

UlVITEBSITY OF ILLINOIS. 

* Here 8ij is equal to unity or zero, according at i is or is not equal to j. 
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A Class of Asymptotic Orbits in the Problem of Three 

Bodies. 

By L. A. H. Wabben. 



Contents. 
I. Introduction. 
II. The Differential Equations of Motion of the Infinitesimal Body. 

III. Asymptotic Orbits Defined ; and Proof that They All Lie in the cry-Plane. 

IV. Formal Construction of the Solutions. 
V. Proof of Convergence of the Solutions. 

VI. Alternative Method of Constructing the Solutions. 
VII. Properties of the Orbits. 

VIII. Continuation of the Orbits Beyond the Range of Convergence of the 
Solutions of the Differential Equations. 

I, Introduction. 

If we have a system consisting of two arbitrary finite spherical bodies 
revolving in circles about their common center of gravity, Lagrange* has shown 
that there are three points on the straight line passing through the centers of 
the finite bodies such that if an infinitesimal body be placed at one of them and 
be projected so as to be instantaneously fixed relatively to the revolving 
system it will always remain fixed relatively to the system. These three 
equilibrium points, as they are called, are separated by the finite bodies, whose 
masses are denoted by fi and 1— /i^, (0<ji4<i). The point beyond the mass ^i 
is called (a), that between the finite bodies is called (&), and that beyond the 
mass 1 — n is called (c). 

In the present paper, it is shown that in the neighborhood of each of the 
equilibrium points (a), (6), {c) there exists a class of orbits, in which the 
Infinitesimal body approaches the equilibrium points as t becomes infinite. 
Such orbits are called asymptotic orbits.f 



* Lagrange, " Collected Works," Vol. VI, pp. 229-324 ; Tisserand, " M^canique Celeste," Vol. I, Chapter 
VIII; Moulton, "Introduction to Celestial Mechanics" (New Edition), Chapter VIII. 
t Poincare, " Les M^thodes Nouvelles de la Mecanique Celeste." 
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In § II the equations of motion of the infinitesimal body are given with 
reference to the system of rotating axes, passing through the center of gravity 
of the finite masses, the a;-axis coinciding with the line joining their centers. 

In § III there is a detailed explanation of what is meant by asymptotic 
solutions of systems of di£Ferential equations, and asymptotic orbits of a 
moving body; and it is shown that in the three-body problem under considera- 
tion the only existing orbits which are asymptotic to any of the equilibrium 
points (a), (6), or (c) lie wholly in the plane of revolution of the finite masses. 

In § IV the equations of the asymptotic orbits are developed as power 
series in exponential functions of the time, and in the following article it is 
shown that these power series expansions are convergent for t sufficiently 
large. 

In § VI an alternative method is given for building up the equations of 
these orbits. 

In § VII there is a discussion of some of the principal properties of these 
asymptotic orbits, their position relative to the rotating axes, and the change 
in their direction of approach to the equilibrium points as [i varies from zero 
to i. 

In § VIII it is shown how the orbits can be continued by the method of 
mechanical quadratures beyond the range of convergence of the solutions of 
the differential equations. A special case [i=0.02 is discussed in detail, and 
one of the corresponding asymptotic orbits for point (a) is continued by this 
process. 

II. The Differential Equations of Motion of the Infinitesimal Body. 

In the following discussion we consider a system consisting of two finite 
bodies revolving in circles about their common center of mass, and of an in- 
finitesimal body subject to their attractions. Let the constant distance between 
the finite bodies be unity. Denote the masses of the finite bodies by (i and 
l—(i, where 0<fi<i, so that the sum of the masses shall be unity. Choose 
the unit of time so that the gravitational constant k^ shall be unity. With the 
units so chosen the time of revolution of the finite bodies will be unity. 

Take the origin of coordinates at the center of mass of the finite bodies, 
and refer the motion of the bodies to a system of axes rotating in the plane of 
motion of the finite body, in such a way that the f-axis always passes through 
the centers of the finite bodies. If ^, ^7, f denote the coordinates of the in- 
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finitesimal body, then the differential equations of ntiotion for the infinitesimal 
body are :* 

d^^ « dr. 



dt 
d^n 



« -^1f=^-^^-'^^ 






»i 



f^ 



+ 2 



d^ 



ri 



>7 



df^ '- dt =>?- (1-^)71 -^71 



dt^ 



= — (1— //)ts^— /«^, 






(1) 



where (^i, 0, 0), (^j, 0, 0) are the coordinates of the bodies 1 — (i and ft respec- 
tively; ri=V0P|jM^?+r and r,= V(|=6)HV+r. 

Let (^o> 0, 0) denote the coordinates of one of the equilibrium points on 
the ^-axis. If, then, by the transformation ^=£o+a;, >7=y, f =2, we move the 
origin to one of these points, the equations of motion take the formf 

'x"—2y'= {l + 2A)x+ |5[— 2a;*+ y*+3*J +2C[2ii?—Sxy^—3xs^] , 

y" +2x'= {l-A)y+3Bxy+^Gy[-^!i^+y^+z'] + ...., 



.// 



where 
A = 



= —Az+3Bxz+ -Cz[—^a^+y*+ii^] + , 



_ l-/« 



[{^o+firv 



+ 



u 



I" 






B = 



_ +1— ^ 



± ..<0)« — „(0)« > 

' 1 »2 



c= 



«.(0)' "T" 



y(0). . 



(2) 



where in the expression for B the upper^ middle, or lower signs are to be taken 
according as the orbits in the vicinity of the point (a), (6), or (c) are being 
treated. 

In what follows we shall have to deal chiefly with the first two equations 
of (2), and it will be more convenient to have them in a normal form. 
The linear terms of the first two equations of (2) are 

y"+2a;'-(l- A)y=0. 



(3) 



^Moulton, "Introduction to Celestial Mechanics" (New Edition), §152. 
t Moulton, " Periodic Orbits," pp. 156, 168. 



224 Warren : A Class of Asymptotic Orbits in the Problem of Three Bodies. 



The general solution of these equations is 

X = ff le^^"" + K^e-^"^'"' + K^e'' + K.e-'', 
y=nyJ'^[K^e'''^"''-K^e-''^-^']+m[K^e''—K,e-'']. 

Where aV— 1, — <y V— 1, p, — p are the roots of the bi-quadratic equation 

X*+ {2—A)7}+ {1 + 2A) {l—A)=0. 
If then we make the transformation 

X =Wi + W2 + ti8 + W4, 



(4) 



(5) 



a;'=aV— l(wi— ti2)+p(w8— W4), 

y =nV^(i/i— %)+w(!/8— Wi), 

y' = —na{u^+u^) +mf{u^+u^)^ 
the first two equations of (3) assume the normal form,* 

«i=«tv=i«.+- — ^— 7==-r|5(-2x*+t/*+^^) 

2 (ma — no) V — 1 L^ 



(6) 



2(mp+wa) 



+ 2C{2a?—^xy^—ixz^) + . . . .1 
^Bxy+ ^Cy{-4.a?+y'+z^) + ....}, 



m 



2 (ma — np) V 
n nn 

P"»-2(ma-«p)L J + 



3["]- 



2(wp+wa) 



H- 



^8 = 



w 



+ 



2(mp + '«(r) 
1 



ii 



(7) 



(8) 



ma—np) I I ' 2(OTp+«<r) 

Equation (7) may be put in the form 

«;=-aV=l«j+Hf +H^»'+fl^*>+ . . . ., 
u', = pw, + Hi^^ + ff <« + ^<« + . . . . , 
M;=-pM«+H«>+fl<«>+ff<^>+ . . . ., 

where Hi'^ denotes all the terms on the right-hand side of the A;-th equation 
which are of degree r in x, y, z, and therefore of degree r in Mj, Mj, «s, ««• 

III. Asymptotic Orbits Defined and Proof that They all Lie in the xy-Plane. 
It has been shown by Poincar^t and Picardt that certain systems of 

dX' 
differential equations of the form -jj- =X<(a?, t) (t=l, . . . ., n) admit of solu- 

♦ Moulton, " Periodic Orbits," pp. 161-162. 

t Poincar6, "Les M^thodes Nouvelles de la M^canique Celeste," Vol. I, Chap. VIIT. 

t Picard, "Traits D'Analyse," Vol. Ill, Chap. VIII, § V. 
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tions as power series in -4^6^** (i=l> . . . ., w)> where the At are arbitrary con- 
stants, and where the fixed constants X^, which are the roots of the characteristic 
equation, are called the "characteristic exponents/' It has been shown 
further* that if there are k of the Jl< (t=l, . . . ., n) which are represented by 
k points on the complex plane all of which lie on the same side of a straight 
line passing through the origin, and which are such that none of the relations 

2p^Xy — ^^=0 (i=l, . . . ., n) holds for any positive integral values of the py 

k 

such that 2 Pj^2y then the solutions as power series in Aie^'* (i=l> . . . ., fc) 

will be convergent for | Aie^** \ suflficiently small. In particular, if we put equal 
to zero the Ai corresponding to those Jl< whose real parts are zero or positive, 
the solutions as power series in the remaining A^e^*^ will be convergent for all 
values of t which are sufficiently great ; and if the A^ involved in these latter 
expansions are taken sufficiently small the convergence will hold for all values 
of t from t=0 to t = co . 

Again, if we build up solutions as power series in those Afi^^* where 
the real parts of Jly are positive, the exponentials e^'* approach zero as t ap- 
proaches — 00 . Such expansions will be convergent for t sufficiently large and 
negative; and if the ^^ are sufficiently small they will be convergent for all 
negative values of t. Such solutions are said to be " asymptotic '' to the solu- 
tions obtained by putting all the Ai (t=l, . . . ., w) equal to zero, and they are 
called "Asymptotic Solutions of the System of Differential Equations." 

In the problem under consideration we shall show that the differential 
equations of motion of the infinitesimal body have asymptotic solutions such as 
have just been described. We shall see also that the infinitesimal body, mov- 
ing in an orbit defined by one of these solutions, will approach asymptotically 
one of the equilibrium points (a), (6), or (c) as t becomes infinitely great. 

We proceed to show, first of all, that all orbits which are asymptotic to 
one of the equilibrium points (a), (6), or (c) lie entirely in the plane of revo- 
lution of the finite bodies, that is, in the a;2/-plane. 

If in the equations of motion (2), we make the transformation x=xey 
y=ysy z=zey we obtain, on dividing through by a, . 

a?''--2y'— (l + 2J)x = fX2(a;*,t/^^^)+5*X8(a;«,a;y^a;22)+^%(....)+...., 

y- + 2x'~(l- A)x=eyY,{x)+6'yYs{o^,y',^)+€'yI\{. ...) + ... ., [ (9) 

«" + Az=€zZ^{x) +f?zZs{ic', yS ^) +^zZ,{ ....) + 



*Poincar6, "Les M^thodes Nouvelles de la Mecanique Cdleste/' Vol. I, Chap. VIII, §105. 
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Since the right-hand members of (2) converge, so also will the right members 
of (9) converge for all e {0<e<l). It follows, therefore, that the equations 
(9) have a solution of the form 



00 



0?= 2 xAt)^j 

/=0 



00 



y= Xyf(t)e', 

y-o 



00 



2=2 2y(0e'- 



(10) 



In order that z may be zero for all t sufficiently large, and for all values of s, 
it follows that Zf{t) (j=0, . . . . oo ) must each be zero for all t sufficiently large. 
On substituting (10) in (9) and equating coefficients of like powers of b on 
both sides of the resulting equations, we obtain sets of differential equations 
from which the values of ar^, t/y, z^ (i=0, . . . .oo ) can be obtained sequentially. 
From the terms independent of f, we have 

<— 2t/o-(l + 2^)rro=0, 
y;; + 2xo-{l- A)yo=0, 



Jf 



+ AZa =0. 



(11) 



(12) 



The general solution of equations (11) is 

So = c{"^ cos VA t + c|'*> sin y/At. 

In order that z^^t) shall approach zero for t infinite, we see that c^^=c^^=0, 

and, therefore 

2o(0=0. (13) 



When we equate the terms in the first power of e, we get 

<-2y;'-(l+2^)aH=X«(a^o, yi, 4), 
yi'+2a;i'-(l- A)yr=y^Ti{a>,), 



Zi 



n 



+ Azi=ZQZ^(x^. 



(14) 



If we substitute the value 2o=0 in (14) the third equation becomes 2J' +-4^1=0, 
which is of the same form as the third equation in (11). In order that Zx{i) 
shall approach zero for t infinite we see, therefore, that z^{i) ^0. Similarly, we 

can show that ^2(0^0: Suppose we have proved sequentially by this method 

that 2;y(<)^0, for i=0, 1, . . . ., n. Since the right-hand member of the third 

equation of (9) carries 2; as a factor, and since the factor e has been removed 
from this equation, it follows that the right member of the diflferential equation 
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which defines z^+i will consist of terms which carry as a factor one or more of 
the Zf(t) (j=0, 1, . . . ., n) but will not contain any «y, j>n. Hence, the right 
member of this equation is zero, and, therefore, ^n+i(O^^0. We see, therefore, 

that z^{t) ^0 for y=0, 1, . . . . oo , from which it follows that z{t) ^0. In order, 

therefore, that the infinitesimal body shall come to rest at one of the equilibrium 
points (a), (6), (c) its whole orbit must be in the a;y-plane. 

IV. Formal Construction of the Solutions. 

We proceed to show that equations (7) admit of solutions defining asymp- 
totic orbits in the rry-plane. These will be found as power series in e"''*, and 
6+^*, the former convergent for t sufficiently large and positive, the latter for t 
sufficiently large and negative. 



(A) Solutions as Power Series in e"^*. 

If, in equations ^8), we make a transformation on the independent variable 
by putting g>=6"'''* these equations take the form 



Id) 



— pu 



do 
da 



= -aV-lu^-\-m^+Ef'^+ .... 






pMs 



P«4 



+E,«>+Ff+.... 



+Hi*>+Hi'^+ 



(15) 



convergent for o 



It is required to find solutions of (15) as power series in a 
sufBciently small. 

By Maclaurin's expansion 

u,{o)=u,{0)+o(^y^^ + ^(^^^^^ + ...., (t = l, ....,4). (16) 

Since the body is to be at rest at the origin at 0=0, it follows from (6) that 
ti.(0)=0, (t=l, . . . ., 4). By repeated diflferentiation of equations (15) with 
regard to o, and putting (o=0, we can build up the coefficients of the successive 
powers of a> in the expansion (16). Since 



X = Ui + U2 + Uz + U4j 

y=n\^ZIi(ui—u^)+m{uz—u^)j 



(17) 
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it follows that the coefficients of successive powers of o in the expansions for 
X and y will thus be known also. 

The first equation of (15) written at length is 



pcj 



3-^ = <tV— lwi+ 7= (— 2a;2 + /)— -^, r (xy) 



mC _ o ^ o. 30 



L(wa— wp)V^ 4(mp+w<7) ^ i^Ti^ ; j 



+ (terms of higher degree in x and y). 
On differentiating this with regard to o, we get 



3(0 "-^ 30)^ - " " ^3 



(•) 



'''L4(m<T— np)V^\ ^9" ^3o/ 2(mp+«or) \^ao a^/J 

r mC /g^3a; ay dx\ 3C 

L (w<T— wp) V — 1 \ 36) 3g> 3g)/ 4(mp+«(T) 

On putting 0=0, and therefore a;=t/=0, this becomes 

(_p_,V=l)(^^X,.=0. (19) 

Since A>\* for each of the equilibrium points for 0</M<i, it can be 
readily seen that two of the roots of equation (5) are real and equal numerically 
but opposite in sign, and that the other two are conjugate imaginaries. Further, 
none of the roots of (5) is zero. It follows that none of the relations. 



pp=0; pp = — p; pp=±aV— 1, 
can hold for p>l (pa positive integer). Hence, from (19) we see that 

(I'^O =0. (20) 

Similarly, by differentiating the second, third, and fourth equations of (15) 
with regard to u, we obtain, respectively, 

♦ Moiilton, " Periodic Orbits," p. 159. 
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It follows then, that 



Hence, 



(^) =0; (^) =0; Ip) = arbitrary = 

(^) =c; and ( J^) = — mc. 



c. 



(22) 



If we diflPerentiate equations (18) and the three corresponding equations in 
1*21 tig, and W4 obtained from (15), and put g)=0, we obtain in succession, by the 
aid of (20) and (21) 



1 r 3m{m^—2)B 

2p + <T V^ L2 (mc—np) V^ 



/y«A _ 1 r 3w(ffl 

\3(i)*/w«0 



+ 



3m£ 



m*— 2)5 



3p 



wp+wa 

3mB 
mp+n<T 

3w5 
«tp +na 

3wg 
2 (ma — «p) wtp+w<T 



(»n<r — np) V — 1 

r 3n(w«— 2)g 
L 2(t»<T — np) 

r_ 3n(w*— 2)B 



+ 






(23) 



On reduction, then, we obtain 



( 






_^r 3m(« 
L(t»<T — n 



w*— 2)5<T 



p) (4p*+<T*) 



( 



n(TO*— 2)g 
(m<T — «p)p 

12m5p 
(mp+«<T) (4p*+<T*) ' (wp+na)p 



+ 



4mB 



]■ 






— mA 6n(m^— 2)gp 2n{m^—2)B 

L (wwT — np) (4p*+a*) (ma — «p)p 

SnBa 



2mB 



(mf+no) (4p*+w ) (mp+n<7)p 



]• 



(24) 



By repeating the process and applying (20) and (21) at each step, we can 

find in succession the values of ( -55— ^ ) (^ = 1, . . . . , 4 ; & = 3, .... 00 ) , and 

\9ci)*/««o 

thence we can readily find (t^-^) and f:^-^) . We notice from (22) and 

(24) that the first and second partial derivatives carry the arbitrary parameter 
c to the first and second powers respectively. We see further that, at each 
step in the differentiating, the right-hand members of the equations are homo- 
geneous in the orders of the partial derivatives in each term. It follows then 
29 
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that (-^-r') and, therefore, also (-:^-x) and (-=-^) each carry a factor c*, 

after the values of the partial derivatives of orders lower than k have been 
substituted in the right-hand members. Hence, the terms of the expansion in 
(16) carry c and u as factors to the same power. On substituting the values 
of the partial derivatives in Maclaurin's expansions for x and y, and replacing 
6> by its value e'"', we obtain a set of solutions of equations (8) in the form 



X= Ce~"+ ;rT 



_^ 1 r Zm{m*—2)Ba n{m*—2)B 12mBp 

2!L(to<t — «p) (4p*+a*) {ma — «p)p (mp-|-«(T) (4p*+<T*) 



+ 



^mB 



(mp+«<T)p 



]c*e-*"+ij[....]c»e-'""+...., 



y 



2n{m^—2)B 



_ _ _^,_ wl" 6n(w'— 2)gp _ 2n(w'— 
~ 2!L(»«T — Mp) (4p*+<r*) (WMT — « 



p) (4p 

+ 



+ 



dnBa 



p)p (wp+«<T) (4p*+<^*) 



imp+na)pr^ 3jL....jc°e + 



(25) 



(B) Solutions in Powers of 6^^*. 

If, in equations (8), we were to transform our independent variable by 
writing g>=6+^*, we could build up a second set of solutions of form similar to 
(25), by a process exactly parallel to that used in section (A). We shall show, 
however, that this new set of solutions can be obtained directly from solutions 
(25) by changing the sign of t throughout, and changing the sign of y in the 
result. 

The first two equations of (1), with z dropped from the right-hand mem- 
bers, can be written in the form 

y" + 2x'=yF,{x,y'). 
If we suppose the initial conditions are 

a;(0)=a, x'{0)=a,, y(0)=/?, t/'(0)=/3i, 
then the solutions of (26) have the form 

x=f,{t), x'=^,{t), y=U{t), y'=q>At)' 

If in equations (26) we put x=Xy y = — >;, and i = — r, we get equations 
of identically the same form in x^ yjj and r as (26) are in a;, y, and t. These 
equations are 

x-2v=FAx,v'). 

ii + 2x=y!F^{x,yi^), 



(26) 



(27) 



(28) 



(29) 
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where the dot denotes differentiation with regard to r. If we impose the same 
initial conditions in these new variables, viz. : 

rr(0)=a, i(0)=a„ >7(0)=/3, ^(0)=/?,, (30) 

then the solutions of (29) are 

a;=/i(r), i?=4>i('r), >7=/2(t), ^=^^{r) ] (31) 

that is Xy Xy >7, and yj are the same functions of r as a;, x\ y and y' were of t 
before. But the initial conditions (30) are the same as 

a;(0)=:a, a;'(0)=-ai, yo=-/?, y'(0)=/?i. (32) 

Again, the solutions- (31) are the same as 

^=/i(-0, ^'=-4>i(-0, y=-U{-t)^ y'=4>2(-0. 

It is readily seen, therefore, that for initial conditions (32) equations (8) 
admit of a solution which can be derived from (25) simply by changing the 
sign of t throughout and changing the sign of y in the result. These solutions, 
therefore, have the form 

__ ^ 1 r 3m(m'— 2)g<y n{m^—2)B 12 mBp 

"■ ^'^ ■^2!L(m<y— wp)(4p^+a^) {ma—' 

4mfi 



x 



(p) (4p' 

+ 



(mp+n<T)p 



^^^,,0. , ^r en{m^-2)Bp 2n{m^-2)B 

^~ ' -r 2 J L (^a—no) l^+a^) (mo— 710)0 ^ 



np)p {mp+na) (4p^+a^) 

I ^1^ T" oT [••••] ^^ . I • • • • > 

6nBa 



p)(4p*+a*) (ma— wp)p (mp+nc) (Ap^+a^) 

2m5 -1 m 

(mp+w<r)p J 3! 



(33) 



V. Proof of the Convergence of the Solutions. 

It is necessary to prove the convergence of the series (25 ) , which we have 
deduced from equations (8), or their transformed equivalents (9). This we 
shall do by a method analogous to that used by Picard.* Write equations (9) 
in the following form 

dui 



P^-q^-gV-1u,=H?^+H?^ + 



• J 



3^2 



P"-g^ +<TV^W2 = -fff^ + i?f + . . . ., 



m 

dUi 



i^-a^-p^8 



P"^:r +P"^ 



10 



=F?j+fff +...., 



=H?>+flf + 



(34) 



* Picard, « Traits D* Analyse," Vol. Ill, Chap. I, § 12. 
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The coefficients of any of the partial derivatives of Ui (t=l, . . . ., 4) for o=0 
are respectively of the form 

p(_p)_aV=:T, p(_p)_(_aV=T), p(-p)-p, p(-p)-(-p), (35) 

all of which are, in absolute value, greater than B{p — 1) where t is a real 
quantity. In this case f is a fixed quantity smaller than the absolute value of 

the smallest of ±p and ztaV — 1. 

It has been shown by Moulton* that the expansions in the right-hand mem- 
bers of (14) converge within and on the boundary of a circle of radius a (a>0) 
about each of the equilibrium points ; the value of a depending upon which of 
the points (a), (6), or (c) is being considered. 

Let M be the maximum modulus of the expressions in the right members 
of (34) for all values of the variables u^ Uz^ Hsj Uij in this circle of radius a. 

Consider the comparison set of differential equations 
eLp-v^= ;^\ ^ _M-M "-+"-+"'+"- , (i=l,....,4). (36) 



a 



It is evident that equations (36) dominate (34) ; and it can readily be shown 
that the solutions of (36) dominate the solutions of (34). The terms on the 
right of (36) are all positive, and it is obvious from the method by which the 
solutions are built up that all the terms of the solution of (36) are positive. 
In building up the solutions of (34) and (36) as power series in u, whose 
coefficients are the values of the successive derivatives of the i/.- and the v^y re. 
spectively, for a)=0, we see by (35) that the absolute value of the coefficient of 
any partial derivative on the left obtained from (34) is greater than the 
coefficient of the corresponding partial derivative on the left obtained from 
(36). But each term on the right-hand side of (36) dominates the correspond- 
ing term on the right of (34), and therefore any partial derivative of the right 
members of (36) is greater than the absolute value of the corresponding par- 
tial derivative of the right members of (34). It follows, therefore, that the 
values of the successive partial derivatives obtained from (36) are greater 
respectively than the absolute values of the corresponding partial derivatives 
obtained from (34). Hence, each term in the solutions of (36) is greater than 
the absolute value of the corresponding term in the solutions of (34) ; or the 
solutions of (36) dominate those of (34). 

♦ Moulton, " Periodic Orbits," p. 154. 



Wabben : A Class of Asymptotic Orbits in the Problem of Three Bodies. 233 

It remains to be shown that the solutions of (36) are convergent for u 

sufficiently small. From the symmetry of (36) in the t;< (t=l, ,4), all 

the Vi are equal. We can, therefore, replace equations (36) by a single equa- 
tion in one variable, viz. : 



CJ:5 V = M — M — , 

L 9o J ^ 4t' a 



1— 
a 

which reduces to the form 



tt;5 v= -. — , where M'= ; (37) 

C(j a— 4t; aa 



whence, 

do dv M'dv 



(J V a+{M' — 4)v * 
On integrating this equation, we have 

log cg> = log 



[a+(M'— 4)i;]i^ ' 






Therefore, 



V — C(d(a* + xa*~^ — v+ .... 1=0. 



From this it follows, by the theory of implicit functions, that v can be expressed 
as a power series in o, vanishing with o, and convergent for o sufficiently small. 
Thus, we see that the solutions of (36) converge for o sufficiently small; and it 
has been shown that the solutions of (36) dominate the solutions of (34). 
Hence the solutions of (34) are convergent for (j sufficiently small, that is for 
t sufficiently large. 

■ 

VI. Alternative Method of Constructing the Solutions. 

The solutions of equations (8) may be built up by a process quite different 
from that used in ^ IV. 

If, in equations (2), we make the transformation x=xej y=yBf the first 
two equations, considered for z=0, give, on dividing through by e, 

x"-2y'={l + 2A)x+iB[-2a^+y']e+2C[2a?-3xy^]e'+ . . . ., 

y" +2x'={l-A)y+3Bxye+iCy[-4Lx'+y']e'+ ^ 



234 Wabken : A Class of Asymptotic Orbits in the Problem of Three Bodies. 



Since, as was pointed out in § V, the right-hand members of the original equa- 
tions converge within and on the boundary of a circle of radius a (a>0) about 
each of the equilibrium points, it follows that the right-hand members of (38) 
converge for e suiBSciently small (0<f<l). Such a system of diflPerential 
equations, with constant coefficients on the left, can be solved for x and y as 
power series in f, of the form 






00 






(39) 



where the coefficients x^ and y^ are to be determined. Since (39) are the solu- 
tions of (38), the latter must be satisfied identically when x and y are replaced 
by the power series in (38). When we make this substitution, from terms 
independent of f, we have 

<— 2yi— (l + 2i4)a;o=0, 

y',' + 2x',-(l- ^)yo=0. 



(40) 



The general solution of these equations is 



ajo = JTie'^"" + K^e-^"^-'* + K^e'' + K,e-'\ 



(41) 



where the K^ and L< are constants of integration, the K^ (i=l, . . . ., 4) being 
arbitrary, that is dependent upon the initial conditions imposed which are 
arbitrary, and the L, depending on the £',., the relations between them being* 



L,= V=l ^'+o+^^ g,= V=lng. = -g;L„ 



L,= 



2a 



f'-^-^^K.^ 



mK%= 



Ks 



L,. 



(42) 



2p "'- — '- K, 

Since the Ki are arbitrary, and since we are seeking solutions which vanish 
as t approaches infinity, we choose fi'^ = £'2 = ^3 = 0, and, therefore, also 
Li=L2= 1^8=0. Equations (40) then have a particular solution of the form 

x^^K.e"'', yo=L^e-''. (43) 

Let us impose the initial conditions that x=b at ^=0. Since 

x{t)^Xo{t)+Xi{t)6 + X2{t)^+ , 

then 

a;o(0)=&, rr,(0)=0, (i = l, . . . .00 ). (44) 



♦Moulton, "Periodic Orbits," p. 169, Eqns. (28). 
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On imposing these initial conditions and using (42) , we see that (43) takes 
the form 

Xo=be-^\ yQ=^mbe'^*. (45) 

In finding successively the values of x^ and y^ (; = 1, . . . .oo ) it is more con- 
venient to use the normal form of equations (26). 
As we saw in ^ 2, the transformations 



X =Ui + U2 + Uz + U4y 



x'=oy/Zli(u,-u,)+p{us-u,), 
y =n^/^Z:l(^u^—u^)+m{'Us—u,), 
y' = —na{Ui + U2) +mp{u2 + u^)y 

change equations (26) into the normal form 



(46) 



u'l — aV — lwi= 



u 



'2+aV^U2= — 



_ ] jg 

2{ma — wp) V — 1 2{mp+na) 

m[ . , . ,]e j . . . . jg 



Ws— pWa 



u[+p% 



2 (ma — np) V — 1 2 (mp+na) 



2{ma — t?p) 
n[. . . .]6 



+ 



2(mp+wa) ' 

I .... (f 



2{ma — wp) 2(mp + «a) * 



(47) 



where 



[....] = iB[—2a?+y'] +2C[22)*— 3a;t/2]€+ terms in 6^, g*, . . . . , 
j.... \=iB\xy\ + ^Cy\—4:x'+y'\e+ terms in ^S 6*, 

These equations have solutions of the form 



(48) 



00 






yw — J.J • • • .y ^J* 



To determine the wp we substitute (49) in (47) and equate coefl5cients of like 
powers of e on both sides of the resulting equations. From the terms inde- 
pendent of f, by applying (46) and (44) we get the value of Xq and t/o as given 
in (45). Since, by (44), 



a;o(0)=6, and a;^(0)=0, (; = 1, . • . .oo ), and a;y= 2 wP, 



(49) 



it follows that 



t*r(0) +Mr(0) +<>(0) +t(r (0) =b, 
mP(0) +M<«(0) + «^'U0) +m1"(0) =0, 



;=(1, oo). 



(50) 
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On equating coefficients of the first power of s, we have 

3otB[— 24+2/0] 3Ba5oi/o 



«?''— <rV^«i" = 



«r+<TV--l«i'> = 



4(«t<T — «p) V — 1 2{mp+na) 

3mg[— 2a^+yo] SBxpyp 

4(»«T — «p) V — 1 2(mp+«<r) 



«<'>'- p«<'> 



«?''+ P«i'' 



_ 3ng[— 2a^+yg] , SBx^p 



+ 



4(rw<r — np) 2(»jp+«<T) * 

_ 3«5[— 24 + .v5] ^ 3BiCoyo 



+ 



4(w<r — Mp) 2{mp+na) ' 



(51) 



After snbstitnting for x^ and t/o their values from (33) we have 



vi'^'-<jV^ui'> = 



3mB{m'—2) 



+ 



3mB 



i»'+aV-lui'^ 



Ui 



M?>'-pt4" 



4c{ma — np) V — 1 2(mp+»»<T) 
'imB{m*—2) 



+ 



3mB 



={- 



4(w<r — «p) V — 1 2(wp+no') 
3n5(m*— 2) 3mB 



.b*e-*^m,M[^b*e-*'\ 



.6*e-*"s3fg>6*e-*", 



<>'+p«?> ={ 



4(m<7 — np) 
3nB{m'—2) 



2{mp+na) 
3mB 



4(m<7 — wp) 2{mp+na) 



] 
] 



6»e-«"sJ/g>6*e-*", 



6*c-*"^MS'6*e-^S 



(52) 



where the 3f^'^ (t=l, • . • •, 4) denote the expressions in the brackets. The 
superscript and the first subscript on the M^^ are the same as those on the 
corresponding u^^ while the second subscript denotes that they are coefficients 
of c~*'*. On integrating (52) , we get 



u?> 



M^" 



=cf>e'^-" — 



=c,«e-'^-" 



Mi^b' 



!*,«> 



<> 



ci"e" 



c^^e-'* 



2p+orV^ 

2p — aV^ 

Mg>b' 
3p 



e-»">»c{')e'^-"— d}i>6*e-*", 



e-*"».cO>e-'^-"-</g>6*c-*", 



e-*"scii>e"-rfii>6'c-*", 



.-«p«, 



icjwe-"— <i(J)6«c-«". 



(53) 



If then we put cJ^>=cP^=ci')=0 and choose c^^ so that the initial conditions 
(50) are satisfied, we find that 



_■ . - ■ 
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Since 



we see that 



x^ = 



yi= 



ci''=b*[d{^+dg>+dg^+dl^]. 

[id\i'+dg^+di^>+d^^)e-"-{d\^+dg' + d's^'+d\^)e-'"W 
[ -m (rf{J> + dg' + dg' + d\^ ) e-"'- i n V=T(<i}J)-rf«)) 



(54) 



(55) 



From the coefficients of e^ above, we see that the differential equations 
which define the m,'*' (t=l, ....,4) are 



«?>'-<rV=TM«>= 



3mB{—2x^i+yoyi) _ 3B {Xoyi+ Xiyp) 
2(m<T — np)V — 1 2(mp+na) 

mC(2«S-3a;oyS) , 3C(4a^yo-yS) 



+ 



+ 



u 



?>'+<tV^< 



(wMT — np)V — 1 4(«tp+«o') 

3mB(— 2x005, +yoyi) 35(a;oyi+aiyo) 



2(m<T — «p) V — 1 



2(»np+«<r) 



«f^'-pMi*' 



««>' + pM«> 



_ mC(24-3aroy«) 3C(4ie^o-y ») 
(ma — wp)V^l 4(mp+na) 

_ 3nB{—2xoyo+yo yi) SB {Xoyi+ Xiyp) 
2 (ma — «p) 2(wp+rKT) 

«C (2a^-3a;oyg) 3C(4a^yo-yg) 
m(T — «p • 4(»np+«<T) 

3n.g(— 2a!oyo+yoyi) ,SB{x^i+x^ 
2{ma—np) 2(wp+na) 

nC {2a^o-3xoyl) 3C(4a^o-yo) 



+ 



WMT — Wp 



4(mp+«<y) 



(56) 



On substituting for x^, y^, x^, yi their values from (45) and (55) these equa- 
tions take the form 



t*«)'+<TV=T<> 

M?>'-p«?> 






(57) 



30 
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where 
M||> = - 



3 ot5 ( m*— 2 ) Z)^'> , 6mBD^^ 



2{ina — np) V — 1 2(mp+«<T) 



+ 



2{ma—np)V — 1 2{mp+na) 

3ng(m'— 2)Z?|'> 6wgJ«> 

2(to<j' — «p) 2(mp+w<T) 

3ng(w^— 2)J,q> 6mBD^'> 

2{ma — np) 2(»np+«<T) 



mC(3w*— 2) 



2(m<r— np)V— 1 



2(mp+n<r) 



^^.^ 3mg(2Jf> + mD^ '>) 3g(mZ),^>-Z)«>) , 



2(m<T— «p)V— 1 



2{mp+na) 



j^^,^ 3nB(2P«>+*HZ?,«)) ^ 3g(mP{'>-.Dj'>) ^ 



2(m(r — np) 



2{mp+nG) 



M2> = 



. 3nfi(2Z),^> + mZ)J^>) , 3B(mDi'^—D^^^) 



2{mc—np) 



2{mp+n(j) 



{ma — np) V — 1 
. 3mC(w*— 4) 

~r~ ^ ' 

4(mp+n<r) 
mC7(3m'— 2) 

(»»<T — «p) V — 1 

3mC(m*— 4) 
4(wp+«<r) ' 

nC(3w*— 2) 
m<T — «p 

3wC(w*— 4) 
4(mp+»My) ' 

nC(3w'— 2) 

»i<r — no 
. 3wC(m *— 4) 
4(mp+Ma) 



The solutions of (57) have the form 






=c»>e-"— rfir^'e-*"— dg>6''e-»'", 



where 



d[V = 



d{V = 



MS' 



2p+<iV— 1 



; dg^= 



AfS> 



ss 



3p+<tV— i 



= ; ^>= 



2p— aV— 1 
3p— aV^ 



<ig' = 



3p 

itfg> 



; ^42 — 



4p 



P 
2p 



(58) 



(59) 



(60) 
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If we put c}*>=:c|*^=ci*^=0 and determine o?^ to satisfy the initial conditions 
(50), we have 

ci'>=[kd^i^+kdS^]b\ 

On substituting these values for c\^^ (i=l, . . . ., 4) in (59), and writing 

4 






2 rfg> =2)?> ; n V-1 {d{V-dg^) +m(dg'-d2>) =D?>, 

<»1 



(61) 



(62) 



we have, by (54), 

^2= [ {Di^^+D?^)e-''—D^^^e-^''—D?^e'^^*] b\ 

y^=[—m{Df^+B^^)e-^'—Bf^e-^''—D^^^e-^'']b\ 

If we proceed in this way, we can build up in succession the values of x^ 
and i/y for y=3, 4, . . . .oo . By induction we can get the form of the general 
term. From (45), (55), (62) we notice that the x^ and y^ are sums of powers 
of e""^*, the highest power of e"''^ occurring being j + 1. The equations defining 

u\^^ (i=l, ,4) have in their right-hand members only sums of powers of 

e""'*, the lowest power being e"^^* and the highest c""^""*"^^^'. When we integrate 
these equations we will have terms in powers of e"^* the lowest power being 
the first and the highest the (i;+l)4h. These solutions will have the form 



/ 



r+i 



i«2 



(1 — 1, . . . . , 4 ; 



-.<tV-^,p, -p). (63). 

If we put ci'^=c^')=cj'>=0, then to satisfy the initial conditions we must put 

4 v-t-1 

ci')=6'+^2 2 4'\ If then we put 

i))'>=2 4'>, 0=2, ....,»' + l), 



<=1 



• • • 



,^ + 1), J 



(64) 



(65) 



it follows that 

I'+i r+i 

I'+I r+l — 

/»2 ik«2 

When we substitute the results of (45), (55), (62), (65) in (39), we have the 
values of x and y which are solutions of (38). The x and y belonging to the 
physical problem as defined by (8) are b times the x and y, respectively, which 
we have just obtained from (38). On multiplying the values of each x^ and y^ 
by i and substituting in (39), we see that the resulting expressions carry b and e 
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as factors to the same power in each term. Hence be is equivalent to a single 
parameter and may be replaced by /3. Our solutions then may be written 

k=2 Jk»2 



8 8 _ 

8 



y=— me-''i3— [mDi^^e'^'+Di^^e'^'*]^— [m 1 Z)i^>e"^*+ 2 D^^^e"^'']^ 

is2 k^2 

•'+1 I'+l— 



.... 



(66) 



fc=2 t=2 

If, instead of taking x(0)=b as our initial conditions, we had taken 

x{0) =6-Z>J*>fe*e-Z>^«>6V-Z>?>6V-. . . ., 

we would have had 

^o(0)=fe, MO)=-D^,b'^\ 

Then at the successive steps the constants of integration 

^(1) __ ^(2) — ^ — y.(y) — — 

The w?^ (*=1, • • • •, 4; J=0, . . . .00 ), instead of being expressed as sums of 
powers in e"'*, would each be expressed as a single term in 6-<^+i)'»*. The solu- 
tions (66) would then have the form 

y = -me-'*i3-5?>e-*^'^-5?>e-«''i3»- .... -Di%e-'^''^''^''fi'^^- J 

If we compute the values of the coefficients in these expansions in (68) and write 
c for /3, we find that solutions (68) are identical with solutions (25) of §IV. 

By a method exactly analogous to that just used we could build up a set 
of solutions arranged in ascending powers of e^^\ and with a proper choice of 
initial conditions it could be shown that they were identical with solutions (33) 
of § IV. 

VII. Properties of the Orbits. 

When we consider the solutions of the differential equations as given by 
equations (25) of § IV, which are in the form of power series in c"'*, we see 
that the values of x and y continually decrease as t becomes greater and 
greater, and finally x and y approach the value zero as t becomes infinitely 
great. Since x and y are the coordinates of the infinitesimal body referred to 
an equilibrium point as origin, it follows that it will approach nearer and 
nearer to one of the equilibrium points as t increases. Such orbits are said to 
be asymptotic to these points. 

Similarly, we see that if the infinitesimal body were moving on one of the 
orbits which are given by equations (33) of § IV, where x and y are expressed 
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in the form of power series in e"*"'*', it would approach one of the equilibrium 
points when t became infinitely large and negative. In other words, if we 
imagine the infinitesimal body to be placed at one of the equilibrium points, it 
would gradually leave it on one of these orbits, requiring, however, an infinite 
time to describe the first small part of the orbit. 

(A) Meaning of the Parameter c. 
When the masses of the finite bodies are given, the only arbitrary in solu- 
tions (25) is c, where c=[^-\ . If c is fixed, the x and y are determined 

uniquely by (25) for all values of t so large that the convergence of the solu- 
tions as power series holds. Now the slope of the orbit at any time <, for t 
sufficiently large, is given by 

dx'^ It " -pce-^* + 2p/)J^>c«e-«''+3pZ)i^Ve-»^'-f . . . . ' ^ ^ 

= — m+ a power series in e"^* beginning with the term in e"''. There- 
fore, 

(1),..=-- '^o* 

Hence the direction of approach to the equilibrium point is independent of the 
value of the arbitrary parameter c. 

The position of the body in its orbit at the initial time, <=0, is given as a 
power series in c with constant coefficients ; so that if c is fixed the position of 
the body in its orbit at the initial time is determined. It follows therefore 
that the direction of approach to the equilibrium points is independent of the 
initial position of the infinitesimal body in its orbit at the initial time. Since 
c is arbitrary, nothing of generality will be lost in the actual construction of 
such orbits if we take c equal to unity, and the numerical computation will be 
simplified. This we do in the numerical computation of an orbit in § VIII. 

(B) The Number and Position of the Asymptotic Orbits. 

In equations (42) of § VI the quantity m is defined 

D^—1—2A 
^=2^ • 

It will be shown later* that for each of the equilibrium points (a), (6), (c) the 
quantity m is negative for all values of ft, where 0<fi<i. Therefore, in the 

case of the orbits given by (25), it follows that (--^) = a positive quantity. 
Hence equations (25) represent two orbits, one in the first and one in the third 

♦ See § VII (C) . 
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quadrant in the neighborhood of each of the equilibrium points. For any pre- 
assigned value of fi these two orbits are equally inclined to the tr-axis in the 
neighborhood of the origin. 

Similarly, it may be shown that equations (33) represent two orbits 
leaving each of the equilibrium points, one in the second and one in the fourth 
quadrant. For any given value of fi, these orbits are, in the neighborhood of 
the origin, the images by reflection on the a;-axis of the orbits given by (25). 

Near the points of equilibrium, that is for t very large, the first terms in 
the expansion of (25) are the most important and determine the sign of the 
right-hand members. It follows therefore from (25), since m is negative, that 
if c is positive x and y are both positive, but if c is negative x and y are both 
negative. Hence for positive values of c the orbit is in the first quadrant, and 
for negative values of c the orbit is in the third quadrant in the neighborhood 
of the equilibrium points. 

Similarly, when t is very large and negative, the first terms in the expan- 
sion in (20) determine the sign of the right-hand members. For c positive 
X is positive and y negative, and for c negative x is negative and y positive. 
Hence for positive values of c the orbit is in the fourth quadrant, and for 
negative values of c the orbit is in the first quadrant. 

The value of -^ for a point near the origin is given by (69). If we take 

ax 

the second derivative 




we find that 



^y ^ 

dx^ 2 dt 

d^y 

-^ =_2[Z)^i)+mZ)|^>] + a power series in e^^ 



Hence the value of (-5-4) ^^ independent of (?, and therefore does not change 

\dX / t::^ao 

sign with c. Therefore, near the equilibrium points, the orbits in the first and 
third quadrants lie on the same side of their common tangent line y+mx=0. 
Similarly, it can be shown that the orbits in the second and fourth quadrants 
lie upon the same side of their common tangent, y — mx=0. 

(C) Variation in the Direction of Approach as fi Varies from Zero to 1/2. 

Now it has been shown* that if r^ and r^, denote the distances of the 
infinitesimal body from the finite masses 1 — ^, and n respectively, the values 
of fi and rg for the equilibrium points can be expressed, for fi suflSciently small. 



^Moulton, "Introduction to Celestial Mechanics" (New Edition), §158. 
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as convergent power series in (i^^ in the case of the points (a) and (6), and in 
(I in the case of the point (c). 
For the point (a), 

For the point (b), 

-(r-ir-Kfj 

r, = l— fj. 

For the point (c), 

__ 7 23X7' , 

ri=rs— 1, 



8/8 



• • • 



n 



»" "T „ro^i ; *>* 



2_1_24 



(0)» "^ t-^^^^ 



2p 



(72) 



we have seen further that — m gives the value of the tangent made by the 
curve with the positive rr-axis in the neighborhood of one of the equilibrium 
points. 

The following table has been constructed to show how the elements r^rij Ay 
and — m vary as the ratio of the finite masses changes from zero to one. 



M 


/»0 


^0.6 


Point 


(a) 


(6) 


(c) 


(«) 


(6) 


(0) 


rt 


Mr 


Mr 


2 iV 


0.63273 


. 4308 


1.700 


ri 


=1 


=1 


, 7 
1 12^* 


1.63273 


0.5692 


0.700 


A 


=4 


=4 • 


l+lfi-l + e 


2.0886 


8 . 9654 


1.5595 


9 


= 2.5083 


• 2.5083 


y/2e 


1.5564 


4.0305 


1.1469 


— m 


= 0.56224 


-0.56224 


— oo 


. 88498 


0.3324 


1.2232 


1> 


= 29° 20' 


= 29° 20' 


=90° 


41° 30' 


18° 23' 


50° 44' 



From the above table we see that as [i increases from zero to 1/2 
for (a), ^ increases from 29° 20' to 41° 30' approximately; 
for (6), ^ decreases from 29° 20' to 18° 23' approximately; 
for {c)y ^ decreases from 90° 00' to 50° 44' approximately. 



I 



1 1 
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VIII. Continuation of the Orbits beyond the Range of Convergence of the 

Solutions of the Differential Equations. 

It has been pointed out that the expansions given in (25) and (33) define 
orbits asymptotic to the equilibrium points for t sufficiently large. It remains 
to be shown what becomes of the infinitesimal body for smaller values of t. 

(A) Method of Mechanical Quadratures. 

If the X' and y-coordinates of the moving body be computed for a sufficient 
number of equidistant values of the time then the coordinates of the body for 
the next equidistant value of the time may be computed by the method of 
mechanical quadratures. If, for example, we know the values of x^y^^ x^ty 
%2/89 ^42^4 9 ^52^6 At fi^^ equidistant values of the time txyt^ytz^t^^ t^ then we shall 
show how the value of x^ and y^ for the time t^ can be computed, where 

t^ *6^^*6 — ^4-— • • • • =*2 *!• 

Form a table of the values of x and their successive differences for the 
successive values of the time. Form also similar tables for y, a;', y% F^j F^ 
where from ( 1 ) , 



dx 

W 
d^x 



dx' 



{l—(t){x—a>i) ft{x—Xt) 



*1 



rS 



dt ^ 

§ = f =P.(.,.'.,)=-2.'+,- 



{l—(i)y (itj 



^ 



'2 



(73) 



It is necessary to have computed the values of these quantities at sufficient 
dates that some order of differences obtainable from them will be small. Sup- 
pose that such tables of values have been set up for each of the quantities 
Xy t/, x\ y'y Fg, F4 for the dates small <i, *2> ^8> • • • • > '«> ^^^ suppose that in these 
tables the fourth differences are small and approximately constant. In the F^ 
and F4 tables we assume the next fourth difference about equal to the previous 
ones, and from the tables compute F^"+^> and Fi"+^\ Then the values of the 
next first differences of x' and t/' can be readily computed by means of the 
formulae : 

36 * * • "J' 

La /^<»+i) 1 



Cn+l) 



(74) 
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Having found Af'+^^a;' and A^'+'^y' we can at once compute x'{t,+i) and y'(<,+i), 
and complete the table of differences for this date. We can then compute 
A{*+% and A}"+'>y from x'{t^+i), t/'(*,+i) and their successive differences, by 
formulae exactly similar in form to (74), namely, 



A<"+'>a;= (^,+i-OK^"'''^-| A,a;'<»+»- i A2a;'t"+'>- ^ A,a:'<-+' 



) 



— A.a;'("+^> 1 
36 * "S 



Ar'>y=(*.+i-u[y'<-'''-|Aiy'(»+>)-^A^'(-+'>-^A,y'<"+'> 



-Aa,^'(->....];_ 



(75) 



whence we obtain at once x{t^^i) and yit^+i). 

Having found the values of Xj t/, x% y' at the date i^+i we compute Fi*+^> 
and Fi"+^> by the second and fourth relations of (73). If the results so ob- 
tained agree with the results we already have for F^*+^> and Fi*+^>, we assume 
that the fourth differences which we guessed are correct. But if the computed 
values of F^*+^> and F^*''"*^ differ from the assumed values we replace the latter 
by the computed values, and repeat the process as before from this point on. 
We keep on repeating this process, which generally has to be done only once, 
until the computed value is the same as the value from which it is computed. 
Having thus found the coordinates of the body for the date ^„+i, we assume 
another set of fourth differences for F^ and F4 for the date t^^^ and repeat the 
process. Thus any number of points on the orbit may be determined, and the 
orbit can thus be continued beyond the range of convergence of the solutions 
of the differential equations. 

(B) Jacohi's Constant. 

The question arises how we know that the orbit so continued is really the 
orbit on which the infinitesimal body would move when forming a part of the 
system in question. 

It has been shown * that in the case of the infinitesimal body 

F*=a^+y*+^^^ + ^-C, (76) 

or 

C =x^+y'+ SOnfO ^ ^ -x''-y'\ (77) 

This gives us a relation that must hold between the coordinates and the x- and 
y-components of the velocity of the infinitesimal body at all positions of its 
orbit. 

* Moulton, ** Introduction to Celestial Mechanics " (New Edition) , § 153. 

31 
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The constant C, which is called Jacobi's Constant^ can be computed from 
the initial configuration of the system. In the present case the value of C 
would be the value of the right-hand member of (77) when the body is at rest 
at the equilibrium point in question. At such points x' =y' =x=y=0 ; r^ and fi 
are readily determined from (72). 

Formula (77) may then be used as a check on the computation at each 
step, that is, for each new date. If the integral will not check, when the com- 
putation has been accurately made, it is usually necessary to divide the time- 
interval, and take shorter steps. It then becomes necessary to interpolate 
values of the coordinates for intermediate values of the time. After obtaining 
the intermediate values for Fg and F4 by Lagrange's Interpolation Formula^ 
the corresponding rr, x% y, y' can be computed out of these by the process 
described. Thus the orbit of the infinitesimal body can be continued as far as 
may be desired. 

(C) Specific Form of the Solutions for (i=0.02. 

We proceed now to assign to (i the arbitrary value ^=0.02, and find the 
specific form of the solutions and the shape of the orbit. We will consider 
the orbits in the neighborhood of the equilibrium point (a), and consider those 
given by equations (25), where the expansion is made in powers of e"'**. 

By (72) we have fg for the point (a) given by 

-(r+i(r-^(r 

On neglecting all after the third term in the expansion, we find, for ^=0.02 
that r2=0.1993. But because of the neglected terms in (72) this value of r^ 
does not satisfy with suflScient accuracy the quintic equation of which (72) is 
the solution, namely, 

rl+{3-fi)rt+{3~2(i)fi—tirl—2iir^—li=0. (78) 

If we start with the value r2= 0.1993 and apply the method of differential cor- 
rections we find f2=0. 200078, a value which makes the left member of (78) 
differ from zero by approximately 0.00000005. Hence, for the point (a) we 

take 

rg= 0.200078, r^ = 1 . 200078 ; (79) 

whence, by (2), (5), and (42) we find in succession 

A= 3.064095; p=2. 098701; <T = 1.827794; 
w=— 0.648885; «=2. 863898; 5 = 12.952988; 

mp+m= 3.872514; ma—np= 7.196426; 

4p*+<T* =20.958701; w* —2 =—1.578948. 

On substituting these values in equations (25) and putting c=+l,* we have 

♦See § VII (A). 
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for the equation of the orbit in the first quadrant in the neighborhood of the 



origin, 



a._ g-2.oM7o»_2. 944651 e-'-i'"*»*. . . ., 

y = . 648885 e-**»"" + . 0251562 e-*'»^««' 



(80) 



For the infinitesimal body at rest at the equilibrium point (a), Jacobins constant 
C has the value 



C=x'+f+ ^J^f^ - ^ - 



+ 



=3.225734. 



n ^2 

Hence^ at all points on the orbits asymptotic to (a), Jacobins constant must 
have the value 3 . 225734. 

The values of a?, y, a?', and y', were computed for the times <=3, 2.75, 
2.50, 2.25, and 2.00 and the tables of values of x^ t/, x', y\ F^j F^ and their 
differences built up. On proceeding as outlined in subsection (A) of this article, 
the table of values (on p. 248) was obtained. For the first few computations the 
interval of time taken was one-fourth of the unit of time, and afterwards one- 
eighth ; but in the table are given only the values corresponding to intervals 
of one-fourth, except in the case of a few dates near which one of the elements 
changed sign. 

A drawing of the orbit represented by the data in the following table is 
appended. 




t 


X 


y 


0/ 


y' 


3.00 


1.18191 


0.00120 


—0.00383 


0.00251 


2.75 


1.18316 


0.00202 


. 00642 


0.00424 


2.50 


1.18526 


0.00342 


0.01071 


0.00717 


2.25 


1 . 18874 


0.00577 


0.01773 


—0.01210 


2.00 


1 . 19447 


0.00974 


0.02896 


. 02038 


1.75 


1.20373 


0.01643 


0.04633 


—0.03434 


1.50 


1.21830 


0.02766 


—0.07175 


0.05741 


1.25 


1.24034 


. 04631 


—0 . 10604 


—0.09469 


1.00 


1 . 27190 


0.07674 


0.14716 


. 15243 


0.75 


1.31392 


. 12474 


0.. 18816 


—0 . 23661 


0.50 


1.36500 


0.19749 


0.21733 


0.35027 


0.25 


1.42037 


0.30217 


—0 . 21993 


0.49123 


0.00 


1.47154 


0.44471 


—0 . 18149 


—0.65126 


—0.25 


1 . 50674 


0.62827 


—0 . 09068 


—0.81669 


—0.50 


1.51198 


0.85206 


0.05873 


—0.96995 


0.75 


1.47247 


1 . 11060 


0.26679 


1.09141 


—1.00 


1.3742 


1.3935 


0.5269 


1 . 1614 


—1.25 


1.2057 


1 . 6856 


0.8262 


—1.1621 


—1.50 


0.9594 


1.9677 


1.1459 


—1.0796 


—1.75 


0.6331 


2.2176 


1.4628 


. 9050 


—2.00 


0.2305 


2.4122 


1 . 7508 


0.6362 


—2.125 


. 0037 


2.4815 


1.8756 


0.4681 


2.25 


—0 . 2377 


2 . 5284 


1 . 9830 


. 2780 


—2.375 


—0.4912 


2.5504 . 


2 . 0699 


. 0705 


—2.50 


0.7542 


2 . 5454 


2 . 1333 


. 1542 


—2.75 


—1.2957 


2.4468 


2 . 1794 


0.6420 


3.00 


—1.8338 


2.2220 


2 . 1041 


1 . 1580 


3.25 


—2.3369 


1 . 8680 


1 . 8979 


1 . 6706 


—3.50 


-2.7717 


1.3899 


1 . 5593 


2.1452 


3.75 


3 . 1060 


0.8015 


1.0961 


2.5468 


4.00 


—3.3107 


. 1254 


0.5255 


2 . 8422 


4.125 


—3.3567 


0.2364 


0.2077 


2.9409 


4.25 


—3.3619 


. 6083 


. 1265 


3.0027 


4.50 


3 . 2435 


—1.3629 


. 8263 


3 . 0062 


—4.75 


2 . 9482 


—2.0971 


—1 . 5344 


2 . 8394 


—5.00 


—2.4792 


2.7680 


—2 . 2081 


2.4989 


—5.25 


1 . 8507 


—3.3327 


2.8035 


1.9927 


—5.50 


1.0875 


—3.7521 


3 . 2789 


1.3399 


-5.75 


—0 . 2243 


—3 . 9929 


3.5975 


0.5701 


—8.875 


. 2316 


4.0383 


3 . 6886 


0.1532 


—6.00 


0.6958 


4.0307 


3 . 7303 


. 2778 


—6.25 


1.6237 


3.8514 


—3 . 6580 


1.1578 


—6.50 


2.5069 


3.4534 


3.3729 


2.0189 


—6.75 


3 . 2927 


2.8479 


2 . 8803 


—3.9747 


—7.00 


3.9313 


2 . 0593 


2 . 1988 


4.2632 


-7.25 


4.3790 


1.1239 


1.3597 




-7.50 


4.6016 


—0.0894 


—0.4070 




—7.625 


4.4446 


0.4475 


0.0947 
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Some Invariants of the Ternary Quartic. 

By H. Ivah Thomsbn. 



In his discussion of the ternary quartic, Sahnon* has used with advantage 

the special form u=:ax{+bxl-{'Cxl+6fa^xl+6gaia^i-\-6hoc^a^. For this form he 
gives the Hessian 

h=dx^+bxl+cxl+a^x\x^+asx\xl+bixla^i+b^xtxi^ 

where d=agh^ ci2=^a{bg+hf) — 3gh^^ (iz=^CL{ch+fg) — 3/i^*, 

b=bhf, h=b{ch+fg)—3hf, h = b{af+gh)—Sfh\ 
c=cfg, Ci = c{af+gh)—3fg^, c^=c{bg+hf)—3gf\ 

m=L—3P+18Ry 

and the covariant 8=a^x\+b^xl+c^xl+6f^a^o4+6g^a^x\-\-6h^x^a^y where 

a,=6//l^ f^=bcgh-f{bg'+ch'+R), 
b.=mf, g^=cahf-g{ch'+aP+R), 
c^,=6f/, h,=abfg-h{af+bg'+R). 

Salmon does not give the discriminant of the quartic, though for the special 
form it may easily be calculated. Thus, 

Ui=Xi{axl+3hi4+3gi4) y U2=X2{3hxl+bx^+3f(4) ^ u^=Xi{3gxl+3fi4+c(4). 

By inspection, we see that if a, 6 or c=0, w has one node; if be — 9/^, or ca — 9g^ 
or ab — 9/i^=0, u has two nodes; if 

a 3h 3g 



A = 



= L— 9P + 54B=0, 



3h b 3/ 
3g 3/ c 

u is the product of two conies and has four nodes. Hence, we infer that the 
discriminant 

K=L{bc—9fy{ca—9g^y{ab—9h^yA'=L{81Q+L^—9LP—729RyA\ 

We verify this inference by forming K according to the well-known method 
based on the fact that a double point of u is also a double point of h.f This 
method gives 

* Salmon, "Treatise on the Higher Plane Curves/' 3d Ed., Dublin, 1879, Articles 292-302. References 
to Salmon are to these articles unless otherwise specified. We use his abbreviations L=a&c, P=aP-^hg* 
+0^% R=:fgh and Q=:hcg*h*+cah*p+ahPgK 

t Salmon-Fiedler, "Alg. der lin. Trans.," Art. 90. 
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Add to row 19 row 4 multiplied by — 3gh and perform the obvious similar 
operations. Then, we see that K is the product of L, A and a 15-row deter- 
minant. To reduce this determinant, add to row 13 row 1 multiplied by fe/, 
row 8 multiplied by — {af+gh)j row 4 multiplied by fg, row 12 multiplied by 
— {af+gh) ; multiply row 1 by 6 and add row 8 multiplied by — 3h. Perform 
the similar operations. Then K is seen to be equal to the product of L, A, 
{ah — 9h^y {bc—9fy {ca — 9^*)* and a 9-row determinant. If in this deter- 
minant we add to row 7 row 1 multiplied by — 2g and row 4 multiplied by 
— 2fe, etc., we have 

K=LA'{81Q-\-L^—9LP—729R^y. 

Since s is of the same form as i/, the discriminant of ^ is 

K.=L,Anb.c-9f.y{c.a.-9g'y{a.h-9hy. 

Salmon gives 

L.=216i?S 

P^=6[Q^—2PRQ—^R^Q + 2P*R^—2PLR^+^PR^+6LR^+3R'], 

R-Q^—2LRQ—P^R^—2PR^+VR'^4:LR^—R\ 

From these values we find 

A,=L,— 9P,+54i?,=— 542i3f(2g— 2i(L+3P)), 

where 

M=L—P—2R. 

As to the remaining factors 

6.c,-9/;=36/«ii»-9/!=-9(/,+2/i?) (/.-2/i?) ; 
and 

f.+2fR={hg-hf){ch-fg), 

SO that 

(/,+2/ii) {g,+2gR) {h,+2hR) = (Q-B(L+P-R) )». 

We will write 

(/ -2/i?) {g.-2gR) {h,-2hR) = F, 

and find by direct calculation 

V=Q^—2(L—P—3R)QR+R^L*—2LP—3P'+10LR—18PR—27R*). 
We have thus shown that 

K,=pR^M'{Q-RiL+P-R)yi2Q-R{L-\-3P)yV*.* 
Eef erring to the invariants given by Salmon, we find by direct calculation 

Ei—AB'=16R*MiQ—R{L-\-P—R)); 

* By p we understand a numerical factor which it is not necessary to specify. 
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hence it follows that, for the special form we have used, Ei — AB^ is a factor 
of jST,. Dr. Coble has shown that this is true in general, since if Ei—AB^=0 
s consists of two conies. * 

We now consider the remaining factor of K, ; we call it 8^ and have 

8, = p{2Q—R{L+3P)yV\ 

It is three conditions on a conic that it be a repeated line ; hence, it is one con- 
dition on a ternary n-ic that the polar conic of some point in regard to it be a 
repeated line. If a cubic has this property, it is catalectic. 

If the polar conic of a point t/ as to a quartic u is a repeated line, and y 
is not on the line, we may take the line as the side x^ of the reference triangle 
and y as the opposite vertex, e^ . Then, 

u=ax\+bx2+€xl+6ga^0E^+12la^iX2Xs + 12na^XiX2 

U2=a2a^+ba^+€2a^+3la^iX^+Sna^Xi . 

If we take for Xi and x^ the lines joining eg to the Hessian points of the points 
in which X2 meets w^, we shall have / = w=0, and 

u=ax\+bx2+cxl+6g7:lx^+4:a2a^X2+4:aza^iX^+4:Cia^Xi-\-4:C2oix2. 

For this form 

ti^=zaa^-{'Ciai-\'3a2X^X2-\-'3a^xla^'\-Sg(xixi , 

1/2=^2^+ &^+ ^2^ J 

U3=asoi+cai+3ga^iXs+3cixlxi+3c2xlx2y 
—8=:alclxlxl—bx2[a2{g^—asCi)a^i+{g{a2Ci—ac2)+as{a2C2—ca2))x^iXs 

+ {g{c2az—ca2) +Cy^{a2C^—ac2))x^a\+C2{g^—a^c^)o[i'\ 

+ fcagCgrrf (as a?f + 2^0:10:8 + CirrJ) , 
;i==:fea|[(aa:^+2asa;ia;8+5^^+2o2%^2)(^^+2cia?irr3+ca^+2c2a;2rr3) 

— (a8rrf+25fa;ia?8+Cia;i)^]+2a2C2a;|a;|(a8a;f+2^a;ia;8+Cia1) 
—a\x{{ga^+2ciXiX^+cx\+2c2X2X^)—c\xl{aa^^ + 2azX^x^+gc[^^-\-2a2X^X2^ 

Hence, we see that the polar cubic of every point on 0:2= has a double point 
at 62 ; the cuspidal cubics corresponding to e-i and e^ ; 0^2 is a factor of the 
Steinerian of u; S^ has a node at 62, the nodal tangents being ^^2=0; h has 
a node at 62, the nodal tangents being x^x^={). 

We are now in a position to write,t in the form of a 15-row determinant, 
an invariant of a quartic, the vanishing of which expresses the condition that 

* American Journal of Mathematics, Vol. XXXI, p. 357. 
t Assuming that the coefficients of « have been calculated. 
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the polar conic of some point is a repeated line; we shall prove by using 
Salmon's special form that this invariant is identical with 82. 

For, if the polar conic of y is a repeated line, its line equation vanishes 
identically. Hence, y satisfies three quartic equations such as ^221^88— ^28=0, 
and three such as Un'Uti — ^8i^2=(); ^^^^ y is a node of s and satisfies the three 
cubic equations 5i=0, ^2=0, s^=0. From each cubic equation we can get 
three quartics, making in all fifteen quartic equations which y must satisfy. 
Eliminating y dialytically from these equations, we have the required deter- 
minant. It contains six rows of degree 2 and nine rows of degree 4, and, 
consequently, when expanded, is of degree 48 in the coeflScients of u. 

For the special form we have 

UtzU^—yl,=ghy{+bfyt+cfyt+{hc—3f)ylyl+{ch+fg)i^^yl + 
WuWas— ti8itii2= — 2 [ {2gh—af)y\y2ys—hfylys—fgyly2] . 

From 5 we get three forms such as 

2a,y\+g,yly\+Kyiyl 

and six such as 

Hence the 15-row determinant is the product of a 6-row determinant, A« , and 
a 9-row determinant, Ao , where 



A.= 





y\ yi yi yWs yltA yiiA 








gh hf cf bc-3f ch+fg bg+hf 








ag hf eg ch+fg ca-3g* af+gh 






2^ = 


ah bh fg bg+hf af+gh ab — 3^* 
2g'h^ 9, h, 
2h*f /. \ 
2Pg' f, g, 


y 




yfysy, 


yiy»yi tAyiy^ jAy^ iAyt ylyi ylys i 


4 2/1 


ysy2 


2gh—af 


hf 





-f9 





2hf—bg —gh 0- 


-f9 








2fg—ch —gh —hf 











g, 2g^h* h, 











h, 2g'h^ 


9. 





K 


2hY 





/. 





f, h, 2hY 











/. ii-, 2 


/*/ 





9, 


0/. 





2f^g^ 



To expand A« , we multiply column 4 by gh and add to it column 2 multiplied 
32 
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by —g^ and column 3 multiplied by 
operations. Then, 



— ft*, and perform the obvious similar 



2i*A« = F 



^6 



gh hf 


cf 


1 








ag hf 


eg 





1 





ah bh 


fg 








1 


2gV 








hf 


fg 


2h^f 





gh 





fg 





2fg' 


gh 


hf 






Now, multiply row 1 by gh^ row 2 by ft/, row 3 by fg^ so that gh is a factor 
of column 1 and of column 4, etc. Taking out these factors, thus getting rid 
of the factor R^ on the left, we have readily 



A,= -F 



2{af—gh) bg+hf ch+fg 
af+gh 2(bg-hf) ch-\-fg 
af+gh bg+hf 2{ch-fg) 



= 4F(2Q— i?(L+3P)) 



As to Ae, the expression {2gh — af) {f,+2fR) + hfg,-\-fgh, proves, when ex- 
panded, to be symmetric and equal to 2Q — i?(L+3P), Hence, multiplying 
row 1 by f,+2fR and adding to it row 9 multiplied by hf and row 6 multiplied 
by fg, etc., we have 



if,+2fR) ig.+2gR) ih,+2hR)^ 

= {2Q-R{L+3P))' 



2g^h^ h, 





2g^h* g. 





2hY 


/. 


h. 2hY 





^. 2fg' 





/. 


2fg' 



Multiplying row 4 by 2^*ft* and subtracting from it row 1 multiplied by ft,, etc., 
we have ^=V{2Q—R{L+3P)y. Hence, 

If we calculate s for a cuspidal quartic, we find that a cusp of u is also 
a cusp of s. Hence, 82=0 if u has a cusp. However, it may happen that 
both £'=0 and 8^=0^ and u is not cuspidal; t. e., the cusp and the point, the 
polar conic of which is a repeated line, may or may not coincide.* 

There is an invariant of lower order which vanishes if u has a cusp ; for, 
if 1/ is a cusp, it satisfies the equations Ui=0, U2=0 and 1/3=0, and we form 
the invariant by using these equations instead of the three derived from s in 



* 8, is also a factor of the discriminant of h, occurring, probably, to the second degree. 
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the work given above 


». This invariant, which we call G, 


is of degree 21 i 


m the 


coefficients of u. For the special form the determinant, 


as before, 


consists of 


two factors Z^ and Ao , where 
















ffh bf 


cf 


be Zf 


ch+fg bg+hf 








ag hf 


eg 


ch+fg 


ca —Zg* a 


f+gh 






Ae = 


ah bh 


fg 


bg+hf 


af+gh ab—Zh* 






V 


a 








sg 


Zh 








b 





3/ 





Zh 











c 


3/ 


3g 









and 
















2gh—af 











~hf 





-fg 






2hf bg 








-gh 


- 


-fg 












Vg- 


ch — gh 


hf 


















3i7 


a 


Zh 













A,= 


Zh 








a 


3^ 





• 




Zh 











b 





3/ 









3/ 


Zh 


b 















3/ 








Zg 





c 









^9 














3/ 





c 





To expand Ae we multiply row 1 by a and subtract from it row 4 multiplied 
by gh, row 5 multiplied by af, row 6 multiplied by af, etc. Then, 

a (6c— 9/*), cah—2afg—Zhg^, abg—2ahf—Zgh^ 

^z= bch~2bfg—Zhf, 6(co— 9/), abf—2bgh—Zfh* 

bcg—2chf—Zgf, caf—2cgh—Zfg^, c{ab—9h') 

=Q{61L—21P+102R) +L(L*— 10LP+9P*) 

+LiJ(14L— 46P— 565«) +9JS*(5P— 6iJ). 

To expand Ag we note that if we multiply row 1 by be — 9/* and add to it 
row 6 multiplied by f{eh — Zfg) and row 9 multiplied by f{bg—Zhf), the first 
element becomes {bc—9f^){Zgh—af) — (Zhf — bg) {Zfg — ch), while all other 
elements of this row are zero. 

Hence {be — 9/*)(ca — 9g'){ab — 9h')^ is equal to the product of three 
terms such as the first element into the 6-row determinant 

3^1 



a 



Zh 





a 



'Sg 







b 







b 




3/ 



^g 



e 






3/ 





= — (be— 9f) {ca—9g*) {ab—9h'). 
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Hence, 

A,= [ {bc-9n {'igh-af) - (Shf-bg) {3fg-ch) ] 

[ {ca-9g') (Shf-bg) - (Sfg-ch) {3gh-af) ] 

[ {ab—9h^) {3fg—ch) — (3gh—af) (3hf—bg) ] 

=8[{LR—3Qy+3LR{P—3Ry]—^[3Q{P+3R)+LR{P—3R)]X 

+2(0+3PB)X«-2JX», 
where 

X=L—3P+36R. 

For the quartic* w the equation 

^= {u^Uss— 143)^1+ {UssiUn—uli)^l+ (Wu 1^22—^12) ^8 

+ 2(i/8lWl2 — Wll'W2s)^2^8 + 2(%2'W28— W22W8l)?8fcl + 2(W2sW81— ^88*^^^ 

is, for a given x and variable ^, the line equation of the polar conic of x. For 
a given ^ and variable x it is the equation of a point quartic. It is natural to 
ask the relation of this quartic to the curve u and the line £. 

The polar cubic of y is 2/1 «i+ 3/2^2 +3/3^3=0, and, if y is restricted to the 
line ^, so that (y^) =0, 3/1(^2^1 — ^1^2) +2/3(^2^ — ^3^2) =0 represents the pencil 
of polar cubics corresponding to the line. 

If, for a given value of the ratio yi : j/s, such a curve has a double point 
Xy this point must lie on each of the three curves 

^2^81 ^8'^12 _. S 2^28 ^3^22 __. ^2 ^88 ^8 ^28 
^2 ^11—^1 ^2 I2 W12— ^1 W22 ^2 ^31—^1 ^28 ' 

Reducing these equations, we have three members of the net of quartics deter- 
mined by the twelve points which are double points of polar cubics of points 
on the line ^, viz. : 

<?>l = ^l(W22«88— wis) +^2(^28^1 — ^88^2) +^3(^2^28 — W22%l), 
4>2 = ^l(W28W8,— W88%2) +i?2(W83Wli— w|,) +^3 ( "31^12— ^uW28) J 
<?>8 = ^l(t*12t^23— ^22^31) +^2(%lWl2— W11U23) +^3{Uiill^—U%). 

Such a set of twelve points lies on h; the curve >7i^i+>72 4>2+>78 4^=0 meets h 
in the two sets of points corresponding to the line ^ and the line >?. If, in the 
equation of this curve, we let >7,=^o it becomes 4>=0. 

Hence, we would infer that ^ touches h at the twelve points corresponding 
to ^. Such, indeed, is the case since for the line a;i=0, 4>= 1/22^33— wis, and, 
writing h in the form 

Uii(U22U9i—uls) +lii2(t<28W81— ^88^2) +t*81 (^12^28— ^^31) = 0, 

it is obvious that h reduces to a square if ^22^33 — w|8=0. 

We have already stated, for the special form, the expanded value of 
^22^38—^^28? the coefficient of ^J in ^; Salmon gives us the covariant a. If we 

* This argument may easily be extended to the ternary n-ic. 
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operate on one of these forms with the other, the result is 

2^[f{3L+5P+2R)—8af+^bcgh], 

which is, omitting the factor 24, the coefficient of f f in the contravariant conic 
given by Salmon. Hence, this conic may be defined as the envelope of lines 
such that the curves ^ corresponding to them are apolar to a. 

Dr. Morley suggested that an invariant of a quartic, ti, could be written 
in the form of a 15-row determinant, the vanishing of which would express 
the condition that it be possible to determine a second quartic, ¥, such that the 
Clebschian of u and u vanish identically. We can write down the coefficients 
of the Clebschian of u and u from those of the contravariant a of w, which 
Salmon gives for the general form, by writing for 26c, bc+bcj and for /*, //, 
etc.* Equating each of the coefficients of o to zero and eliminating a, etc., we 
have the invariant 



^8= 



a 


o 
h 

f 










c 

a 


9 


e 








/ 

6/ 





a 
h 

9 






-6. 



b 
a 



h 



— bi --3n 






9 



^9 


h 

h 

f 
21 — ftf — Oji 

— a. 



h 



fih 

9 

f 
c 












— 46i 

41 —2a, — 2o, — 2n 
—26, 4m — 26i 
—2c, — 2ci 4n 
2/ — n — m 
2m — Ci — n • 2g — { c, 

— 6i 2n — m — Z 2h —f 

—3c, -r-3/ 

—31 —3^ —3a, c, 
—3m — 36i — 3A 

—3m —3/ —36, 

— 3n — 3ci -^g — c 
—31 — 3A —3a, —3m 




— 4oi 


— ^2m 







-/ 
6. 


— 3n 

—6 

c, 
6» 



6a 




— 4a, 


— 2n 



c, 



— P 


— 3i 

c, 

a. 



6, 

—4c, 






— 2i 



—9 


a, 

Oi 


Of 

— 3n 













—2m 

6i 
—A 



6, 

Of 


—6 
— 8i 





—46. 








—21 

a, 

—8m 



6, 

6i 
a, 




For the special form we have Ez = ^Agj where 

2/0 



Ae= 



c 6 6/ 
c a 6^ 
b a 6h 
/00a h 
g h b 



h g f 



9 

f 
c 



A,= 









-Zg 



'2.9 











2h —f 
Zf 





— 3fe 

—Zf 

—Zg —c 

—Zh 





-/ 






—b 












■c 








9 






—h 








• 




















— 














—h 














a 









^This maybe verified by calculation; obviously the Clebschian must reduce to a numerical multiple 
of 0* if ii = u. 



iJ^=— 
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To expand Ae multiply rdw 1 by gh, and subtract from it row 5 multiplied by 
ch and row 6 multiplied by bg. We then have 

P—6B—af bifg+ch) c{hf+bg) 
aifg+ch) P—QR—bg" c{gh-haf) 

aihf+bg) bigh+af) P—6R—ch* 

and on expansion 

Ae=— 2[L»+2LP— 3P»+20LB+36Pie-108iP]. 

To expand A, multiply row 1 by a, and subtract from it -row 5 multiplied by h 
and row 9 multiplied by g, when we have immediately 

A.= -8Liaf+3gh) {bg+3hf) (ch+Sfg) 
= —8L{dQ+R{L+9P+27R)). 

Referring to the invariants given by Salmon, it will be found that 

9AD,+ZA*Ci—27E,+A'B+lBbA£*=fE,. 

Baltiicobe, March 15, 1915, 



Functions of Surfaces with Exceptional Points or Curves.* 

• 

By Chables A. Fischer. 



In a former paper f I have given a definition of the derivative of a func- 
tion of a surface analogous to Volterra's definition of the derivative of a func- 
tion of a line, and have proved that if the derivative is continuous and ap- 
proached uniformly, the first variation of the function is equal to the double 
integral of the derivative multiplied by the first variation of the dependent 
variable. The object of the present paper is to extend the theory to the case 
where there are points or curves where the derivative does not exist. In the 
first section exceptional points are considered, and an application made to the 
second variation of a function of a double integral. In the second section 
exceptional curves are discussed, and in the last an application is made to the 
variable boundary problem of the calculus of variations. 

^ 1. Exceptional Points. 

It will be assumed that the derivative L'{Si Xy y) of a function L{8) is 
continuous and approached uniformly with order r t at every point of the surface 

8: z=z{x,y)y 

excepting at the point (o^o, j/o)- ^he surfaces 

8,x z=z{x,y)+Yi{Xjy), 
and 

8^1 z=z{Xjy)+Q{Xyyy a)y 

will be defined as in the former paper.^ 

Two kinds of exceptional points will be considered. The first kind will be 
those for which the inequality 

lim ^<«.)-^<«) =0, (1) 

is satisfied for every choice of yj{Xy y) and a such that ri{Xj y)/a is bounded 
everywhere, and at (a?o i yo) 

* Read before the American Mathematical Society, August 3, 1916. 

t Fischer, Akbrigan Journal of Mathematics, Vol. XXXVI (1014), p. 289. 

X It can easily be proved that if L (8) is continuous, and // {8 ; jp, y) is approached uniformly, it is 
also continuous in all arguments. Compare with Evans, BnlMin of American Mathematical Society, 
Vol. XXI (1915), p. 389. 

§ Fischer, loc, oit., pp. 200-291. 
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exists. The second kind will be those for which there is a constant ao such 
that 

or in a more general case those for which there is a set of constants a^^ such that 

lim I^(S')-L(S) = i a, am ^^^^^^ . (2) 

It will first be proved that the equation 

^^^^ \a^o=SSRJ^'iS; ^, y)6>.(a;, y, 0)dxdy* (3) 

is unaffected by an exceptional point of the first kind. A function Q{x, y) of 
class 6'^'"^ will be chosen which vanishes excepting in the square 

Xq—b<x<Xq+b, yQ—€<y<yo+ey 

and is equal to unity in the square 

Xo—h <x<Xo+hy yo—h <y<yo+h, 

where fe is a positive number less than e. The surface 6\« will be defined by 
the equation 

8,a: z=z{x, y) +©(ic, t/)a)(a;, y, a). 

The surfaces 8^ and 8^^ can then be made to lie in any neighborhood of 8 of 
order r by taking a sufficiently small. Since 8^ coincides with 8^^ in the neigh- 
borhood of the exceptional point, the equation 

lim ^(^')-L(^e') =//^L'(5; X, y) {1-Q{x, y)W{x, y, 0)dxdy, 
is satisfied for all values of e. It follows from equation (1) that 

lim ^<^->-'^(«) =0, 

Since the region where &{Xj y)4^0 approaches zero with 6, these equations 
imply equation (3). 

If equation (2) is satisfied at the point {x^j 1/0)9 & i^^w function will be 
defined by the equation 

This function will then satisfy equation (l),and consequently equation (3) 
must be replaced by the equation 

* Fischer, loc. cit,, p. 291. 
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"^^^^'^ '.,.=//^L'(5; x,y)c,A^,y,0)dxdy+ 2 a,, ^""'"'^^y f ' ^^ . (4) 



da 

It is easy to prove that if the surface 8 furnishes a minimum for the func- 
tion L{S)j the constants a,.y must all be zero. It has already been proved that 
L'{S; Xy y) =0 is a necessary condition for a minimum.* Then, if aj^i^Q, the 
function 6>(a;, t/, a) can be defined as 

o)(aj, y, (i)=:a(x—x^)^{y—yoy 

in the neighborhood of {x^^ j/o)? and equation (4) becomes 

and there can be no minimum. 

An exceptional point will often occur if a function of a surface is differ- 
entiated twice at the same point. For instance, the function L{S) can be de- 
fined as L{S) =^{J)j where 4> is a function of class C", and 

J=SSRfi^y y» ^, Pio, Poi, , Pmm)dxdy. 

The argument p^ is used to represent d^'^^z/dx^dyK It can then be easily 
proved that the derivative 

U(8\ a;o, t/o) =^'(J)E{x^, y^, 2;(a;o, 2/0), ) 

is continuous and approached uniformly with order 4w, where 

is /=o dxdy^ 

If the second derivative is taken at a different point it is seen to be 

L"{8\ Xo^yo] Xyy)=4>''{J)E(Xo,yoj )E{x,y, ), 

but {Xqj y^) is now an exceptional point. At (tCo, yo) it is found that 

lim ^'^^'' ^^> yo)—J^'iS; Xq, yo) ^^/(j) *£ ^^ lim ^ . ^"'^^(^o> ^o) 
««o a i,j=odpij e^o a dx*dy^ 

This is in the same form as equation (2), and consequently for this case 

^Pii 

If L(8) is a function whose derivatives L'{8'y Xy y) and L" (S; a;©, y©; ^^y) 
are continuous and approached uniformly excepting when x=Xo and y=yoj and 
if, in this case, equation (2) is satisfied, the second derivative of L{8a) with 
respect to a is found to be 



* Fischer, loo. oit., p. 295. f Compare with Fischer, ioo. cit., p. 297. 

33 
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— ^^^ \a=o=SSR\SSR^"(^i ^0, S/o; 3>, y)o.(a;o, S/o, 0)o.(a;, y, 0)dxdy 



ay 

+L'(6'; a;o, yo)w«.(a;o, yo, 0) 



dxodyo. (5) 



■ 

The Jacobi condition for a minimum of a double integral can be derived 
from a special case of equation (5). If L{S) is the double integral J, the 
second derivative L" {8; Xq, y©; ^> y) vanishes. Then, if a)(rr, y, a) =af (re, t/), 
equation (5) becomes 

The equation 

<, /=o 3p,.y dx*dy' "~ 

is the analogue of the Jacobi equation for this problem.* If it has a solution, 
not identically zero, which vanishes along the boundary of R, the second varia- 
tion of J can be made to vanish. The question whether it can also be made 
negative or not has not been settled yet, excepting in special cases. 

§ 2. Exceptional Curves. 

Two kinds of exceptional curves will also be considered. The first kind 
will be those along which 

lim L{8,)—L{S) ^^ ^gj 

uniformly in the neighborhood of the given surface. The second kind will be 
those for which there is a set of continuous functions a, (5) such that 

hm ^ '^ ^ -' = 2 lim — C'+iaAs) \: ] ^ ds, (7) 

where the variation >7(5, n) is expressed in terms of the length of arc along 
the exceptional curve and the normal distance to it. This limit is also assumed 
to be approached uniformly. 

If the derivative L'{8\ x^ y) is continuous and approached uniformly, ex- 
cepting along a curve 

C: x=x{s), y = y{s), (a<5<6), 

of class C^^\ and equation (6) is satisfied along C, and if the function 0(0;, y, a) 
vanishes at the end-points of C, it will be proved that equation (3) is valid. 
A function &{x, y) of class C^^^ can be chosen, which is equal to zero at every 

♦Bolza, " Vorlesungen iiber Variationsrechnung," p. 675. 



L{S'+')—L{S') 
a 

Adding these inequalities, 

L(^(~))_L(6') 



Consequently, 



a 



lim ^(^^■>)-^(^) ^0. 



(9) 

e=0 a 



Since the region where Q(Xj y)^0 approaches zero with f, equations (8) and 
(9) imply equation (3), which was to be proved. 

If equation (7) is satisfied along the curve C, the new function 

1(5) =L(6')- i /So,(5) ?^iM£)^yMld5 

will satisfy equation (6), and consequently equation (3) must be replaced by 



I 
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point whose distance from C is greater than or equal to f, and equal to unity at 
every point whose distance from C is less than or equal to hy a positive con- 
stant less than e. The interval a<s<b will then be divided into m equal parts 

by the points 5o=a, 5i, . . . ., 5„=6, choosing m in such a way that^ <Si — So<€. 

The functions Pi{Xj t/), also of class C^^\ will be chosen in such a way that the 
equations 

^o{x{s),y{s))=0, {a<s<b), j 

^i{^is)jy{s))=l, {a<s<Si; i=l, 2, , w), | 

l>/3,(a;(5),t/(5))>0, (5,<5<5,+i), 

/3,(a;(5),y(5))=0, (5,+i<5<6), 

are satisfied. The surfaces 8^^^ will then be defined by the equations 

S(*>: z=z{x, y)+^i{x, y)e{Xy y)o{x, y, a). 

Since the surface 8a coincides with /S^"*^ in the neighborhood of C and the 
hypothesis of the Volterra theorem is satisfied in the rest of the region iJ, the 
equation 

lim L{Sa )-L{8^'^^) ^jj^jr^.(5. ^^ y) (1-0(0;, y))a>«(rr, y, 0)dxdy (8) 

must be satisfied. The surfaces /S^*"*"^^ and 8^*^ can now take the place of 8^ and I 

8 in equation (6). Since this limit is approached uniformly, there is a quan- | 

tity ^, which approaches zero with e, such that i 



<^f, (i=0, 1, , . . ., m). 

f 

1 

<m^€<2g(6— a). I 



I 

I 
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A necessary condition for a minimum can be derived from this equation. 
It follows immediately that^ if there is a minimum, the equation 

iPaa,{s)^ds=0 (10) 

must be satisfied for every choice of g>{Sj w, a). This will be proved to be 
equivalent to the equations 

0^(5) =0, (;=0, 1, ,w; a<s<b). (11) 

Suppose that a<(5i):^0. Then, since the functions a^(s) are assumed to be 
continuous, there is an interval including Si in which ai{s)4^0. Let Q{s) be 
an arbitrary function of class C^^^ which agrees in sign with 0|(5) in such an 
interval and vanishes outside of it. Then the function co {s^ n, a) will be defined 
in the neighborhood of C by the equation 

o(Sj «, a) =an^Q{s). 
Consequently, 

and 

and equation (10) is not satisfied.' Therefore, equations (11) form a necessary 
condition that the surface 8 minimize the function L{8). 

§ 3. The Variable Boundary Problem. 

In the work up to this point it has been assumed that the surfaces Sa were 
all bounded by the same space curve. If this is not the case, as, for instance, 
if the locus of the bounding curves is a given surface, the surfaces Sa will be 
supposed to extend beyond this boundary and all intersect along a new space 
curve. The function L{8) will depend for its value only on the part of S inside 
the original boundary. Thus, the function z {x, y) will be defined arbitrarily 
in a region R' surrounding 12, and the function a>( a;, y^ a) defined so as to vanish 
along the boundary of the region R+R'. Under these circumstances the de- 
rivative L'{S\ Xj y) will vanish in R' and very likely be infinite along the curve 
separating iJ' from R. If the function considered is the integral J considered 
in ^ 1, the boundary of R is an exceptional curve of the last kind mentioned, 
and the functions a^is) will now be proved to exist. It will be supposed that 
the surfaces over which the double integral is taken are bounded by a surface 

8: z=z{x^y). 

The curve C will be the projection of the intersection of 8 and S^ and the f unc- 
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tion yi{Xj y) chosen so as to define the derivative U{8\ x^y yo)> where (a?o, yo) 
is an arbitrary point of C. The distance n will be taken positive inside the 
region fi, and the positive direction of 5 chosen so that xjf^ — xjf^=l. The 

value of n on the projection of C^ of the intersection of the surfaces 8^ and 8 
will be called ^{s). 

Then the equations 

5(0^(5, N{s)), y{s, N{8)))-z{x{s, N{s)), y{s, N{s)))=n{<s,N{s)), y{s,N{s))\\,^^. 
z{x{s, 0), y{s, 0))-z{a>{s, 0), y{s, 0))=0, J ' "' 

mnst be satisfied. Subtracting and applying Taylor's formula, 

({p-p)x,+ (q-q)y,)N(s)=y,(x\s,}il{s)),y{s,N{s))), 

where the arguments of p, p, g and garea;(s, 6^'(s)),y(s, 6Ar(s)), (0<6<1). 
Consequently, 

limJ^<gI=,^ . \, . . (13) 



If the last of equations (12) is differentiated with respect to s^ it becomes 



^^ _ l! 

'.t^ VI (p— p)aj,+ (5— a)i/. ' ^""' I! 

(p— p)a;.+ (5— g)y.=0. j. 

Consequently, equation (13) may be written ! 

£-0 ri p—p q—q i 

This expression is finite unless 8 is tangent to 8. It follows from the defini- ^ 

tions of 8^ and L{8) that ,, 

L{S,) —L{S) =SSa8 2 ft,{x, y, z+Btj, )Vi^xdy .i 

-SlW''S'M"''f{!»,y,z+*!,'''.)dxdy, (14) 
where 

/«-/p.,' 'i<i-Wdy'- ds'^f \dx) \diJ^'- • - + 3^3^'' ^ ^ 

and AS^ is the part of R where )? :^ 0. 

The first integral of equation (14) can be reduced to the expression 

ihsEix, y, z+en, .... )ndxdy+SZ^lU 2 2 (_l)»-»^^ „ 

by repeated application of Green's theorem.* 

The last integral in equation (14) is equal to 

/2lJ/(^,y,^+>7,....)^(5)^5, 

* Bolza, loc, oit,, p. 654. 
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where x=x(Sj dN{s))j If these expressions are substituted in equation 

(14), and it is divided by ea, and then the limit taken as 6=0 the double inte- 
gral vanishes because A^ is of the second degree in e and yj/a is finite, and the 
equation becomes 

lim ^('g«)--^('S') = liinl i fZt'Ms)mids, (16) 

e=0 ea e=o €0Li,j^O 

where 

6o„=-.-y' /+(p-p)2(-l)*-^/^/„+(3-g) 2 (-i)'^'-i ^ [« I 

(;=1, 2, ,«— 1), 

&,,=y/2(-l)*-' ^rfT ' (*=!' 2,. . . ., n-1; ;=0, 1, . . . ., «). 

*=1 OX 

If equations (15) are substituted in equation (16), it takes the form 

lim M^1=L^ = Itai i iV»'„(.) ^"".(f. «) . (17) 

c=o aa c=o foc<.i«o osow 

Since the partial derivatives of ri vanish at 5o±6, the equations 

must be satisfied. If this process is repeated often enough equation (17) is 
reduced to the form of equation (7). 

If / is a function of a?, y, z^ p, g only, the only one of the functions ay(s) 
which occurs is ao(5). It is found to be 

«o(^) = -!^ (/+ (p-p)/p+ (9-e)/,)- 

The vanishing of this expression constitutes the variable boundary condition for a 
minimum of such a double integral. If / depends on the partial derivatives of 
the second order also, the functions a^i^s) and a^{s) occur. They are found to be 

Oi ( s ) = — /soy! + fuxa—f^, ■ 

If the given double integral depends on derivatives of higher order, the 
functions af{s) can be computed in the same way, but the work is long and 
will not be given here, 

Columbia UNn'BRSiTT, July, I0I5. 



Dupin^s Cyclide as a Self-Dual Surface. 

By Mabel M. Young. 



Introduction. 

A correlation between the points and the planes of space is determined 
when it is assumed that by it five arbitrary points are sent into five arbitrary 
planes. If the correlation sends the points of a surface into its tangent planes, 
the surface is called self-dual. Its order and class are then the same, and the 
singularities occurring in the surface considered as an envelop of planes are 
the dual of those found in the surface taken as a locus of points. The Kummer 
quartic surface is a well-known example of a surface with this property.* 
Another self-dual surface, not a special case of the Kummer Surface, is the 
Cyclide of Dupin. The determination of a group of correlations which trans- 
forms this surface into itself is the chief object of this paper. 

The Determination of Four Polarities. <J§ 1-^. 

§ 1. Equation of the Surface. 

Dupin's Cyclide is defined by Salmon t as a surface of the fourth order^ 
with four double points and with a double conic in the plane at infinity. To 
determine its equation from this definition we take a tetrahedron of reference 
with vertices at the four double points of the surface. A quartic surface having 
a double conic in the plane at infinity may be put in the form 

where a is a constant, {^x) an arbitrary plane, {yxy an arbitrary quadric 
and (x) the plane at infinity. Q is the known quadric cutting out the double 
conic in (x) =0. For simplicity, let Q contain the four lines joining the four 

double points. Then, 

Q=XoX^+(iayiXs=0. 

Applying the condition that the four reference points are double points on the 
surface, we have the relations 

yoo=yii=y22=y38=yoi=yi2=y28=yo8=0, — 2yo2=/3o=^2, — 2yi8/^=/?i=^8. 



♦Hudson, R. W. H. T., "Kummer's Quartic Surface," §30. 

t Salmon, G., " Geometry of Three Dimensions," 4th edition, §§560, 567. 
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These values of the constants give a final form of the equation with two arbi- 
trary constants, (i and (^i— /3o)/2a=>l. 

iXoX^ + (lXiXsy + ^{x) \XoXi{Xi + Xi) —flXiX^iXo + X^) \ =0. (1) 

§ 2. The Dual Singularities of the Surface. 

To determine a correlation which is to test the self -duality of this surface, 
we may make use of the fact that in a self -dual surface the singularities of the 
surface in points and of the surface in planes are mutually dual. We shall 
then look first for four double tangent planes and a double quadric cone to 
correspond to the four double points and the double conic which by definition 
are present in Dupin's Cyclide, 

To find the double tangent planes, we must first consider the nature of the 
double points to which they are to correspond. If we write the equation of 
the surface according to the powers of one of its variables, we see that the 
tangent at a double point is a quadric cone. The double points are then 
^^ conical points'' at which there are an infinite number of tangent planes 
enveloping a quadric cone. The dual singularity must then be a plane con- 
taining an infinity of points of the surface lying on a conic. As the double 
points lie by pairs on the lines 13 and 02 of the reference tetrahedron, we 
examine first the relation to the surface of the planes on these lines. Take the 
planes on 13, which are of the form 

kxo+x^=0. 
The tangent cones at (0, 1, 0, 0) and (0, 0, 0, 1) are, respectively, 

(i^xl+^XoX2 — (jiXx2(Xo+X2)=0 and [i^x\+XxoX2—ii^{Xo+X2)=0. 
The line pairs in which a plane of the pencil cuts these cones coincide when 

Xft=(X— 2)±2Vl^. 

There are then in the pencil two planes given by these values of k which are 
tangent to both of the tangent cones at these double points, and hence to the 
surface at these points. Moreover, the quartic curve in which each of these 
planes cuts the surface reduces to a repeated conic given by 

kxQ+X2=0y \2 {kx^+ (iXiXz) +^{k—l)xQ{xi+x^) j^=0. 

At an arbitrary point on this conic there is found to be a single tangent plane, 
kxQ+X2=0j so that the plane is a trope. Similarly, there are among the planes 
on 02, lxi+x^=Oy two tropes given by 



Xl= {^+2/1) ±2Vfi2.+(i\ 
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We have then found four planes which have the properties required for the 
planes dual to the four double points. These four tropes are 

kiXo+X2=0, k2XQ+X2=0, liXi+x^=Oj ^2^1+^8=0, (2) 

wheif /ci, ftg, lij h are the two sets of values for k and I already found. 

The double conic of the surface is characterized by the fact that at each 
point the surface has two tangent planes. The dual of the conic must then be 
a quadric cone, every plane of which meets the surface in two points. Further, 
the tangent planes of the surface at points of the conic meet the plane (x) =0 
in lines tangent to the conic. Hence, dually, the two contacts of each plane of 
the cone lie on a line passing through a fixed point, the vertex of the cone. If 
we can find such a cone of double tangent lines, we may consider its vertex as 
a point dually related to the plane of the double conic. 

Before finding the equation of the cone and its vertex, it will be useful to 
notice another locus on its surface. Since the elements are double tangent 
lines of the surface, the points of contact may be given by a binary quartic 
with two pairs of equal roots. Let and oo be the parameters of the points 
of contact on any element; then the binary quartic is ajft/2=0. If Zi+Z2 is 
the vertex, its first polar as to the quartic is (2^12/2+^2^1)^12/2=0; its third 

^1^2(^12/2+^1^2) =0- These have the common point ^12/2+^^2- -^.s this relation 
occurs on every element, we see that the first and third polar surfaces of the 
vertex as to (1) meet in a conic on the cone and in a line. 

The equation of the cone is most easily found if we rewrite the equation 
of the surface in terms of the parameter of the points aj^+Jlt/i in which a line 
on Xi and 2/< meets it. The equation becomes 

Pi+PsY+P2y^+Pif+Pr'=0, (3) 

where p = equation of surface, and il p^=t-th polar of surface as to a point z. 
If the line cutting the surface i^ an element of a cone of double tangent 
lines, it meets the surface in two points only, and (3) has two pairs of equal 
roots. Take z at the vertex. For simplicity set Pi^O. Then Ps— ^Iso, and 
the equation becomes 

Pi+P2f+Pr*=0. (4) 

The condition for equal roots is now the vanishing of ^PiP — pi . This expres- 
sion set equal to zero gives an equation in x and z which vanishes when a? is a 
point on a double tangent through z. It must then for some special value of z 
be the equation of the double tangent cone from z. 

The vertex is the point (/m, 1, fi, 1). This fact is most easily established 
by verifying that for this value of z the discriminant ^PiP—pl^O. The polars, 
found for this point, are 
34 
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Pi=2[{x){(iQ + XR)+Xv\xoX2{x^+Xs)—fzx^Xs{Xo+X2)\], 
p^=2vifiQ+?iR)j Pi=2(iv\a{Xo+Xi) +(ip{xi+x^)\y p^=(i^v\ 
Q=XQX2+fiXiXi; R^XoX^—fi^XiXs] (i + l^v; 1— X=p; fi + X^a. 

Substituting in the discriminant these values of Pi we have, as the equation of 

the cone 

^v{(iQ+2.R)-\a{Xo+x,)+iip{x,+Xs)\^=0. (5) 

But a surface on the intersection of Pi=0 and Ps=0 is easily seen to be 
liQ+XR=0; hence (iQ+?.R is known to be identically zero when the polar 
plane of {(Zylyfijl) as to the surface is zero. Therefore the discriminant of 
(4) vanishes for this point and we see that the cone of double tangent lines, 
the dual of the double conic in (x) =0, is a quadric cone with the vertex 
(fij 1, f£, 1). This point is accordingly the dual of (x) =0. 

We have now five pairs of points and planes associated with Dupin's 
Cyclide, and dually related to each other, — the four double points corresponding 
to the four tropes, and the vertex of the cone of double tangent lines corre- 
sponding to the plane at infinity. These are suiBcient to determine the correla- 
tion which we wish to consider. 

§3. The Equations of the Transformation, 
Let the correlations be given by the transformation 

pUi = a^rCo + aa^ + at2^2 + a^i^^s, ( 6 ) 

and assume a^-^^a^fc^. This will give rise to a quadric with respect to which the 
corresponding point and plane will be pole and polar. In pairing the points and 
planes a point will not then, in general, be on its corresponding plane. Let the 

points on 13 and 02 be paired with the planes on 02 and 13 respectively : 

Point. Plane. 

(1, 0, 0, 0) k^Xo + Xz^a 

(0, 1,0,0) hx^+x^=:a 

(0, 0, 1, 0) k2Xo+X2=a 

(0, 0, 0, 1) IzXi+x^^a 

If we regard the equation of each plane as the result of applying to the corre- 
sponding point the transformation (6), we determine six relations among the 
coefficients a^^: 

The further requirement that by the same transformation {[i, 1, /ti, 1) goes into 
(x) =0 fixes the ratios 

0^ _ Ou _ { l+ki)fili ^ ois _ (i{l+k ^) 
a22~"aoo (1+^)^1 ' ttoo ki{l+li)' 



Young: Dupin's Cyclide as a Self-Dual Surface. 271 

But such a transformation is a polarity with respect to a quadric (air)*=0, the 
coeflScients of which are the constants of the transformation. Hence, setting 
ki+l=ni and Z<+l=Wo we have the quadric 

Q^(ax) *s feimiicj + (iniliCX^i + (imi(4 + (ih^nioi + 2miX^2, + 2[iniXiX^ = . 

As ki and /^ have each two values connected by the relation kiki=lil2=lj we 
may immediately derive from (aa?)*=0 three other quadrics which meet the 
conditions, and give rise to three new polarities. Our result may then be 
stated as a 

Lemma. There are four transformations^ polarites as to four quadricSy 
which send the point singularities of Dupin's Cyclide into their dual forms. 

The theorem that the entire surface is self -dual under the same polarities 
will be proved by another method in § 8. 

The initial hypothesis about the transformation 

was that a<i=a4,-. If we had assumed a<4= — a^o th© transformation would 
have led to a linear complex, instead of a quadric. But in such a case a point 
and its corresponding plane are incident. As this is geometrically impossible 
for (^, 1^ (ij 1) and its corresponding plane (a;)=0, it is evident that we can- 
not show that these five pairs of points and planes, and much less the points 
and planes of the surface, belong to a null-system. 

A Study op Covariant Forms. §§4-7. 

§4. Relations Among the Quadrics Qi. 

Before studying these polarities further, it is perhaps worth while to 
examine in some detail the geometry of certain covariant forms closely asso- 
ciated with the surface. Among these are the four quadrics Qi found in §3, 
which are closely connected. Because kik2=lil2=lj it is possible to write all 
the quadrics in terms of ki and ^, and in this form it is readily seen that a 
linear relation exists among them. The equations * are 

Q^^mikx^+ka^+'ZxoX^) +(in{lxl+la^+2xiXQ) =0, 
IQ^^m {kx^+kxi+ 2x0X2) + (in { x^+ocl+2lxiX^)=0^ , 

kQs^m{a:^ +a| + 2kxQ^2) + fin{lx^i + la^+2XiX^) =0, 
IkQ^^^mia^ +a^ + 2kx^2) +f^**(iPi+^2 +2lx^x^) =0. 

* A transformation of the reference tetrahedron to the self -con jugate tetrahedron of the quadrics 
gives aU forms related to the quadrics more simply. Other forms in frequent use become, however, so 
complicated and unsymmetrical that this desirable transformation is not made. 



(10) 
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That a linear relation exists is known because the Jacobian of the four quad- 
rics vanishes. To determine this relation we combine the equations in pairs 
in all possible ways. 

Q —lQz=finh{xi—Xzyj kQi—klQ^=(inh{Xi—oczy. (8) 

Qi—kQs=inr{XQ—a:2.yy lQt—lkQ^=nir{xQ—Xi)\ (9) 

For each of these pencils of quadrics the invariant ♦*^0, 

lQ2—kQs=:mr\ {Xo—X2y—finh{Xi—x^y\^ 

Qi—klQ^=mr\{xQ—X2y+(inh{a>i—Xzy\j h^l—1; r^k—1. 

For these two quadrics the invariants 0* and ©'^0. 

lQ2+kQz = Qi+klQ,=mn\{Xo+X2y+fi{x^+x,y\. (11) 

From (8) or (10) we see that the linear relation connecting the quadrics is 

Qi-kQ^-lQ2+klQ,^0. 

From (8) we see also that the pairs Qi and Qj, Q^ and Q4 have a repeated conic 
in the plane Xi — 0^=0, and are accordingly tangent along the conic in which 
they meet it. Equations (9) give the same relation for Qi and Qs, Q^ and Q^^ 
which have their common curve in Xq — 0^2=0. Since each quadric contains a 
fixed conic in Xq — a;2=0 and in Xi — a;8=0, the intersection of these planes meets 
all four quadrics at the same two points, and at these points the quadrics have 
double tangency. From (10) we learn that Qi and Q4, Q2 and Qs meet also in 
other conies in the planes x^+Xs=0^ XQ+X2=0y and, accordingly, have double 
contact when the line 

meets each pair. Each quadric has then " ring contact " with two others and 
double contact with a third. At two points on one line all four quadrics bave 
double contact. On a second line they have double contact by pairs at two sets 
of points which are readily seen to form a harmonic set. 

§ 5. Certain Tangent Cones. 

The enveloping cone to the surface from a point without is of order 12, 
since it consists of tangent lines drawn to the intersection of the surface and 
its first polar. Consider the cone from (f£, 1,/u, 1). The first polar of this 
point as to the surface is 

(x) {axQfx:2+ (i^pxix^) +XvXop[)2Xi+Xs — (iXia)sXQ+X2=0. 

This meets the plane at infinity in the conic 

Xop02+(^XiXs=Oy {x)=0. 

* Salmon, G., ^'Analytic Geometry of Three Dimensions/' 5th edition, Vol. I, Chap. 9. 
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The polar cubic also contains the double points of the surface and the lines 
joining them, along which it is tangent to the cyclide. The complete cone to 
the surface must then contain a cone to the double conic, counted twice ; the 
four planes tangent to the surface along its four lines^ and the cone of double 
lines already found. The planes are 

1) Xq — 11X1=0; 2) Xo — (1X^=0; 3) X2 — (iXi=0; 4) X2 — (1X^=0. (12) 

The cone to the double conic is 

4:v{XoX^+lJiiCiX^)—lJt{xy=Oj (13) 

The lines along which planes (12) are tangent to the surface meet the double 
cone in four points whose coordinates are 

(0,0,1,-1); (0,1,-1,0); (1,0,0,-1); (1,-1,0,0). (14) 

They meet the cone of double lines in points 

(0, 0, ^p, — <t) ; (0, — <T,^p,0); (fip, 0, 0, — <t) ; (^p, — <T, 0, 0). 

Planes (12) are thus tangent to both cones. Hence, we see that the enveloping 
cone from {fiy 1, /£, 1) to the surface consists of two quadric cones and their 
four common tangent planes. 

At the points (14) the double conic is met also by the four tangent cones 
on the double points of the surface. These cones are 

a^+?,a>ia^+^x^^—[iXxiXs=Oj fi^a^+Xx^^—l^^^o^z—f^^^^s^^f 

(Cq + ?.X(^ + XXqX^ — fjL?.XiX^ = 0, 11^7^ 4" ^^^0^2 — fJt^^oXi — (iXXiX^ = 0. 

Each contains two lines of the surface. The pairs of cones with vertices on 
the diagonals 02, 13, which are touched by the tropes, meet each other on the 
surface only at the two remaining double points. Any two cones, except these 
pairs, have one line in common, along which they are touched by one of the four 
tangent planes (12). In (a:) =0 we have thus at each of the four points (14) 
two cones tangent to each other and to the double conic. Each cone has double 
contact with the conic, but single contact only with each of the two cones which 
it meets. 

§ 6. The Four Pinch Points and their Duals. 

In general, at every point y of the double conic the surface has two dis- 
tinct tangent planes. These are the factors of the polar quadric of t/, 

2la?oyg+a^2yo+f/(aay8 +a?8yi) j 

-iJt(yo+y9) ± Vx«(yo+y2)*-4Jtyoy2! (^) =0. (15) 

When, however, the expression under the radical is zero, the two planes coin- 
cide. The condition for this is 
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Xt/2=-i(^-2)±2Vr=XJyo, 
with the further necessary relation 

The constants involved are, respectively, the values of fc. and li in the equations 
of the double tangent planes (2), so that the ratios become 

^2/2/0= — *t y yz/yi=—ii . 

Each of these four points satisfies two tropes, {x) =0, and the cone of double 
tangent lines, as well as the double conic. They are then the vertices of the 
quadrilateral cut out by the tropes in {x) =0 and inscribed in the double conic 
at its intersections with the cone of double lines. The coordinates of the four 
points, called *' pinch points,'' are 

(—/to u, kihi, —hu), (t = l, 2). 

The tangent planes to the surface at these points are 

ntip{kiXQ+X2)—n^<7{liXi+x^) =0. 

The fact that the tropes pass through these points enables us to state the 
relations between the singular conies in these planes. As we have already seen, 
the conies in a pair of tropes on a diagonal line meet the double points on this 
line. At each pinch point two tropes meet which are not on a diagonal, and 
hence the corresponding singular conies meet also. Each conic accordingly 
meets one other conic at two double points of the surface and a second at a 
pinch point. These remarkable points are thus seen to have the following 
properties. They are the only points of the double conic at which the surface 
has a single tangent plane and they are each found on the double conic, the 
cone of double lines, two tropes and two singular conies. 

The duals of the pinch points are planes already found. At each point 
the single tangent plane of the surface cuts (a;)=0 in a line tangent to the 
double conic. Dually on the cone of double lines must be an element meeting 
the surface in two coincident points. The tangent plane on this line meets the 
surface in four coincident points. Moreover, the pinch points are common to 
two singular conies not lying in tropes on a diagonal. The corresponding 
planes must then be common planes of two cones of the surface at double points 
not on a diagonal. Such planes are the singular planes (12), and the coincident 
points of contact are the points (14), which are on the conic cut from the cone 
of double lines by the polar plane of its vertex. The planes of the surface dual 
to the pinch points are therefore the singular tangent planes of the surface. 

§ 7. A Quartic Curve on the Surface. 

The only space curve on the surface which arises in the preceding dis- 
cussion is the locus of the points of contact of the cone of double lines and the 
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surface. This curve is also on the polar of the surface as to (|i£, 1, ^, 1). Since 
the further intersection of this cubic and the cone is a conic (§ 2), the locus of 
contacts is a quartic curve* cut out by a pencil of quadrics. t 

By combining the equations of the surface, the first polar as to (f/, 1, fi, 1) 
and the cone, we obtain a quartic surface which must contain all points common 
to the three surfaces. This is 

[2v {xo^i+ (ix^Xf^) — {x) \a{Xo+X2) +(ip{X'^+Xs) \] 

\2v{xQX2+fiXiX^) + {x) \a{xQ+Xi) +(Jip{Xi+Xs) }] =0. (16) 

To decide which of these quadrics cuts out the curve under discussion, we may 
put the equation of the surface in a form which will show its relation to the 
cone of double lines. Such a form is 

S=Ql+C^Q,, 

where S is the surface, Ci the cone of double lines, Qi a quadric through the 
contacts and Q^ an arbitrary quadric. This equation expresses that S is tangent 
to Ci, where 6\ meets Qi. Hence, that one of the two quadrics (16) passes 
through the curve, the square of which subtracted from the surface gives the 
cone multiplied by some quadric. Qi is found to be 

2v {X0X2+ iix^x^) — {x) \a{xQ+X2)+fip{Xi+Xs)\=0. (17) 

The pencil of quadrics which cuts out the quartic curve of contacts on the cone 
of double lines is therefore given by linear combinations of (17) and (5). 

Mapping of the Surface. §§ 8-11. 

§ 8. Self 'duality of Entire Surface. 

By the principles of mapping it is possible to show that the four polarities 
of § 3 do, in fact, send every point of Dupin's Cyclide into one of its planes. 
That the surface may be mapped follows at once from the fact that it is rational 
This is seen by considering the intersections with the surface of a line which 
moves always touching the double conic and one line of the surface. Three of 
its four intersections are thus accounted for; the fourth is variable. If the 
cutting line also meets some arbitrary plane, this point and the variable inter- 
section with the surface are always in 1, 1 correspondence. The surface thus 
meets the test for rationality and may be mapped. 

In mapping a surface of given order, the curves which map plane sections 
must pass through a suflScient number of base points so that the free inter- 

* Salmon, G., "Geometry of Three DimenBions," 5th edition, Vol. I, p. 363. 

t The breaking up of this curve into two conies is the condition that the surface take the special 
form of the " Anchor Ring." 
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sections of any two shall be equal to the order of the surface. To map a 
quartic, therefore, by means of general cubics, we need five base points. We 
have in this way oo* cubics. Now, as the oo' planes of space are linear functions 
of the four independent planes, they must be mapped by oo' cubics on the 
five base points, which are linear functions of the four fundamental cubics. 
All such cubics must accordingly meet one further condition. Let this be 
apolarity to a general line cubic, (a^)*=0. Plane sections of the surface are 
then mapped by a linear system of cubics in the plane. 

Before deriving specific transformations for the mapping, we must take 
account of the fact that the surface has four double points. This leads to a 
special arrangement of the base points. In general, it is assumed that no three 
shall lie on a straight line, but when the surface has a double point, this 
restriction is removed. This is because each of the net of planes which may 
be passed through a double point on the surface cuts out a rational section, 
and must be mapped by a cubic of the same genus. There are thus among the 
00* cubics on five points and apolar to {a^y=0 four nets of rational cubics. 
Two such nets are: 1) cubics consisting of a line on three points and a net of 
conies on the two remaining apolar to the polar conic of the line as to (a^)®=0 ; 
2) nets of proper rational cubics with the double point at a base point. Two 
such independent arrangements of three points on a line, as in case 1, may be 
made. Case 2 arises when two of the points on a line approach coincidence. 
Hence of the oo* cubics through these points, a net will have a double point. 
Two such nets are possible. We have thus accounted for peculiarities due to 
the presence of four double points on the surface, if we take the five base points 
in two coincident pairs on two lines meeting at the fifth point. 

Let these points be the vertices of the reference triangle in the mapping 
plane, and let the coincident pairs be (0, 1, 0) and a point consecutive to it on 
1^2=0, (0, 0, 1) and a consecutive point on «i=0. A cubic curve through these 
points and apolar to {a^y=0 is of the form 

( au ) ® s Oooit^o^i + aoo2Wo«2 + OLmttlUi + ai^Witil 

+ {(ioLooi+b<iQQ2+caii2+dai22)notiiUz=^0. 

Making the first four coefficients zero in turn, we have four cubics meeting the 
required conditions 

fQ=UoUiU2 + ^oUlUi = pXo , fi^UoUiU2 + ^iulUi = qXi , 

/gs U0U1U2 + /SjWiwI = px2 , /8= W0W1W2 + /Ss^fws = qx^ . 

The elimination of u from these equations gives the surface in form (1), if 
certain obvious substitutions are made for p and q. The transformation then 
takes the final form 
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(18) 



(19) 



fo=Xo = ttoUiU2—pul%ii/X^2 , 

fi^fiXi = UoUiUi + aului/X^s J 

f^=X2 = UqUiU2 + 182^^2 } 
f^^flXs = UqUiU^ + /SgWfWg . 

We can now show directly that Dupin's Cyclide is self-dual under the 
polarities of § 3. Any plane cuts the surface in a quartic curve with two 
double points which maps into a non-rational cubic. Since the point of contact 
of a tangent plane is a double point on the surface, each tangent plane cuts the 
quartic surface in a rational quartic which maps into a rational cubic on five 
points. The 00* tangent planes thus give 00* rational cubics. Consequently, 
if a point y on the surface has as polar plane with respect to one of the quadrics 
Qi (7) a tangent plane of the surface, the map of the section will be rational. 
Assume such a tangent plane as the polar plane of y. Then, 

Pi{x)=m{kyo+y2)Xo+(in{lyi+y:i)Xi+m{yo+ky2)x2+fin{y^-\'lys)x9=Oj 
Piif) =ni{kyo+y2) luoUiU^—pului/Xfi^l +n{lyi+ys) luoU^Ui+aulu^/X^sl 

+w(t/o+%2) \uoUiU2+^2Uiul\ +n{yi+lys) \uoUiU2+Psulu2\=0. 
This cubic is of the form, in Salmon's coefficients,* 

(h'^lui + ^2 ( hiul + 6o«o + 2 biUQUi ) + Ciului = . 
If this cubic is rational, its discriminant will vanish. The discriminant is 

A=27aiCifeo&2[6i— 265(M2+«i^i) + (60&2— ^1^1)^]. 

Substituting from (19) the values of the constants and using the relations! 
which exist among A:, Z, X, (ly this becomes 

A^{yo+ky,y{kyo+y,y{y^+ly,y{ly,+ysy 

{.{y^yi+iiyiyzY+Hy) \yoP2{yi+ys)—i^yiys{yo+y2)\]' 

This expresses that the discriminant vanishes identically when 1) y is a point 
on a singular conic and when 2) y is any point on the original surface (1). 
As the same result is obtained by using the polar plane of y as to each of the 
remaining quadrics, we may state the 

Theorem. Dupin's Cyclide is a surface self -dual under four polarities. 

§ 9. Plane Equation of Surface. 

We may note here that the discriminant of the map equation of a tangent 
plane gives the equation of the surface in planes. Substituting for y in the 

♦ Salmon, G., "\Higher Plane Curves," 3d edition, p. 194. 

vxfci = — Vi=x + vr, vx"*, = -- Vi=x — vr, 

X(Aj— 1)" = — 4^;, \(l^iyz=z4fil, 



X(A;+1)« = — 4(1— X)Aj, \{l+iy = ^{fi-^\)l, 

X(ik*+l)=2/c(X— 2), X(P-f-l) z=2l{2fM+\). 
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discriminant its coordinates as the pole of a plane p, we have the equation of 
the surface in the terms of >7, the coordinates of the plane, 

yi=lih{kri^—riQ)j yz=r{lyiz—Yi^)j 

S= [( i^{4:y!oy!i +^Vo—Vi^+4:fiyiiyi^—Xy!i—Yis^]^+4:(iX{(i >7o+>72+>7i + >78) 
[i^>7i+>78K>7o>72 + M>7o— >72)*} — (>7o+>72) \4^l^yiiVz—^{Vi—my\]=0. 

§ 10. The Mapping of Plane Sections. 

In general, the map of a plane section of this surface is a quartic curve of 
genus 1, which is in 1, 1 correspondence with a cubic of the same genus in the 
mapping plane. There are, however, four classes of plane sections, beside 
those made by the tangent planes, which are rational and accordingly map into 
rational cubics. A single section also exists which is not in 1, 1 correspondence 
with its mapping curve. We shall take up separately the maps of these 
sections. 

Two sets of rational sections are those made by planes through the double 
points and the lines of the surface. Through each double point is a net of 
planes cutting sections which have this point as a third double point. 

Double Point. Map of Planes through Point. 

>7o ^2=0 ; a net of conies tangent to Mi=0 at (0, 0, 1). 

Yji ^1=0; a net of conies tangent to Wj=0 at (0, 1, 0). 

>72 A net of cubics with double point at (0, 0, 1) and 

tangent to 1/2=0 at (0, 1, 0). 
>73 A net of cubics with double point at (0, 1, 0) and 

tangent to Wi=0 at (0, 0, 1). 

By considering the part of the mapping curve common to all curves of the net, 
we determine the maps of the double points. 

Double Point : >7o > >7i » V^y Vs- 

Map: 1/2=0, Wi = 0, (0, 0, 1), (0, 1, 0). 

Sections of the surface by pencils of planes through a line on the surface break 
into the line and a pencil of rational cubics with double points on the double 
conic. 

Line. Map of Planes through Line. 

yIqYIi t/i=0; 1/2=0; a pencil of lines through (1, 0, 0). 

>72>78 1/0=0 ; a pencil of conies on three reference points. 

>7i>72 1/1=0 ; a pencil of conies tangent to 1/2=0 at 

(0, 1, 0) and passing through (0, 0, 1). 

>7o>78 1/2=0; a pencil of conies tangent to 1/^=0 at 

(0, 0, 1) and passing through (0, 1, 0). . 



(20) 



(21) 
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The maps of the lines of the surface are thus known. 

Linei >7^, >7^, ^, >7^. 

Map: iiiU2=0, Wo=0, i^=0, 1*2=0. 

In each plane pencil is one plane tangent to the surface along the entire line 
and hence cutting the surface in a conic and the line counted twice. 

Line. Singular Plane. Map. 

ri^s Xo—fiXi=0 ul\f^sUi+^zVU^]=0 

^2 Xo—flX^ = th[p«*0 + /Js^Wg] =0 

>7^ a?2— f/a;i=0 Ui[aul—'^^2(3^UiU2]=0 

Before considering the remaining classes of rational plane sections of the 
surface, it is of advantage to map the double conic in the plane at infinity. 
Its map equation is 

(iX^^^^C^aP^ulu^ —p(ifisului + (iX^sUiul + X/?a/3|w?t«2 + "^.v^^^^zUqU^u^ = . (22) 
The conic is unique in that it is in 1 — 2 correspondence with the cubic C. The 
two points of the conic which are double points on every plane section appear 
in the mapping plane as four common points of the maps of the section and 
the conic. If a pencil of planes is taken on a secant of the double conic, the 
corresponding pencil of cubics in the mapping plane will be determined by 
nine points on C, — ^the five base points, which are on the maps of all plane sec- 
tions, and the four points which map the intersection of the conic and secant. 
If, however, the base of the pencil of planes becomes a tangent of the conic, 
the four variable points on C become two pairs of consecutive points at which 
each cubic of the pencil has double contact with C. Since every fixed point 
through which a pencil of curves passes with a fixed tangent is the double point 
of one curve of the pencil, we find in this pencil of non-rational cubics two 
rational curves with double points, respectively, at one or the other of the 
two points on C. These two cubics map the sections of the surface by the two 
tangent planes in the plane pencil. At the four points in which the double 
conic is met by a line on the surface, one of these two tangent planes is a 
singular plane containing the line. The map of this section accordingly 
degenerates. At one of the two points on C mapping such a point, we have a 
double point of a proper rational cubic; at the other a double point of a 
degenerate cubic. Four exceptional points on the double conic must, moreover, 
be noted. These are the pinch points, which are mapped by a single point 
each. The pencil of planes on a tangent to the double conic at one of these 
points is mapped by a pencil of cubics having contact of the second order with 
C at the corresponding point. The one rational curve in the pencil has the 
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tangent of C as one tangent at the double point. It maps the single tangent 
plane of the surface at the pinch point. 

If now we consider in relation to C the pencil of planes on a line of the 
surface (20), the map of each section will contain the two fixed intersections 
with C which map the common point of line and double conic, while the variable 
points will map the other double point of the section. The two fixed points 
will be those mapping the contact of the singular plane in the pencil. In the 
case of planes on if^ , two intersections with C of the variable line must map 
the variable double point of the section. The third intersection and a fourth 
point must be fixed, and map the fixed intersection of line and conic. Hence, 
the variable lines pass through a fixed point and form a pencil. We deter- 
mine this point from a line in the map of the singular plane in the pencil, 
^32^2 — ^iUi=0. This intersects the variable line and touches C at ( — fif^zj ^ty ^z) , 
and meets C again at (1, 0, 0). These two points are accordingly the map of 
the fixed double point, and {—^2^zj ^^j ^z) ^^ the vertex of the pencil. 

The discussion of the planes through the three other lines gives the same 
results from a more general point of view. The planes on >7^, for example, 
are mapped by Wo=0 and conies on three reference points. The map of the 
singular plane is 

Now 1*0=0 meets C in (0, 1, 0), (0, 0, 1) and (0,— ju/Sg, /^s). The line 

touches C in {k^^zy — P%^y Ap) ^^d has (1, 0, 0) as residual intersection. Of 
these five points all but (0, — /ujSji ?z) ^re on all conies of the system. These 
points, however, are found only on the map of the singular plane, and map its 
contact with the double conic. The cubics in planes on 37^ are then mapped 
by a pencil of conies on four points of C The two remaining intersections 
of each conic map the double point of the corresponding section, and these 
points, by the geometry of the plane cubic, lie on a line through a fixed point 
of C This is readily seen to be ( — ^^^zj ^ty ^s)* Exactly similar results 
are obtained for the planes on the two remaining lines. 

We have thus verified for Dupin's Cyclide the properties stated by 
Clebsch* for the general quartic surface with a double conic ; that planes on a 
line of the surface are mapped by 1) the map of the line and 2) a pencil of 
curves with base points on the map of the double conic and meeting this curve 
also in pairs of points which map the single points of the double conic. These 
point pairs determine a central involution with vertex on the map of the conic. 

*Borchardt, Journal fUr Maihemaiik, Vol. LXIX (1868), p. 147. 
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Sections made by planes on the diagonal lines of the reference tetrahe- 
dron are two conies. The map equations give, for planes on >h>78 > a pencil 
of degenerate conies with double point at (0,1,0), and Wi=0; for planes on 
>7o>72 & similar pencil of conies with double point at (0, 0, 1), and i4s=0. Special 
cases of these planes are the tropes which touch the surface along conies 
counted twice. 

Trope. Map. 

*,a?o+^2=0 tii(*;,+l)(wo+2/?2«^2)*=0 1 /23) 

The points where the tropes meet the double conic are mapped by the 
coincident point pairs in which the four tangents from ( — ^ij^z^ /S,, /Ss) to C 
meet the curve. From the coordinates of these points we find that the maps 
of the tropes pass through them by pairs just as the tropes pass by pairs 
through the pinch points on the double conic. These four points, which map 
the pinch points, are 

!-2i92^s, Mi+^), ft(*i+l)i (t=l,2). 

A tangent plane to the cone of double lines also cuts the surface in two 
conies. The map of a section is a cubic for which the invariants* S and T 
both vanish. Hence, the mapping cubic has a cusp. 

We have thus considered in detail the map of the double conic, and the 
maps of the five sets of planes giving rise to rational sections. These groups 
of plane sections and the general f orms^ of their maps are as follows : 

1. A double infinity of simple tangent planes. These map into oo^ proper 
rational cubics. 

2. Four nets of planes through the double points. These map into four 
nets of rational cubics, two of which are degenerate. 

3. Four pencils of planes on the lines of the surface. These map into 
four pencils of degenerate cubics consisting of three lines or a line and a conic. 

4. Two pencils of planes on the diagonals of the reference tetrahedron. 
These map into two pencils of degenerate cubics consisting of three lines. 

5. A single infinity of planes tangent to the cone of double lines. These 
map into oo^ rational cubics with a cusp. 

The section by the plane at infinity, the double conic, has been shown to 
be in 1, 2 correspondence with a non- rational cubic of the mapping plane, and 
the relation between the two curves has been found to be the same as that 
between the corresponding curves on the most general quartic surface with a 
double conic. 

* Salmon, G., "Higher Plane Curves", 3d edition, p. 210. 
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§11. The Map of a Quartic Curve. 

The quartic curve which is the locus of contacts of elements of the double 
cone is cut out by a quadric (§7). Substituting Xi=fiy we have the map 
equation of the curve. This falls into two factors, one of which is the map of 
the double conic, the other 

P^a (pultii—Tifiluiul) —p^iiaulut—^^ulu^) =<t. (24) 

This shows that the octavic curve in which the quartic and quadric surfaces 
meet consists of the double conic, and the quartic on the double cone. The 
cubic (24) is in form similar to the map equations of plane sections, but differs 
from them in that there is not a linear relation existing between it and the 
four fundamental cubics. 

Group Pbopbrties of Transformations Associated with the Surface. 

§§ 12-13. 

§ 12. The Group of Correlations on the Surface. 

The four polarities (§3) and three known coUineations C which leave the 
surface unaltered, constitute a group, G^ . 



Cy 


c 


c,. 


P'Xq=:X^ 


P'Xq=Xq 


f'x'^=^x^ 


^'x\=Xx 


f'x[=x^ 


p'ajj z= x^ 


p'x'i = Xq 


p'fl;J=a?2 


p'a?2=^o 


p'x;,=a^ 


p'x'^=x^ 


p'a?8=a?i 



(25) 



Forming the polars of a point y as to the quadrics Q (7), we have 

Px^rn{kyQ+y2)xQ+iin{ly^+y^)x^ + m{yQ+ky^)x^+lin{y^+lyi)x^j 

lP2=tn{kyo+y2)Xo+(in{yi+lys)Xj,+m(yo+kyi)x2+(in{ly^+ys)x^j 

kPs=m{yo+lcy2)Xo+fin{lyi+ys)Xi+m{kyo+y2)x^+lin{yi+lyi)Xs, 

lkP^^m{yo+ky2)Xo+iJLn{y^+lys)Xi+m{kyQ+y^)x2+(in{lyi+ys)Xi. 

If we transform any one of these polars by any one of the three coUineations, 
the result is the equation of another polar. For example, CiPi^Ps. To 
operate with one coUineation on another gives the third, as CiCs^C^. As the 
result of carrying out these transformations in all possible ways, we have 
forms from which we observe the following facts : 

1. Any coUineation or any polarity operating on itself gives identity. 

2. The product of two unlike coUineations gives the third, and of two 
unlike polarities gives a coUineation. 

3. Each coUineation and each polarity is its own inverse. 

4. The products are commutative. 

All requirements for a group are thus met and we may state our result in a 
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Theobem. The four polarities P and the three collineations C, with 
identity^ form a group G^ . 

This group is defined by the equations 

(m, *:, ^=1, 2, 3; m^^k^l) 

The generating elements are the collineations Ci and G^. , and a polarity. The 
collineations form the only subgroup, which is a ** four-group/' 
The multiplication table of the group is 

1 G\ C/j Cg Pj P2 -Ps -P* 



p\=\ 

Pi=Pr' 

PiPi = Cm 

P,P,=P,P, 

(i,i=l,2,3,4; i^fzj) 
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Ci 


c. 
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Pi 


Pz 


Pz 


Pi 


Ci 


Ci 
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Cs 


c. 


Pz 


Pi 


Pi 


Pz 


c. 


c, 


Cz 
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Ci 


Pz 


Pi 


Pi 


Pz 


c. 


G^ 


Cz 


Ci 
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Pi 


Pz 


Pz 


Pi 


Pi 


Pi 


Pz 


Pz 


p* 
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Ci 


c. 


Cz 


Pt 


P, 


Pi 


Pi 


Pz 


Ci 
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Cz 


c. 


Pz 


Pz 


p. 


Pi 


Pz 


C^ 


Cz 


1 


c. 


p. 


P* 


Pz 


Pz 


Pi 


Cz 


c. 


Ci 


1 



(26) 



Any equation symmetric in Xq^ x^ and x^^ od^ is invariant under the 
subgroup of collineations. Such forms are the equations of the planes 
{xQ±LXi) + k(Xx±:x^) = Oj the quadric x^+kXiX^=(S and the surface itself. 
Invariant lines are given by 

(1) a?o=0 (2) x^=0 (3) aJo+a?2=0 (4) x^—x^=zQ 
a?2=0 0^8=0 a;i+a?8=0 x^ — x^^^Q 

The first three are invariant in that they are sent into themselves by O^ . The 
points of the last are absolutely invariant. These four lines, moreover, meet 
in four points and form two pairs of opposite generators on x^flo^ — x^x^=(S. 
The polar as to the quadrics Q of a point on one generator of a pair is a plane 
on the other. We may then say that these lines are also invariant under G^ . 

The 1, 1 correspondence between the points on (4) and the planes on (3) 
also arises from the operations of the group G^ on points of the surface. By 
the collineations C, a point {yoy yiy yzj Vz) goes into 

(2/2, j/i, yoi ys), {yof Vzy 2/2, yi), (2/2, ys, yo, yi)- 

We call these four points a Y set. By the four polarities Q the same point 
goes into four planes P (25), the points of contact of which with the surface 
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we call an X set. The planes P are found to meet in a point y' and the points 
r to lie on a plane P', the polar of y' as to all four qnadrics. The point is on 
the fixed line 

the plane is on the other fixed line 

By the properties of the group it is seen that the eight points X and Y form a 
closed set of which any one determines the remaining seven, and that the rela- 
tion between the points X and their polar planes is in all respects the same as 
that between the points Y and their polar planes. Thus, if we start with a 
point X, we obtain by the polarities four planes touching the surface at points 
. Y and meeting in a point which is the pole as to the qnadrics Q of the plane 
which contains the points X. This new point and plane are found to lie 
respectively on the lines 

iTo— a?2=0, Xi—x^={i and a;o+a?2=0, Xx+x^=(S. 

The pairs of points, arising thus on the line 

Xq — fl;2=0, Xi — fiC8=0> 

from every point on the surface, form an involution along the line, the fixed 
points of which are the two at which the four qnadrics Q have double contact. 
The corresponding pairs of planes lie on the line 

^0+^2=0, a;i+^a=0 

also form an involution, the fixed planes of which are the two common tangent 
planes of the four qnadrics at these points of contact. 

We have thus the conclusion that the eight points and eight planes arising 
from the operations of the group on any point of the surface fall into two sets 
of four. Each set of four planes meets in a point on one line fixed under the 
group, while each set of four points lies in 'a plane passing through a second 
fixed line. The intersection of the planes tangent at one set of four points is 
the polar point as to the qnadrics of the plane containing the four other points. 

This group of correlations Q^ under which the surface is self -dual, is the 
only such group. If another group existed, it would be formed by adding to 
some new collineation group the known correlations. Applying the general 
coUineation u^^ 

to the equation of the surface, with the restriction that the surface remain unal- 
tered, we find that the only solutions possible are the four transformations given 
by the collineation subgroup of Gg . The correlation group is, therefore, unique. 
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§ 13. The Group of Cremona Transformations in the Mapping Plane. 

We have seen that the transformation of polarity as to the fundamental 
quadrics Q gives for any point y on the surface a plane tangent to the surface. 
The point of contact a? is a double point on the section by the plane. Hence, 
the map equation of this plane is a rational cubic with double point z. The 
point y maps into some point u of the mapping plane. Thus, for a pair of 
points y and a;, arising from a correlation on the surface, we have a pair u 
and z in the plane. We now proceed to derive a transformation, which applied 
to w, the map of a given point y, gives the point z corresponding to' x. 

The coordinates of the double point 25 in a curve mapping a tangent plane 
of the surface may be found by means of the combinant 

/o(*'^12s)««» + /l(*^028)«=« + /2(*'^018)tt=« + /8(«^012)tt=»==0. (27) 

The quantities /< are the four cubics (18) , the quantities J^ are each the Jacobian 
of three of the cubics. Since the Jacobian of a net passes through the double 
points of the net, a curve given by (27) has, for a particular value of z^ a double 
point at z. Let us set this equation identically equal to the map equation of a 
tangent plane of the surface, and equate coefficients of terms in u. We obtain 
four equations in y and z. But since y may be expressed as a function of w, 
our equations give z in terms of u. Solving, we have corresponding to the 
four polar transformations of a point y on the surface, four sets of relations 
between z and u in the plane. 

Ill ' ^0= + VX;32/3s(tiwwo+2iw/88WoWi+2fctn;32WoW2+4fci/82/88WiW2) > 
Zi=— Valfiz {nmul + 2km^^UQU^ + 2w;38Wot*i +^k^%p^UxU^ ) , 

^2= — V— A;p/?8(wwwS+2?w^8WoWi+2m^2WoW2+4?^2/?8WiW2) ; 
Ilg: ^0= + Vx7/?2i38(w^»t*o+2A;w^2Wot*2+2w^8Wo«^i+4&i32i88%W2), 

«i= — Va|/?2(WWt^O+2&W/?2Moii2 + 2?W^8«^oWi+4W/82iS8i^l^) J 

z^= — V— ifcZp/?8 {nmul+ 2m^^UQUt+2n^^UQU^+^^^zU^u^) ; 

lis : 250 = + V^A;/?2/?3 ( wtnwl + 2^imuoU2 + 2ln^^u^u^ + ^l^i^s^^iU^ ) , 
Zi= — Vkla^2 ( nmul + 2 w;32i/ot'2 + 2n^sUoUi + ^^z^sihMt ) > 
Z2= — V—p^s{nmul+2km^2UoU2+2ln^sUQUi+4kl^2^sU'^U2) ; 

114: Zo= + Vxkl ^2^s{'nmul+2m^2'^oU2+2n^sy'o'ih+^^2^B'^U2) ^ 
z^= — Vka /?2 (nmul^ 2m/?2t*oW2 + 2Zw/?sWotii + ^l^^^z^^Ui ) , 
Z2= — V — If fis ( nmul + 2km^2'UoUi + 2n^iUoUi + 4:k^2^^UiU2) . 

These transformations are involutory. We have then four birational trans- 
formations which set up a 1 — 1 correspondence between points u and z. Hence, 
they are Cremona transformations. 
36 
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Such a transformation sends the oo' lines of the plane into a net of conies 

on the three singular points of the transformation. Each quadratic expression 

for z factors into the maps of two tropes on the surface, and from its form is 

seen to pass through (0,1,0) and (0,0,1). Hence, the singular points for each 

transformation 11 are these two reference points and the map of one pinch 

point. The singular lines of each transformation, given by the Jacobian of the 

quadratics in Uy are i^o=:0 and the maps of the two tropes which pass through 

this pinch point The four points on the surface in which it is cut by the line 

of fixed points 

Xq — 0^2=0, Xi — x^=0 

map into four points invariant under all the transformations 11. 

If we apply these transformations to a point w, we obtain four points z. 
If we apply the same transformations to the point Zj we obtain identity and 
three new points zf. 

Tj: Zo=X^UoUi; z[=vvl; zi=2,^UiU^; 

Tj: Zo=X^l^UiU2; z[=a^UoUi; 4=— piSs^o^i- 

The singular elements are the points and lines of the reference triangle. The 
fixed elements are the four points invariant under IT. These transformations T 
correspond to the coUineations on the surface in the same sense that the trans- 
formations n correspond to the polarities. The seven elements IT and T with 
identity form an abelian Gs like in all particulars to the correlation group of 
the surface (26). 

We have thus shown that the correspondence on the surface, arising from 
the correlation group, between a point y and a tangent plane with contact Xy 
gives rise in the mapping plane to a group of Cremona transformations which 
show the same correspondence between the maps of the points y and x. 
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^ 1. Introduction and Fundamental Equations. 

In a preceding paper,t we have laid the foundations for a purely projective 
theory of conjugate nets on a surface and for the related theories of a one- 
parameter family of space curves and the congruence of tangents thereto. 
In fact, conjugate nets seemed to appear only incidentally, as a convenient 
avenue of approach to the apparently more general theory of the congruence 
of tangents to a one-parameter family of space curves. To make this point 
clearer : the equations 

y<*)=/<*>(w,t;), (fc=l,2,3,4) (1) 

represent for t;= const, a one-parameter family of curves C7«, if the four y*& 
be interpreted as homogeneous coordinates of a point in space. It is assumed 
that the surface defined by equations (1) is not developable, and also that the 
two one-parameter families of curves C« (t; = const.) and <7^(«=const.) are not 
asymptotics on this surface. Under these conditions the four functions y^*> 
form a fundamental system of solutions of the completely integrable system 
of partial differential equations 

yuv=(i'yvv+b'yu+c'y^+d% J 

where a'^ — a^f^O and a^O.t If a' 15^ 0, the parameter net on the integral 
surface is not conjugate. Suppose a' ^0; then, in this, the general case, the 
family of curves conjugate to the family C« is determined by making the trans- 
formation u=U{ujV)y where U{UyV) satisfies the partial differential equation 

of the first order, § 

a'U^—aU^=0. (3) 

* The first three sections were presented to the American Mathematical Society February 28, 1914, 
and the last four October 30, 1916. 

t G. M. Green, "Projective Differential Geometry of One-parameter Families of Space Curves, and 
Conjugate Nets on a Curved Surface/' Amebican Joubn'al of Mathematics, Vol. XXXVII (1916), pp. 
216-246. This will be cited as " preceding paper." 

X Preceding paper, § 1. 

§ Preceding paper, p. 221. 
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The new family of curves S= const, will then be conjugate to the given family 
1;= const., which is undisturbed by the transformation. In fact, the new net 
is defined by a fundamental system of solutions of a completely integrable 
system of partial differential equations of the form* 

yuu=0'yw+byu+cy„+dy, 1 • 

yuv=b'yu+c'y„+d'y. J 

We have shown, in the memoir cited, that there is no loss of generality 
whatever in studying a one-parameter family of curves, defined by solutions 
of the differential equations (2), through the conjugate parameter net defined 
by system (4), in spite of the fact that the passage from equations (2) to 
equations (4) requires the integration — in general impossible — of the partial 
differential equation (3). The second of equations (4) is perfectly symmetric 
in the parameters u and t;, but the first is not, and can not easily be made so 
without sacrifice of simplicity. It appears, then, as we have already said, 
that the differential equations (4) are more suited — if only on assthetic 
grounds — for the study of the congruence of tangents to a one-parameter 
family of curves, than for that of the conjugate net determined thereby. 

It was with these considerations in mind that in the preceding paper we 
treated the two component families of the conjugate net in an unsymmetric 
way. In particular, we chose a fundamental system of covariant points as 
follows. Three of them were a point on the surface and its corresponding first 
and minus first Laplace transforms ; the fourth was the second Laplace trans- 
form. We shall in the present paper provide a substitute for this fourth point 
which will serve equally well in a theory of a one-parameter family of curves 
and in the theory of a conjugate net. 

The introduction of this new covariant point in § 2 follows from a con- 
sideration of an important congruence of lines, which, with other congruences 
associated with the conjugate net, is studied in some detail in the course of the 
paper. A canonical development in non-homogeneous coordinates of the sur- 
face referred to the conjugate net is given, and leads to the consideration of a 
certain unodal cubic surface. Many questions of interest in the general theory 
of congruences are discussed in the latter half of the memoir. A conjugate net 
, which is uniquely determined by the given one is introduced; we have ventured 
to call it the associate conjugate netj and lay the foundations for a systematic 
study thereof in its relation to the given conjugate net. In the last section is 
given a short treatment of isothermally conjugate nets, in the course of which 
a purely geometric characterization of these nets is obtained. 

* Preceding paper, equations (16) . 
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The completely integrable system (4), npon which we base our theory, 
has its coefficients restricted by certain integrability conditions. By differen- 
tiation, we may obtain from equations (4) the expressions* 

where f 

a^»=a{b+c') +0., ^i'^=b,+ab',+d+b*+b'{c+ab'), 



(5) 



8(1 



=c,-\-ac', + ad' +bc+<f{c+ab'), 
=d,+ad',+bd +d'{c+ab'), 
=6'(6+c') +b',+d', y«=6'c+c'*+c;, 
=b'd+c'd'+d',, 



(6) 



a<»>=c', |8(«)=6'«+6;, Y<^)=b'C+c',+d', S<'>=b'd'-{-d',, 

Q Or 

y(«)=l[6'c+C(c'-6) -|-c;-c,-(i], 

8(« = l[6',i+(i'(c'— 6)+<— rf;]. 
a 

It is tacitly assumed, of course, that a^O. The conditions of complete inte- 
grability are % 

( a<»> - & ) i8(*> -f 6'^<«> -f i8?> = a(*)/3<»> + 6'y <*> -f i8»> -|- 8<*), 
c'/3<*> -I- y?> -f- S(*> = a<*>y<«> -f c/3<*) -^-yi*^ 

the first of which, in virtue of equations (6), being equivalent to the equation 



(7) 



or to 



, , o / 2ab'—c—a, 



(8a) 



(8b) 



§ 2. The Axis Congruence. 

In the preceding paper, we discussed at some length the Laplace transforms 
of a conjugate net defined by a fundamental system of solutions of equations 



* Preceding paper, § 3, equations (20) . f Preceding paper, equations (21) . 

X Preceding paper, equations (23) . 
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(4). We found for the minus first and first Laplace transforms the respective 
expressions 

9=yu—o'yj o=y,—h'y. (9) 

These two points lie with y in the tangent plane to the surface S^ . We wish 
to obtain a fourth covariant point off this tangent plane, thus determining a 
covariant tetrahedron of reference. This we did in the preceding paper by 
choosing the second Laplace transform/ 

We propose to substitute for this point another, in the definition of which the 
two families C« and C^ y which make up the conjugate net, enter symmetrically. 
Instead of taking the line yci as an edge of the tetrahedron, let us choose the 
line yz determined by the intersection of the two planes which osculate at the 
point y the two curves of the net passing through y. 

It will simplify our subsequent calculations if we write the first of equa- 
tions (4) in the form 

yw=^yuu+^yn+ryv+h7 (lO) 

where 

a=-, /3=-^, y = -^, 8=-l (11) 

a ^ a ' a a 

This is always possible, since a^Q. 

We may write equation (10), or, what is the same thing, the first of 
equations (4), in the form 

The left-hand member represents a point in the osculating plane to the curve 
C^j and the right-hand member a point in the osculating plane to the curve 6\. 
Consequently, the point 

^=yw—Yyt=o.y^u+^yn+h (12) 

lies on the line of intersection of the two osculating planes. 

We may therefore associate with each point y of the surface 8y a point «, 
so that through each point of the surface will pass a definite line yz. With the 
totality of points y of the surface will be associated ao^ lines yz^ constituting 
a congruence which Wilczynski has called the axis congruence.^ The point z 

* Preceding paper, equations (51). 

t £. J. Wilczynski, " The General Theory of Congruences/' TrwMOotians of the Amerioan Mathe- 
maiioal Society, Vol. XVI (1915), pp. 311-327. The present writer made independent use of the axis 
congruence, in obtaining the canonical development given below, § 3, without a knowledge of Wilczynski's 
work. This development was, in fact, announced at the February, 1914, meeting of the American Mathe- 
matical Socnety. 



(13) 
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is not, however, a covariant point, and therefore can not serve as a fourth 
vertex for our tetrahedron of reference. This fourth vertex we may determine 
as follows: The lines of the axis congruence are tangent (in general) to two 
surfaces, or focal sheets, so that on each line of the congruence are fixed two 
points of tangency, or focal points. Either of the focal points might serve as 
a covariant point ; but a unique point may be determined by choosing instead 
the harmonic conjugate of y with respect to the focal points. 

In finding the coordinates of the focal points, we make use of a result 
given in ^ 8 of the preceding paper. Let a congruence consist of the lines 
joining corresponding points of two surfaces S^ and S, defined by the equations 

y(*)=/<*)(ii,i;), z<'^=g^'Hu,v), (ft = l,2,3,4). 

The functions y and e will satisfy a completely integrable system of partial 
differential equations of the form 

y,=^a0^y+b^'^z+c^'^y^+d^'^z,, 
Zu=a<'^y + b^'^z + c^^^y,+d^'%, 

where the coeflScients in the last two equations have nothing to do with the 
quantities (6). 

The focal sheets will be given by the formulas * 

Zi=:z—^iy, Z2=z—^y, (14) 

where Xi and \ are the roots (which may or may not be distinct) of the quadratic 

ei(i)<«+(c<^)d(2>_eiO)c(2)— l)< + c<*)=0. (15) 

We need for our purposes only the first two of equations (11), the coeflS- 
cients of which we now proceed to find. We have 

^=yvv—ryvy (i2) 

in which ase has been made of the last two of equations (5). Replacing y^ in 
the second of equations (16) by its value z-\-Yy,, and then solving for y,, the 
first of equations (13) is obtained. The second of equations (13) may then 

• 

* Formulas (14) are obriouBly equivalent to equations (72) of the preceding paper, since all coordi- 
nates are homogeneous. 



(16) 
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(18) 



be obtained from the first of equations (16). Recalling that by (6) a^'^=c', 
we find without difficulty for four of the coefficients in (13) : 

c(«) = |8(»>_6'y+c(i)(yW— yj, <«(«)=<;<•) (y<»>—yj. 

But by (6), 

a 
so that 

and the quadratic (15) becomes 

i«_(/S(«)4-y(«) + acJ<+ (/3<«>-6» (y(«)+6'y+ac,)-i8<*)(y<»)-y.) =0. (17) 

The discriminant of this quadratic is seen without difficulty to be 

A= (i3(»)— y<*>— 26'y— ac,)«+4|8<*)(y<")— yj ; 

a somewhat lengthy calculation, in which use is made of equations (6), shows 
that 

^(«)_yW_26'y— ac,= - (<i+o6'*— c'*+o6;— c:+6'c+6c') = -, (19) 

where 'S> is one of the fundamental invariants of the first memoir.* The dis- 
criminant of the quadratic (17) is, therefore, 

._ g)'+4a'/3<«>(y<')-n) 

a* ' 

and the two roots are 

, , _ |g<«)+y(«) + ac, ^ VA 
^, ^« ^2 * "2T- 

The two focal sheets of the axis congruence are therefore given by the formulas 

Zi=z—Xiy, z%=z—'k^y. (14) 

The expressions just found for the focal points are of course covariants, 
and either might serve to fix a fourth vertex for our tetrahedron of reference. 
A more symmetrical choice, and one which leads to a simpler analytic expression, 
is made by taking as the fourth vertex the harmonic conjugate of y with respect 
to the two focal points z^ and z^ . This gives the point 



(20) 



= Z-h^y = y^-yy-\ (^(») + y(4) + aCjy. 



(21) 



If the invariant A given by (20) vanishes, the two focal sheets of the axis 
congruence coincide with each other and with r ; this can happen only when the 



* In the calculation, use is made of equationB (24) , (29) and (38) of that paper. 
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lines of the axis congmence are the tangents to a family of asymptotics on a 
focal sheet. 

We shall investigate further the properties of the axis congruence, in its 
relation to the conjugate net and to associated congruences. First, however, 
we shall obtain a canonical development for 4t surface referred to a conjugate 
net, by making use of the fundamental tetrahedron of reference. 

§ 3. Canonical Development of the Non-homogeneous Coordinates 

in the Neighborhood of a Point.^ 

Since the system of differential equations (4) is completely integrable, 
the derivatives of y to any order are expressible linearly in terms of the 
fundamental derivatives y^ , y« , y, , y. Let us write 

^^^ = a^^'-^y^+¥^'-^y,+c^'^'''^y,+d<'^'-^y. (22) 

Then we have, in particular, for the coefficients of the first order 

' aW=0, 6<^^>=1, c(*^>=0, dcio)=:0, 
aW=:0, 6<^^)=0, cW=l, d<«^>=0, 

for the coefficients of the second order 

a^^>=a, 6^=6, c(«*>=c, d<«^)=rf, 
ac^^)=0, ¥''^=h\ c^^=c% d<">=ci', 
a<^> = l, 6<")=0, c<«)=0, ci<«)=0, 

for the coefficients of the third order the expressions (6), and so on. 

Let y be any fixed regular point (on the surface), which we may, without 
loss of generality, suppose to correspond to the parameter values u=Oj t;=0. 
Then, for any point 7 in a sufficiently small neighborhood about the point y, 
we have the Taylor expansion 

Y=y+y^u+y,v+j-^{y^u^+2y^^uv+y^v^) + 

Substituting for the various derivatives of y their expressions in terms of 
y^ , t/«, y^ , 2/ as given by (22) , and rearranging the series, we find the expansion 

T=Ay^+By^+Cy,+Dy, (23) 

where 

B=u+^bu^+b'uv+ib^'^u^+ib^^'>u^v+ib^'^^uv^+W'^^v^+ • • • ., 1^ (24) 

D=:l+^du^+d'uv+ , 

where terms omitted are in each case of higher order than those written down. 

* The subsequent sections of the paper are independent of the present one. 

37 
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» 
Let us choose as three vertices of a new tetrahedron of reference the 

point y and its minus first and first Laplace transform, 

9=yu—c'y, o=yv—b'y. 

A fourth vertex must be linearly dependent on the points y^ , y„ , y, , y, since 
these last four are not coplanar. We may therefore take for the fourth vertex 
any point not in the plane of y, yu, y«, given by an expression of the form 

*^=yvv-'^yu—i^yt—'^y^ (25) 

We shall seek an expansion having a certain characteristic f orm, and shall find 

that the only point r which yields this expansion is the covariant point r 

found in § 2. 

Taking t for the present as defined by (25), we may write the ext)ansion 

(23) in the form 

Y=T^r+Y^p+¥,a+Y,y, (26) 

where 

Y,=A, Y,=B+AX, Ys=C+Aii, \ 

Y,=D+A{v+&X+h'ii)+&B+h'C. J ^ '^ 

The coordinates of the point Y referred to the old tetrahedron of reference 
are of course 

rc*)=rirc*)+r2p^*>+rs(j<*>+r,y<^ (ifc=i,2,3,4). 

Taking now as a new tetrahedron of reference the points t, p, <t, y, we see 
from this last expression that referred to this new tetrahedron the point Y 
has the coordinates Fi, Y^j Y^j Y^^ given by equations (27), if the unit-point 
be properly chosen. We have, therefore, for the coordinates of the point Y 
referred to the tetrahedron t, p, <t, y the expressions 

Y,=A, 

Y^=^u+i{b+a2.)u^+b'uv+iXv^+i{b^''^+a^'^^X)u^+i{b^^'^+a<^'^^^ 

+i(6^''^+oWX)iit;*+i(6(«*> + a<«»>X)t;»+ . . . ., 
Ys=v+i{c+aii)u^+&uv+^fiv^+i{c<^+a^''^fi)u^+i{c^^'^+a^^'^^^ [ (28) 

+i{c^'^^+a^'^^li)uv^+i{c^''^+a^'^^fi)v^+ . . . ., 

T^=l+c'u+b'v+i[d + a{v+c'2.+b'fi)+bc' + b'c]u''+{d' + 2b'&)uv 

+ i(r + c'X+6»v'+...., 

in which the terms omitted are of higher order in each case than the ones last 
written. 

We now introduce non-homogeneous coordinates by putting 

^^Y,/Y,, n=YJY,, X, = YJY,. (29) 

We shall obtain for ^, >?, ^ power series in u and t;, and then by eliminating 



(30) 
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from these three series the variables u and v shall express ^ as a power series 
in ^ and vj. We shall ultimately obtain this series up to and including terms 
of the fourth order ; it will, however, simplify our subsequent calculations if 
we first determine the series up* to the third order terms inclusive. We find 
from the last of equations (28) 

■=- = 1 — c'u — h'v+ ....,• 

so that 

^ = T2/Y^=u+i{b—2c'+a?.)u^+iXv^+ . . . ., 
yj=Ys/T,=v+i{c+afi)u^+i{fi-2b')v^+ . . . ., 

+|(a(i2)— cOi^v'+iCa^""^— 36')^'+ 

From the first two of these we find, correct to terms of the third order 

inclusive, 

P =u^+ {b—2c'+aX)u^+Xuv^+ . . . .J ^«=ii»+...., 

>7« =v^-\-{c+a(i)u^v+{ii—2b')v^+ , >7»=t;«+ , 

^^yj = U*V+ , ^yjl^ = uv^+ 

It is possible, therefore, to express in terms of ^ and yj those powers of u and v 
which occur in the expansion for ^ given by the last of equations (30). We ob- 
tain, therefore, the expansion, valid to the terms of the third order, 

^=ia^2+i,7«+i(aW+3ac'— 3a6— 3a*A)^«+i(a<">— afc'— c— a/t£)f>7 

+i(a<^2>— c'— aX)^)7* + H«^"^+36'— 3|[£)>7«+ 

Remembering that the quantities a^^\ a^^^^y a^^^\ a^^^ are the quantities a^^\ a^*>, 
a^*\ a^*^ given by equations (6), we may reduce the above expansion to 

^=:^ae+iy!^+^{^ac'-2ab + a,-3a^X)^'-i{c+a(i)^yj 

-iaX^>7'+i(46'+y-aa.-3/[£)>7«+ 

In the expression for r given by (25), we have at our disposal the three 
arbitrary quantities X, (ij v. These we shall make determinate by causing cer- 
tain terms in the expansion for ^ to vanish. The most symmetric way of doing 
this is to suppose the coeflScients of ^>7, £>7^ and gV to vanish. Our expansion 
to terms of the third order shows that in this case we have 

c+a[i=Oy aX=0. 

But we have supposed that aij^O, so that we choose 

a 
This choice gives us for (25) 

'^=yw—Yyv—yyy (3i) 
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which is a point on the axis of the point jfy that is, on the line of the axis con- 
gruence which passes through the point y. 

The coefficients of ^' and >?* become invariants ; in fact, it is easy to verify- 
that these are 

4ac'— 2a6+a,=8ae', 

46'— 2y— aa.=895', 

where 93' and d' are fundamental invariants of the first memoir, which may be 
shown to have the above expressions if use be made of equations (24), (29), 
and (38) of that paper. Consequently, the expansion for ^, correct to terms 
of the third order, is 

We may now find the terms of the fourth order in this expansion. 
Putting X=0, (i=Y in (28), we find 

r,===t;+c>t;+iyv'+i(c^~>+ya^~0t4»+i(cc*»>+ya<^^>)t4*t; 

+i(cW+yaW)t4t;«+i((?w+yaW)t;«+...., 

Y^=l+c'u+b'v+i{d+bc'+av)u^'\' {d' + 2h'c')uv+^{v+h'y)v^+ , 

where A and B are given by (24). We find without difficulty that to terms of 
the third order 

ij=w+i(6— 2c')t4*+i(6^~^— 66c'+6c"— 3(i— 3av)w« 

4.j(6W_2rf'— 26V— 66')u*t;+i(6<^2)— 6'y— i/)wt;*+*6^''V+ . . . ., 
,7=:t;+J(y— 26')t;*+i(c<»^>+yaW)w«+i(c^*')+ya<*^>— d— 6c'— av)w*t; 

+i {e^'^^ +ya<^'>— c'y— 2d'— 26'c') lit;* 

+i(c<«^^+yfl^~^— 66'y+66"— 3i/)t;»+ 

If, now, we calculated the expression 

^-iaf-i>7«-*a6'ij«-|g3'>7«, (32) 

we should find that it begins with terms of the fourth order in u and v. We 
need, therefore, calculate only the terms of the fourth order in the expansions 
for ^, £*, >7*, ^*, and >/• in terms of u and v. We shall, however, need the ex- 
plicit expressions for the terms in u^v^ alone. Only the expansions for ^, f*, 
and >7* yield such terms ; they are easily found to be : 

from f : (6<^*>— 6'y— v)wV, 

from >7*: (c<«^>+ya<*^>— rf— 6c'— av)wV, 

from ^ : [ia^- ic'a<^^>— i6'a<«^> 

— i(^+6c'— 2c"— 6'c— 2a6"+2ai/)]wV. 

Multiplying the first of these three by — a/2, the second by — 1/2, and adding 
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to the last, we obtain the term in liV which occurs in the expansion of the 
quantity (32). The coefficient of this term is, therefore, 

jaW— ic'a<^*>— i6'a^*^>— i(/i+6c'— 2c'"— 6'c— 2a6'"+2ai;) 

_ja(6<^*>— &>— v)— i(c<">+ya<")— rf— 6c'— ai/). (33) 

From (6) we find that 

a^'*>=c', a<*'>=afo', c<"> = 6'c+c"+c:, 

since a<^*>==a^»>, a<2^> = a<'>, c<">=y<*>. Let us write for b^'^> its equivalent /8<»), 
without substituting its value from (6). Also, since 

we have by differentiating with respect to u 

which, with the aid of (4) and (5), becomes 

where, in particular (since a^'^=c'), 

We may now easily reduce the expression (33) to 

i (d—c'^—&'-\-hc'—Vc—a^^^^ + 2av), 
which by (6) may be written 

Consequently, in the expansion of the expression (32), the coefficient of u\^ 
may be made to vanish if one chooses 

i;=l(^(»)+y<^) + acj. (34) 

Consequently, the fourth vertex of the tetrahedron of reference, which was 
given by (25) and then reduced to (31), becomes 

which is the co variant (21) found in § 2. 

If we note that to terms of the fourth order w*=^*, u^v=^ri, uv^=j^vi^ 
t;*=>7*, we find that the expansion for ^ is of the form 

+CWf +C^»^>f >7+ • +CW^>7'+C^'*V+ . . . ., (35) 

in which all of the coefficients are relative invariants of the conjugate net. 
That these coefficients are indeed invariants follows immediately from the fact 
that the tetrahedron of reference has covariant points as vertices. 
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The plane ^=0 cuts the surface in a curve which has a node at the point 

^=>7=^=0. The tangents to the curve at this node are evidently given by the 

equation 

af+>7'=0, (36) 

or by the equations 

These latter are of course the equations of the tangents to the asymptotic curves 

which pass through the point on the surface. 

We may obtain from (35) a development in which all of the coefl5cients 

are absolute invariants. To do this we must remove the one arbitrary feature 

which still remains in our coordinate system, viz., the unit-point of the system. 

If we put 

^=Xx, y!=fiyy Z=vz, 

the development (35) becomes 

2v 2v ov iv V 

Let us choose X, ^ and v so that 

8a(S'X*=r, 8a3>»=i', r=VaX/t£, 

then 

8Va©'X*=f4, 893>«=VaX, 

and 

where, as usual, we have written a=l/a. The development now takes the 
final form 

+/^^>a?'+i<''> A+ • +/^'»> V+^^'^y + • • • • , (38) 

where all the coeiEcients are absolute projective invariants, and, in particular, 

7(20) _ sjZ^ /(^) ■= !^[?^ , 

That the said coeflScients are indeed absolute invariants may be verified 
as follows: As we have already pointed out, they are certainly invariants, 
since the tetrahedron of reference is covariant. Now, referring to § 5 of the 
preceding memoir, we see that if we carry out a transformation of the indepen- 
dent variables. 
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u^^in), v=^i^{u), (39) 

on the system of differential equations (4), any invariant 0^''*> of system (4) 
will be transformed into essentially the same function of the coefficients of the 
new system of differential equations, and that the transformed function is re- 
lated to the old by an equation of the form 

We say that the invariant 0C/,*) ig of weight (i, fc). Now, any coefficient C^''*> 
of the expansion (35) is of weight (j, &— 2), i. e., under the transformation 

(39) it becomes ^ 

C<^>*) = ^i4,J-«C<^^*). (40) 

Moreover, the quantities (37) undergo the transformations 

X=4)^a, Ji=^^(ij v=4^lv. (41) 

Consequently, any coefficient 

V 

of the expansion (38) is an absolute invariant, since in virtue of (40) and (41) 
the invariant /^/'*^ is of weight (0,0), i. e,, undergoes the transformation 

It remains for us to describe geometrically the choice of the unit-point of 
our coordinate system which we have just made. Before doing so, however, 
we shall write out the transformation of coordinates from the tetrahedron 
Vvvj yu9 tfvj y ^^ t^^ tetrahedron which gives rise to the development (38). 
A point defined by an expression of the form 

yiVw+vtyu+ytyw+yiy 

has yiy yty yz9 y^, as its coordinates referred to the tetrahedron y^^ > y* , y« , y. 
From (27), on putting ;i=0, ^=y, we find for the coordinates of the same 
point referred to the tetrahedron r, p, <t, y the expressions 

^i=yij y%=y2j Yz^ys+yyij i\=yi+{v+f>y)yi+c'y2+h'ysj 

where 

Remembering that the coordinates a;, y, z of the development (38) are related 
to these by the equations 

we obtain the transformation from the coordinates yif y^i ytf y^ referred to 



I 
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the tetrahedron y„, y„ y„ y, to the coordinates x, y, z of the development (38) : 






yfa'K\iz = 



y\ 



(42) 



(r+6'y)yi+c'y,+6't/,+t/4' 
where 

Let (x^yOi^^oi^^Xi, be a set of homogeneous coordinates corresponding to 
the non-homogeneous coordinates a?, y, e. Then we may write 

VaXf£a;i=yi, ^10^2=2/2, f^^=y8+yyi, a^4=(v+6»yi+c'y2+6'y8+y4- (43) 

We shall need a covariant point, different from the point r, which does 

not lie in the tangent plane to the surface. The line joining the first and 

second Laplace transforms of a point y of the surface is determined by the 

two points 

a=y^—h'y, (r^=y^—b'y,—Kyj 

and therefore lies in the osculating plane to the curve C^ at y. The point 

0,+ (b'-r)(r=y^-yy,+ {by-b''-K)y==y^-yy,+ (6'y-/?(^))y 

evidently lies on the line yr. Referred to the tetrahedron y^f tfuj Pvj y i* has 
coordinates (1, 0, — y, &'y, — j3^'>) ; using (43), we find that, referred to the 
fundamental tetrahedron of reference, the point in which the line joining the 
first and second Laplace transforms of a point y meets the corresponding axis 
yr has coordinates proportional to 

aa = ^^^, a;,=0, x,=0, a;,=i(y<*)-/?(»)+ac,+26» = -^. (44) 

The final expression for Xt follows from equation (19). 
Let us now consider the cubic surface 

e=i(/<»)a;»+/<«)y')+4(a;»+2/»), (45) 

or, in homogeneous coordinates (with reference to the covariant tetrahedron), 

Denoting by F^ the partial derivative dF/dxi , etc., we find 

F^=6xl, F^=-6Z<«')a?2ir,-3a^, F^=-6i<«)a;,a;,-3a|, 

F,=12xiXt—3I<^^ai—3I<^^)!4. (46) 

AH of these vanish simultaneously if and only if Xt—Xf=Xt=0, i. e., the vertex 
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(1,0,0,0) is the only singular point of the surface. The only one of the second 
derivatives which does not vanish at this point is F^^^.^, so that the cone of 
the second order which is tangent to the cubic surface at the singular point 
degenerates into the two coincident planes a?J = 0. The surface is, therefore, 
a unodal cubic, the vertex r (1, 0, 0, 0) of the tetrahedron of reference is its 
unode^ and the face x^^=Q of the tetrahedron is its uniplane. 

It is not difficult to see that any unodal cubic surface having as its unode 
the point (1,0,0,0) and as its uniplane the plane x^=Q must have an equation 
of the form 

where ^ is a homogeneous polynomial of the third degree m x^^ x^y x^. In 
non-homogeneous coordinates this equation may by written 

z+^{x,y,l)=Q. (47) 

The arbitrary function ^ may be determined uniquely by subjecting the cubic 
surface to a further condition. In fact, let us suppose that the unodal cubic 
has contact of the third order with our original surface, which is given by the 
canonical development. 

Then the value of z obtained from (47) must agree with this expansion to 
terms of the third order inclusive. Consequently, 

♦(^, y, i)^i(/<^>:r^+r^y)+H^+y'), 

which makes (47) coincide with (45). We have then the result: 
The cubic surface 

2=i(/<^V+^^y)+H^+y'), (45) 

is completely characterized by the following properties: (1) It has a unode at 
the vertex r of the covariant tetrahedron^ (2) its uniplane is the face of this 
tetrahedron opposite the point t/, and (3) it has contact of the third order with 
the surface Sy at the point y.* 

The tangent plane to the surface S^ at y cuts the unodal cubic in the 
cubic curve 

*The unodal cubic just characterized closely resembles the canonical cubic introduced by Wilozynski 
in his study of surfaces referred to their asymptotic curves. Cf. his "Projective Differential Geometry of 
Curved Surfaces/' second memoir, Transactiona of the American Mathematical Society, Vol. IX (1908), 
pp. 104 et acq. A unodal cubic may, of course, always be uniquely determined as follows, in relation to a 
point y of a curved surface. In the tangent plane to the surface at y fix a line I not passing through y, 
and off the tangent plane fix a point P. Then just one unodal cubic may be determined having contact of 
the third order with the surface at y, and having P as its unode and the plane passing through P and I as 
its uniplane. 

38 
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2=0, 3/<«^>ic^+3Z^^V+2a;« 4-2^^=0, (48a) 

or in homogeneous coordinates 

a?i=0, 37^^^>a^a?,+37<^>a;la;4+2arJ+25p|=0. (48b) 

The line a;i=0, x^=0, t. e., the edge p<T of the covariant tetrahedron, cuts this 
cubic in the three points given by the equation a|+^=0 in conjunction with 
rci^O, Xi=0, t. e., the three points 

(0,-1,1,0), (0,-6,1,0), (0,-6^,1,0), (49) 

where e is an imaginary cube root of unity. Consider the point (0, — 1, 1, 0)^ 
The tangent plane to the unodal cubic surface at this point has the equation 

x,+x,+ {I^''^+I^''^)x,=0, (50) 

and the tangent to the cubic curve (48) at the same point is obtained by ad- 
joining to equation (50) the equation a;i=0. Unfortunately, the plane (50) 
passes through the point r (1, 0, 0, 0). The point given by equations (44) 
does not lie in the tangent plane to the surface at y ; the plane passing through 
it and through the tangent to the cubic curve (48) at the point (0, — 1, 1, 0) 
has the equation 

{I^^)+im){^x^+128Va^%'x,)+128Va3d%'(x^+x^)=0. (51) 

The unit point of the coordinate system which gives rise to the development 
(38) is such that equation (51), or, in non-homogeneous coordinates, the 
equation 

(/(20)_^/(O2))(5s^^l28Vaa3'©')+128Va93'e'(:c+y)=0, (52) 

represents a plane, which passes through the point of intersection of the line 
joining the first and second Laplace transforms of the point y with the corre- 
spending axis yr, and through the line which is tangent to the cubic curve in 
which the unodal cubic surface is cut by the tangent plane at y, the point of 
tangency of this line being one of the three points in which the line p<T inter- 
sects the said cubic curve.* This last fact explains the presence^ in the develop- 
ment (38), of the cube roots of the invariants 

We recall that the development (38) was obtained by expanding the non- 
homogeneous coordinates ^, >?, ^ of a point of the surface in power series in u 
and V, and then expressing ^ as a power series in ^ and rj by eliminatmg 

'^Of course, if ^=0, the point (44) coincides with the point t, and, therefore, the z coordinate will 
be absent from equation (52). The unit-point roust then be interpreted through the use of some other 
covariant point off the tangent plane. 
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between the expansions (30) the parameters u and v. Instead of doing this, 
we might have eliminated u between the expressions for ^ and >7 on the one 
hand, and ^ and ^ on the others thus obtaining >7 and ^ as power series 

in ^ and v. Such expansions would properly be regarded as characteristic of 
the one-parameter family of curves C„(i;=const.). In the form thus obtained, 
however, the two power series would not have all of their coefficients invariants 
— even relative — ^because the arbitrariness in the choice of the parameter v 
must still be removed. How this may be done in a case like the present one, 
so as to yield expansions whose coefficients are all invariants, has been dis< 
cussed by the author in connection with a one-parameter family of curves in 
the plane.* The developments for a one-parameter family of space curves 
were announced by the writer, together with the expansion (38), at a meeting 
of the American Mathematical Society, to the report of which we refer for the 
actual forms of the series involved.! 

^4. The Parametric Ruled Surfaces and the Developables of the Axis 

Congruence. 

Let ii^"> be the ruled surface generated by the axes yz corresponding to 
the points of a curve 6\(v=const.) on the surface Sy, and ii^"^ the ruled sur- 
face generated by the axes corresponding to the points of a curve C^(w=const.) 
on Sy . The osculating plane to the curve (7„ at the point y contains in it the 
axis of the point y, and also the tangent to the curve C„ . Consequently, this 
plane is tangent to the ruled surface R^^^ at t/, since the axis and the tangent 
to C„ can not coincide. A parametric curve on the surface Sy is an asymptotic 
curve on the corresponding ruled surface of the axis congruence. 

It may happen, however, that a parametric ruled surface, say iJ^"^, be 
developable. Since the generators of a curved developable are its only asymp- 
totics, it follows that the curve C„ can be asymptotic on ii^*'^ only if ii^"^ be a 
plane. We examine this point more closely. If the line yz is to generate a 
developable, then the four points y, z, y^ , z^ must be coplanar. We have 

^ =yw—ryvy 
^u=yuw—ryuv—yuyv 

If y, Zj y^ , z^ are coplanar, their expressions must be linearly dependent, that 
is, we must have 

*Cf. 6. M. Green, "One-parameter Families of Curves in the Plane," Transactions of the American 
Mathematical Society, Vol. XV (1914), pp. 277-200. See §2. 

f Bulletin of the American Mathematical Society, Series 2, Vol. XX (1013-14), p. 397. 
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=0. 



UK I 



=0, 



1 -y 

Since by (6 ) a<'^ = c', this reduces to 

y(»)_y, = 0. (53) 

This is easily seen to be the condition that the curves C„ be plane curves, as 
follows : The curves C„ are plane if and only if the points y, y^ , y^^ , y^„^ be 
coplanar. But 

yuu =0'yvv +hyu+cy^+dyy 

y uMu = ayuvv + (^vifvv + &y«« + &«2/« + ^2/«r + Cuyv + dyu + d^y 

in which the coefficients of y„ and y do not concern us. The points y, yuy y 
yuuu are thefore linearly dependent if and only if 

a c 

ac' + a6 + Ott ay ^'^ + &c + o'c + c 

which, remembering that y = — c/a, we may easily reduce to (53). Conse- 
quently, ij a parametric ruled surface ii^*^ of the axis congruence be develop- 
ahlCy the corresponding parametric curve C^ is a plane curve and vice versa; 
the surface 22^"^ iSy in fact^ the plane of this curve. 

Unless the invariant (20) vanishes, the lines of the axis congruence may 
be assembled into two families of developable surfaces. We shall determine 
these developables presently, but may now state the theorem : A necessary and 
sufficient condition that a conjugate net on a surface 8y consist of two families 
of plane curves^ is that the developables of the axis congruence cut the surface 
8y %n the said conjugate net. The two families of developables will then con- 
sist entirely of planes.^ 

Let us now fix our attention upon a point y of the surface Sy , and the two 
curves C„ and C^ of the conjugate net which pass through y. Consider the 
ruled surface i?^"^ which we suppose non-developable. Any plane through a 
generator of a skew ruled surface is tangent to that surface at some point of 
the generator ; consequently, the osculating plane to the curve C^ at y, since it 
passes through the axis at y, must be tangent to ii^"^ somewhere along that 
axis. Now, any point on the axis is given by the expression 

R=z+vyy 

for a suitable value of v. If we suppose r to be a function of w, v, then, as the 



'^'The necessity of this condition is of course obvious. 
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point y traces the curve C„ on S^ , the line yz generates the ruled surface R^'^\ 
and the point R traces a curve on i2^"\ A point on the tangent to this curve 
at R is found by differentiating the expression for R with respect to u. We 
have 

= c'y.,+ W'''-by + v)y,+ (y(3)_c'y^y„)t/^+ (5(8)_rf^y+yjy. (54) 

We wish to determine the function v so that for the point y the osculating 
plane to C^ will be tangent to the surface R^"^ at 22, and will therefore contain 
in it the point ii^">. Consequently, the points y, y^^ y^j fi„ must be linearly 
dependent, which by (54) can be the case if and only if 

The osculating plane to the curve C^ {u = const.) at the point y is tangent to 
the ruled surface U^*^ at the point given by the expression 

R=y,-ry-(P'"-b'Y)y. (55) 

Similarly, writing R'=z+v'y, we have 

R'v=Zv+v'y,+v'„y 

= i<^'*'-r)y„+^'*^yu+ {r'*'-rv+v%) + {S'*'+v',)y, (56) 

which lies in the same plane with y, y,, and z=y„ — yy, if and only if 

1 -y 



=0, 



that is, by (6), 



r' = — ya^*>— y^*)+y^+y^=6'y— /*>— -^^. 



The osculating plane to the curve C^{v = const.) at the point y is tangent to 
the ruled surface R^^^ at the point given by the covariant 

ii'=y^-yy-{r'*'+by+ac,)y. (57) 

In § 3 we found an expression which gives the point of intersection of the 
axis with the line joining the first and second Laplace transforms.* This ex- 
pression coincides with (55). By symmetry we infer also that (57) gives the 
point in which the axis is cut by the line joining the minus first and minus 
second Laplace transforms. It is not diflBcult to see geometrically why the 
point R is the intersection of the axis with the line <t<Ti (<Ti denoting the first 
Laplace transform of <t, i. e., the second Laplace transform of y), if we observe 
that for t;= const, the lines aai generate a developable surface, which is pre- 

* See page 300. 
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cisely the developable enveloped by the osculating planes to the curves w= const, 
at the points where these curves meet the same fixed curve v=const.t 

The harmonic conjugate of the point y with respect to the points R and R is 

which is precisely the covariant (21). Consequently, the harmonic conjugate 
of the point y with respect to the two focal points of the axis congruence 
coincides with the harmonic conjugate of y with respect to the two points in 
which the axis is met by the line joining the first and second Laplace trans- 
forms and the line joining the minus first and minus second Laplace transforms. 

The above theorem would be trivial if the points R and R' were the focal 
points of the axis congruence. Let us determine when this can occur. If the 
surface 8r , for example, be a focal sheet of the axis congruence, then the axis 
yR is tangent to the surface 8^ . In other words, since the points R^ and R^ lie 
in the tangent plane to the surface 8r , we must have the four points y, 22, 22^ , 
iJ, coplanar. Now, putting v=h'y — /3^'^ in (54), we find 

Also, 

K=y,v,—ryw—Yvy—{^'^^—^'Y)yv+Oy 
R=y«-Yy^-{^'''-h'Y)y. 

If y, R, Ru , i2, are to be linearly dependent, we must have 

c' y<'^— c'y— y„ 

1 — y 

i e 

t Most of the above considerations, and some of those which are to follow, have been extended by 
the author to the case of general nets — not conjugate — on a curved surface. The axis congruence m^y be 
defined for such a net in exactly the same Avay, as consisting of the lines of intersection of the osculating 
planes to the curves of the net. The minus first and first Laplace transforms are replaced by the second 
focal sheets of the two congruences formed by the tangents to the curves Cu and Cv of the net. Calling 
these covariants p and cr, we find that on the surface Sa the tangent to a curve u = const, intersects the 
axis yz in a point P, But for v z= const, the tangents to the curves u = const, do not form a developable, 
since the parameter net can not be conjugate on Sa if it is not on 8y. Nevertheless, the ruled surface 
R(^) is touched at a point R by the osculating plane to the curve Cv at y, or, as we may say, the ruled 
surface R(P) is cut along a curve Cr by the developable generated by the planes which osculate the curves 
Cv at the points where these curves meet a fixed purve Cu • Now, as we have just seen, there is no devel- 
opable to coincide with this which at the same time takes the place of the one formed by lines joining the 
first and second Laplace transforms in the case of a conjugate net. We may infer that the point R ia the 
point of intersection of the axis with the tangent to the curve uz=con8t. on 8c if and only if the parameter 
net on 8y ia conjugate. 
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We have already seen that if y^^^—yu=^j ^h® curves (7„ are plane. The 
equation 

shows that if /8^*^=0 the curves C„ are plane. Consequently, the surface Sr is 
a focal sheet of the axis congruence if and only if at least one of the families 
of the conjugate net consists of plane curves. By symmetry^ the surface Sr, 
will then be the other focal sheet. 

We now proceed to determine the two families of developables of the 
axis congruence. Let the point y take the position y+Sy^ where, of course, 
^y=2/u^^+yr<5^> ^^^^ ^^^ corresponding point z will move to z+Szy where 
Sz=:z^8u+z^hv. If y is to move so that the corresponding axis yz generates a 
developable, the four points y, z^ St/, 8z must be coplanar. We have 

^=yw—yyvy 

Sz=z^Su+z^Sv ^ 

= [&8u+ {oL''^-y)bv]y,,+ [ {P<'^-by)8u+^^*'8v]y, 

+ [ (y^'>-c'y-y„)8M+ (y^*>-yJS^]y,+ ()y, 

on putting r=0, r'=0 in (54) and (56). Let us suppose y, 2, St/, Sz coplanar, 
then their expressions must be linearly dependent, and the determinant of the 
coefficients of y^„ , 2/« > y» > 2/ therein must vanish. We thus obtain 

Su ^v 

10 — y =0, 

c'Su-h (a^*>-y)St; {^^^^-by)Su+^^'^Bv (y<'>-c'y--yjSt/+ (y^'^-y jSt; 

which is easily reduced to the quadratic 

a(y(3)_yjgt^«_®3t/5t;_a|3<*>St;2=0, (58) 

where the invariant ® is given by (19). This may be regarded as a differen- 
tial equation defining a net of curves on the surface S^ . Wilczynski has called 
these the axis curves. If a point y of the surface S^ moves along an axis 
curve, the corresponding axis generates a developable surface of the axis con- 
gruence. Through a point y of S^ pass two axis curves ; we call the two tan- 
gents to these curves at y the axis tangents of the point y. 

In ^ 2 we determined the two sheets of the focal surface, and found it 
necessary to solve the quadratic (17). The form of this quadratic differs from 
that of (58), though the two have, of course, the same discriminant, given 
by (20). 
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If we make use of equations (6), we obtain 

where 

H=d'+b'&—K, K^d'+h'c'—c'^ (59) 

are the Laplace-Darboux invariants of our original conjugate net. We may 
write (8a) in the form 

6.+2c;=26;+y.-g^*^-^loga, 
SO that 

We may therefore take the differential equation of the axis curves in the form 
alK+2K—\—^^ loga) lu^—^luZv—(H + 2K—h^)W=Q. (60) 

The theorems concerning the developables of the axis congruence given at 
the beginning of this paragraph may of course be read off from (58). We 
point out one further fact^ concerning the relation of the developables of the 
axis congruence to the parametric ruled surfaces fl^"^ and R^^^. Considering 
(58) as a quadratic in Sv/Sw, let us denote its two roots by ai and a^. Then 
the expression yu+^i2/» represents a point on one of the axis tangents corre- 
sponding to the point y. Remembering this, we may without difficulty show 
that the plane determined by the axis and either of the axis tangents is tangent 
to each of the parametric ruled surfaces ii^"^ and R^"^ at the two focal points. 

§ 5. The Ray Congruence^ Ray^ Anti-Ray and Anti-Axis Curves. 

The quantities 

p=yu—c'y, o=y^—h'y (61) 

are respectively the minus first and first Laplace transforms of y. They both 
lie in the tangent plane to the surface 8^ at y. The surface 8^^ is the second 
focal sheet of the congruence of tangents to the curves C„ on Sy , and the sur- 
face 8„ the second focal sheet of the congruence of tangents to the curves C„ 
on 8y . Wilczynski has called the line joining the points p, a corresponding to 
a point y the ray of the point t/, and the totality of rays, which constitute a 
congruence, the ray congruence. He has also pointed out a dualistic corre- 
spondence between the axis and ray congruences.* 

* E. J. Wilczynski, " The General Theory of Congruences," Tranaaeiions of the American Mathe- 
matical Society, Vol. XVI (1015), pp. 311-327. Gf., in particular, § 3. 
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In our preceding memoir, we determined the focal sheets of the ray con- 
gruence. These are given by the formulas 

i?=p+ri(r, S'=p+r2(T, (62) 

where fx and fg are the roots of the quadratic * 

Hr'+^r—aK=0. (63) 

We may find the developables of the ray congruence just as we did those 
of the axis congruence. We determine the curves along which y must move, 
in order that the corresponding rays may generate developables. If y moves 
to y + 8y, the corresponding p and a move to p + 8p and a + S<t, where 
8p = p. 8u + p^ Sv, S<T = <T^ Sii + a^ Sv. We have 

pu=yuu—c'yu—Cuy 

=ay„i,+ {b—&)y^+cy„+ (d—c[,)yj 

Pv=y*v—o'yv—Cvy 

=h'y,+ {d'-&,)y, 
(fu=c'y,+ {d'—K)y, 

(fv=yw—b'yv—Kyy 

so that we may write 

9=yu—c'yy ci-y^—Vyy 
Sp==a8ti-y,,+ [(6-08ti+6'8t;]y.+cSw-y,+ [(rf-c;)Su+(rf'-<)8t;]^ (64) 
8<T=8t;-t/,,+ {&lu-h'lv)y,+ [{d'-K)lu-VMy. 

If in its motion the line p<7 is to describe a developable, the four points p, a, 
p+8p, (7+8(r must lie in a plane, t. e., the expressions for p, (T, Sp, Za must be 
linearly dependent. Equating to zero the determinant of the coefficients of 
yvvy yu9 yvf y ^ (64), and expanding, we obtain as the differential equation 
which determines the developables of the ray congruence 

aH^u^'^^iuBv—KBv^=0, (65) 

where S is the invariant (19), and H and K are the Laplace-Darboux invariants 
(59). The differential equation defines a net of curves, the ray curves^ on the 
surface 8y . The tangents at y to the two ray curves which pass through y we 
call the ray tangents of the point y. 

A net of curves closely related to the ray curves is defined by the differen- 
tial equation 

affStt^+SSwSt;— ]S:8t;*=0, (66) 

which differs from that of the ray curves only in the sign of the middle term. 

* We have changed our notation slightly, so that the quadratic, which follows equations (74) of the' 
preceding paper, differs in form from the present one. 

39 
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Its roots are therefore the negatives of the roots of (65). Let R^ R^ be the 
ray tangents of the point y, and Ci, Cg the conjugate tangents, i. e», the tangents 
at y to the curves of our conjugate parameter net. Let Ri be the harmonic 
conjugate of Ri with respect to Ci and Cg , and R^ the harmonic conjugate of iij 
with respect to Ci and C2 . Then R[ and R2 are the tangents at y to the curves 
of the net defined by (66). This net is therefore defined geometrically in terms 
of the conjugate net and the net of ray curves. We shall call it the anti-ray 
net, and the tangents at y to the two curves of the net passing through y the 
anti-ray tangents. The anti-ray tangents are the harmonic conjugates of the 
ray tangents with respect to the conjugate tangents. 

In the same way we may define the anti-axis curves by means of the 
diflferential equation 

a(jC+2K-h—~^\oga^^ (67) 

The anti-axis tangents are the harmonic conjugates of the axis tangents with 
respect to the conjugate tangents. 

In the preceding paper,* we found that by a transformation of the inde- 
pendent variables, 

the conjugate net is replaced by a new parameter net, which is asymptotic if 
and only if ^ and '^ satisfy the same quadratic partial dififerential equation of 
the first order. 

We may throw this into a form analogous to (60) and (65). The differential 
equation of the asymptotic curves on the surface Sy is 

a8M«+8i;^=0. (68) 

Let us now regard the differential equations, of the various nets of curves 
which we have defined, as binary quadratics in 8w, Zv. The two roots of any 
one of the quadratics will give the directions of the two tangents at any point y 
to the two curves of that particular net which pass through y. The simultaneous 
invariant of the two quadratics (65) and (68) is a{H—K) ; if this is zero, the 
ray tangents separate the asymptotic tangents harmonically. Since a:^0, we 
have the theorem of Wilczynski: A conjugate net has equal Laplace-Darboux 
invariants if and only if its ray curves form a conjugate net, 

* Cf . § 7 thereof. 
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Taking the differential equation of the axis curves in the form (60), and 
calculating the simultaneous invariant of this and (68), we find that the axis 
curves form a conjugate net if and only if 

In the preceding memoir,t we found a necessary and sufficient condition 
that the congruence of tangents to the curves C\ form a TF-congruence. This 
condition is the vanishing of an invariant which we denoted by TF, but the 
negative of which we now denote by TF^"^ By making use of equations (24) 
and (29) of the memoir cited, we find without difficulty that 

W^'^=2K-K-^^loga. (70) 

The condition was obtained incidentally in relating the formulas of that paper 
to those of Wilczynski's general theory of congruences. We may, however, 
obtain it independently, by a procedure similar to that which we now follow in 
deriving the condition that the congruence of tangents to the family of curves 
C„ form a TF-congruence. This congruence of tangents has the surfaces S^ 
and Sff as focal sheets, and will be a TF-congruence if and only if the asymp- 
totics on these two surfaces correspond. We have 

a,,=Hy,+ {c''+c:)y,+ {c'd' + d:-K,)y, 

a^= (a(^>-&')y.. + /?^*^t/,+ (yC*)_2fe;)t/,+ (8<^>-6;,)3/, 

from which five equations We may eliminate y^^ > 2/ii > 2/t, ? y and obtain an equa- 
tion of the form 

where, in particular. 

This differential equation for <t is of the form of the first of equations (4) ; 
consequently, the asymptotics on the surface S„ are given by the differential 
equation a^u^ -^hv^ =^ . If the congruence of lines ya is to be a TF-congruence, 



* The configuration which we are studying is self-dual — concerning which remark see the paper by 
Wilczynski cited at the beginning of this section. The duaKstic correspondence between the axis and ray 
of a point y is there exhibited in detail. It is therefore to be expected that equation (69) is equivalent to 
the statement that the Laplace-Darboux invariants of the system of differential equations adjoint to sys- 
tem (4) are equal. This is in fact the case; however, by the adjoint system we do not mean the Lagrange 
adjoint, but the system of form (4) which is satisfied by the coordinates of the tangent plane to the 
surface By . 

t Equations (68). 
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this differentia] equation must coincide with equation (68). Therefore, a^=ay 
so that 

But from (6), a^<*>=JBr+ 26^—6^, and we have the result: A necessary and 
sufficient condition that the congruence of tangents to the curves C^ on the sur- 
face 8^ be a W-congruence is the vanishing of the invariant 

TF<''>=26;— 6,. (71) 

We may therefore write the differential equation (60) of the axis curves 

in the form 

a(ir+TF<->)5w*— S)5w«t;— (fl+Tr(*>)8i;*=0. (72) 

The method which we have just followed in obtaining the invariant W^^^ 
leads at once to the definition of two important nets on the surface S^ . It is 
easily verified that p satisfies an equation of the form 

where 

a-i=a(y^«)-yj/ir, 

so that the asymptotics on the surface /9p are given by the differential equation 
a_i8w*+it;*=0. This, however, defines the net of curves on the surface 8^ 
which corresponds to the asymptotic net on iSp. The congruence of tangents 
to the curves C^ on 8^ sets up a point-to-point correspondence between its focal 
sheets 8^ and /Sp, and the net of curves on 8^ which corresponds to the asymp- 
totic net on 8^ is defined by the differential equation 

a(y(»)— yj3M«+JS:5i;»=:0. (73) 

Similarly, the differential equation 

mu^+^<nv^=0 (74) 

defines the net of curves on 8^ which corresponds to the asymptotic net on 8^ . 

The tangents at a point y to the curves of either of these nets are sepa- 
rated harmonically by the parametric conjugate tangents at y. They coincide 
with the asymptotic tangents only when the corresponding congruence is a 
IT-congruence. 

An interesting special case, to which we shall return later, is that in which 
the congruences of tangents to thie curves C. and C^ are both of them TF-con- 
gruences. If, in the differential equation (72) of the axis curves, we put 
Tr(«)=0, TF<^>=0, we obtain for this case 

aKSu^—^Su8v —Hhv^ = 0. 
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But the focal points of the ray corresponding to a point y are given by the 

formulas 

i?=p+r,(T, S=:p+r^a, (62) 

where ri and r^ are the roots of the quadratic 

Hf^+^r—aK=0. (63) 

These points are evidently the same as those in which the two axis tangents 
meet the ray. Moreover, it is easily seen that this can happen only when both 
TF^"^ and TF^"^ vanish. Consequently, the axis tangents of a point y meet the 
corresponding ray in the focal points of the ray if and only if both of the con- 
gruences of tangents to the curves C„ and C^ on Sy are W -congruences j i. e., 

A glance at equation (65) will show that the ray tangents meet the ray in 
the focal points of the ray if and only if the conjugate net on S^ has equal 
Laplace-Darboux invariants^ i. e., H — K=0. This affords a new geometric 
characterization of a conjugate net with equal Laplace-Darboux invariants. 

Many interesting questions present themselves in connection with the 
various nets which we have defined in this section. Aside from the applica- 
tions to be made in a later paragraph, we refrain from further consideration 
of these matters, although an exhaustive study of the interrelations of these 
nets, and their bearing on the general theory of conjugate nets and congru- 
ences, is greatly to be desired. 

§ 6. The Associate Conjugate Net. 

We noted in the preceding section that the asymptotic curves of the sur- 
face Sy are given by the differential equation 

ahi^ +ov^ = 0. (68) 

We shall now define a new net of curves, which will be useful later. The 

differential equation 

aSw*— 8i;*=0 (75) 

determines a net of curves, which for reasons which will appear presently we 
shall call the associate conjugate net. The tangents to the two curves of the 
net at y we shall call the associate conjugate tangents. From (68) and (75), 
we see that the associate conjugate tangents separate the asymptotic tangents 
harmonically. Consequently, the net defined by (75) is actually a conjugate 
net. Moreover, the form of equation (75) shows that the associate conjugate 
tangents separate harmonically the original conjugate tangents. Now, there 
is evidently one and only one pair of lines which separates harmonically each 



314 Green: One-Parameter Families of Space Curves^ and 

of two given pairs. The associate conjugate net, which is defined by the 

differential equation 

aBu^—tv% (75) 

t^ uniquely characterized by the property, that the tangents to the two curves 
of the net at a point y are harmonically separated both by the pair of asymp- 
totic tangents and by the pair of original conjugate tangents. 

The relation between a conjugate net and its associate conjugate net is of 
course a reciprocal one. In fact, it may be convenient to speak of two con- 
jugate nets as associated conjugate nets, if this relation subsists between them, 
without distinguishing the nets one from the other. 

We shall now set up the completely integrable system of partial differential 
equations, of form (4), for the surface S^ referred to the associate conjugate 
net. By the transformation 

U=(p{UyV), V='4^{UyV), (76) 

where 

^l-a<pl=0, ^^l-a^l^O, (77) 

the associate conjugate net is made parametric. We may choose for ^ and '4^ 
functions satisfying the equations 

4>u+V^«.=0, ^,-Vai/.,=0. (78) 

The derivatives of any function y(Uy v) undergo the transformations 

yu=yu^u+yv^uj yv=yul>v+yv'^v7 (79) 

2/«M = yuul>l+^yuv1>u'4^u+yvv^l+yul>uu+yv'^uuj 

yuv = yuul>u4>v+yuv{<Pu'4^v+^v'^u) +yvv'4^u'^v+yu1>uv+yv'^uv, ^ (80) 

yvv = yuu^l+^yuv1>v'i^v+yvv'i'l+yul>vv+yv'i^vvy 

where y« , y„ , etc., stand for dy/du, dy/dvj etc. These formulas hold for any 
transformation of the form (76). We now impose on ^ and '4^ the conditions 
(78), from which we have 

^u=-^^v. ^.= Vi^vy (81) 

and on differentiation 

2Va 2Va 

^Va 2Va 

From these we find 
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(82) 



In fact, any derivative of 4>, for instance, is expressible entirely in terms of 
derivatives of ^ taken with respect to v alone; the corresponding expression 
for the same derivative of 4^ is then obtained by changing into 4^ and Va 
into — Va. The only derivatives of the third order which we shall need are 



va \4aVa 2Va/ 

'il —Vatl 4.-^-?-iL 4-(^ — ^^ \iL 

Va \2Va 4aVa/ 



(83) 



Transformation (79) becomes, by (81), 

y«= — Vay«4>„+Vay^i|/,, 2/«=y«<^«+y«^c, (84) 

the inverse of which is 

y«=r-7-— (-y.+ Vat/.), y,=— /-— (j/^+Vat/J. (85) 

Multiplying the last of equations (80) by a, subtracting from the first, and 
using (78) and (82), we find 

whence from (85) 

4«y«„<^.^t,= — 2/««+«y^+^2/u+r^2/.. (87) 

^^ 2Va 

Also, from the second of (80), 

y««=— Vay««*r+Vay^^4'«+yu<^«v+^c4'u«; (88) 

using this, and the equation found by multiplying the last of (80) by a and 
adding to the first, we obtain without difficulty 



(89) 



4ay«u*J=yu«-2V5t/„,+ay„„+2/«(2Va^«+^^-^ 

The formulas which we have thus far written hold for any function y 
whatever. We shall now suppose that y is the dependent variable in system 
(4), and shall obtain the analogous completely integrable system for t/ as a 
function of the variables i7, v. The second of equations (4) is 
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so that by (84) we have 

and consequently by substituting in the left-hand member of (88) we may 
express y^^ linearly in terms of y^y y^, y„, y. We shall write the result 
presently. From the first of equations (4) we have 

yuu—o^yvv^^Vu+cyv-^dy 

=4>,( — Vafe + c)y«+'4'«(Vafe + c)y„+rfy, 

which when substituted in the left-hand member of (86) gives an equation of 
the Laplace type for y. We thus find the required system of differential 
equations. 

The completely integrahle system of partial differential equations 



yuu=(iyvv+byu+cy^+dy, y„«=6'y«+c't/^+5'y, 



(91) 



where 






a = 



t 



2 » 






c = 



(92) 



has as its integral surfaces the integral surfaces of system (4), but referred 
to the associate conjugate net as parameter curves. 

We may define for the associate conjugate net the axis congruence, ray 
congruence, etc. Let us call these the associate axis congruence^ associate ray 
congruence^ etc. The associate axis of a point y on the surface is the line 
joining the point y to the point 

^=yvv+^yf,' 

a 

We wish to express this in terms of the coefficients and variables of system (4). 
Equations (89) hold for any function y; it y satisfy (4), however, we may 
express y^ linearly in terms of t/^„ , j/« , 2/,, , y : 



4ay^^,==2ay^4-(fe + 2 V^fe -2 Va-^ - ;^ - |^)t/, 



+ (c? + 2V^o'-2a^- j)y,+ (d-F2Vad')f/. (93) 



© 



consequently, 



or 
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We find, therefore, using this, (85), and (92), 

4a^,i= 2ay^+ {h-2&- ^ t/„+ (c-2ah'+ |^)t/,+ ()y, 

in which the coefficient of y is immaterial. The coefficient of y^ is an invariant ; 
in fact, if use be made of equations (24), (29), and (38) of the previous 
memoir, we find without difficulty that 

.=J (2o'_i,+ ^), 3'=l(2(.-+A_A.), (94) 

2'K5=»„--e'</.+(- -2a'V.+ ()», 

a \a / 

21^2=2!- A (5;'y.-2a3'y,+ ()y. (95) 

a 

This equation affords a means for interpreting geometrically the invariants 
93' and ©' ; this will complete the geometric interpretation of the set of funda- 
mental invariants of the preceding memoir. Remembering that the points ^, 
y, y^ determine the osculating plane to the curve C« on 8y , and the points 0, y, 
y^ the osculating plane to the curve C^ , we may state the theorem : 

The associate axis of a point y of the surface Sy lies in the osculating 
plane to the curve C^ {v=const.) on S^ if and only if the invariant 93' vanishes; 
it lies in the osculating plane to the curve C^ {u=const.) if and only if the in- 
variant ©' vanishes. 

We recall that if both 93' and ©' are identically zevo^ the surface S^ is a 
quadric* Consequently, the axis congruence of a conjugate net on a surface 
coincides with the associate axis congruence if and only if the surface is a 
quadric. 

For the minus first and first Laplace transforms of the associate conjugate 
net we find without difficulty, using the first of formulas (85), 

8a^^p=8a^^(y«— c'y) 

=4V^(-t/,+ VSt/.)-(a,+ -^-^\/^b-2c)y 



so that 



=4Va(— p+Va(T)— (a^+ ^— 2Vafe— 2c+4Vac'— 4afe'jy, 

2Va<^,p = — p+Va(r+2(Va93'— ©')y. (96) 



* PrecediDg paper, end of § 7. 
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Similarly, 

2Vai^^a=p+Va<r+2(Va93'+©')y. (97) 

The point of intersection of the ray per of a point y with its associate ray 

pa is given by 

(p<T#p^)=a3'p— ©'cr. 

If 93'=0, this point coincides with the first Laplace transform a, and if E'=0 
it coincides with the minus first Laplace transform p. Combining these with 
the results just found in connection with the axis and associated axis, we may 
state that if at a point y on the surface Sy the associate axis lies in the oscu- 
lating plane to the curve (7„ (or C^) then the corresponding ray meets the 
associate ray in the first Laplace transform {or minus first Laplace transform) 

of y. 

It is also easily seen that the quadrics are the only ruled surfaces for 
tvhich either of the above cases may arise. Moreover, the ray congruence 
coincides with the associate ray congruence if and only if the axis congruence 
coincides with the associate axis congruence, in which case the surface S^ is a 
quadric. 

It is not our purpose here to give an extended discussion of the associate 
conjugate net in its relation to the original conjugate net. Analytically, a 
complete discussion would be very complicated, since we should have to express 
the invariants of the associate net in terms of those of the original net. We 
may predict the form of some of these expressions. For example, the condi- 
tion that the surface Sy be ruled is a93"+®'*=0 in terms of the original 

parameters, and aS''+6"=0 in terms of the new ones. Consequently, there 
must be a relation of the form 

in which the factor 31 is easily found if use be made of (92) and (82). It 
should be noted that in this invariant the curves G^ and C^ enter symmetrically ; 
if for an invariant of this kind its expression in the new variables u, v were 
essentially the same as its expression in the old variables u, v, there would be 
little interest in studying the associate conjugate net. However, the following 
example will show that this is not the case. 

Let us calculate the invariant H — K. The vanishing thereof is a neces- 
sary and sufficient condition that the associate ray curves on Sy form a conju- 
gate net. If we put 

m=a„ — 2c, n=2Vah — — 7=, 

Va 



Conjugate Nets on a Curved Surface. Second Memoir. 319 



we have from (92) 



* - 8^;^/*"+**^' ^-8^/*"-*^>- 



Consequently, if we denote db'/du by b',, we have by (85) 



2Vot 
so that 



=, 1 / dl' /-a6'\ 



^^*-= V^^.[~ ^ ^'"-+*'-^ "^ Vh ^*"-+*''^ 



'4'm. 4, 



which by (82) becomes 

m:=-yJ—-\--{m,+n,) + Jj={m,+n,) + {m+n)\^^--^]\ (98) 
Vaip,'4'v '- " Va U* 2oV^J J 

Similarly, 

i6a;= J- , f- («i.-n.) + 4= («».-»».) + (»»-«) f- -; — ^11 (99) 

Vo^A Lo Vo la 2oVoJ J 

so that 

16 v^A(ff-«') =i6V^<^A(c;-6;) 

2 2 2a, . a, 
= — w, ;=in. r »»-^ ^»». 



Substituting the values for m and n, we have 



leV-o^MH-K) = I (a.-20- ^ (2VS6.+ ^ " ^ + ^) 



4a^, 4a^a^ 4c> 4ca, 

46^-1 — 



a a* a a' 

But from the integrability condition (8a), we have 

so that 



a a^ a a* 



4V3^A(H-ir)=2c;-26;+ ^'*"' ^"""' 



o a* ' 
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and finally ,- . — — , , 3* 

2 V^^A(H-^) =c'-K+ g^ log a 

The right-hand member is the invariant appearing in equation (69), the 
geometric interpretation of which was given in the preceding section. Becall- 
ing also Wilczynski's theorem, that for a net with equal Laplace-Darboux in- 
variants the ray curves form a conjugate net, we may state the theorem : 

If the axis curves corresponding to a conjugate net themselves form a 
conjugate netj then the associate ray curves also form a conjugate net^ and 
conversely. If the ray curves form a conjugate netj then the associate axis 
curves also form a conjugate nety and conversely. 

This theorem is sufficient to show that the consideration of the associate 
conjugate net will not lead to trivial results. Some properties of a conjugate 
net are enjoyed also by the associate net ; we have already seen an obvious 
instance of this, and in the next section shall find another which is of greater 
interest, and not at all self-evident. Other properties, however, are not common 
to the two nets, even when the two component families of each net are concerned 
in a symmetric way. It would therefore seem desirable to determine all the 
properties which hold for both of two associated conjugate nets. We shall 
not pursue this study any further, although in the next section we shall make 
an important application of the associate conjugate net. The subject undoubt- 
edly deserves closer investigation ; in fact, it would appear that all properties 
of a conjugate net might well be described in connection with its associate con- 
jugate net. For instance, the two families of developables of a congruence 
touch the two focal sheets in a conjugate net on either ; if the associate conju- 
gate nets on the two sheets also correspond, the congruence is a TF-congruence. 
The equations of the present paragraph constitute an analytic starting-point 
for the theory, whose more systematic development we must leave for a future 
occasion. 

§ 7. Isothermally Conjugate Nets. 

We shall in the present section apply some of the concepts introduced in 
previous sections to the study of isothermally conjugate nets. If in the second 
fundamental form of a surface, viz., Dhi^ + 2D'SuBv + D" Sv^, the coefficient 
Z>'=0, the parametric net is conjugate, and Bianchi calls it isothermally con- 
jugate if in addition D=D" ^ or can be made so by a transformation u = lJ{u)y 
v=iV{v). This is equivalent to demanding that by such a transformation the 
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coefficient a in the first of equations (4) be reducible to unity. A necessary 
and sufficient condition for this is without difficulty seen to be 

>,-^^ loga=0. (101) 

The conjugate nets on the integral surfaces of system (4) are isothermally 
conjugate if and only if 

Isothermally conjugate nets have received increased attention of late. 
However, until quite recently their only characterization was analytic, until 
Wilczynski* gave a geometric interpretation of the condition (101). His inter- 
pretation consists in the determination of an algebraic relation between three 
absolute projective invariants which have themselves been previously character- 
ized geometrically. We shall presently give a new geometric interpretation of 
condition (101) consisting entirely of descriptive geometric properties. 

That the left-hand member of (101) is actually a projective invariant of 
the conjugate net may be seen from equations (70) and (71), from which 
we have 

TF<'')_T^(«)= _^1_^ log a. (102) 

This leads at once to the theorem of Demoulin and Tzitzeica: If the tangents 
to the curves C^ and the tangents to the curves C^ on Sy both form W-con- 
gruences, the conjugate net C^, C^ is isothermally conjugate. In § 5 we gave 
a geometric characterization of a conjugate net having this property; we found 
that for such a net the axis tangents at any point of the surface meet the corre- 
sponding ray in the focal points of the ray. 

We found also in § 5 that the axis curves form a conjugate net if and only if 

H—K+ .^ log a=0. (69) 

Moreover, if B, — £"=0, the ray curves form a conjugate net. Consequently, 
if the axis curves and ray curves both form conjugate netSj the parametric 
conjugate net is isothermally conjugate. An isothermally conjugate net has 
equal Laplace-Darboux invariants if and only if its axis curves form a con- 
jugate net. 

♦ "The General Theory of CoDgruences," Transactions of the American Mathematical Society, 
Vol. XVI (July, 1915), pp. 311-327. 
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A consideration of the differential equations of the axis curves and ray 
curves shows that the only isothermally conjugate nets for which the axis curves 
coincide with the ray curves are those having equal Laplace-Darboux invariants 
in addition to being subject to the condition of Demoulin and Tzitzeica: the 
tangents to the curves C„, and hence also the tangents to the curves (7^, form 
a W'Congruence. 

In § 4 we found that a conjugate net for which both families of curves are 
plane is completely characterized by the fact that the axis curves coincide with 
the conjugate net. Since we have 

aP<*>=H+2K-b„, yi>y-y^=K+2b:-b-^ logo, 

and since |8^*>=0 and y^*^ — yti=0 are respectively the conditions that the curves 
C^ and the curves C^ be plane, a conjugate net consisting of two families of 
plane curves is isothermally conjugate if and only if it has equal Laplace- 
Darboux invariants. 

Surfaces on which one or both families of lines of curvature are plane 
have been extensively studied ; it would seem well worth while to consider also 
conjugate nets, either general or of some particular kind, for which one or both 
families are plane. We are not aware of any systematic treatment of the 
subject, however, in spite of its apparent promise. 

Let us return now to the general isothermally conjugate net. In order to 
give a geometric characterization thereof, we shall use the differential equations 
of the axis curves, of the anti-ray curves, and of the associate conjugate net. 
These are, respectively, 

a(K+2b',—b,- J^ log a)u^-^SuSv-{H+2b:—b,)Sv^=0, (60) 

\ OllOV I 

amu^-\-'Sjhuhv—Khv'^^, (66) 

ahu^— St;^=0. (75) 

We recall that the anti-ray tangents are the harmonic conjugates of the ray 
tangents with respect to the parametric conjugate tangents. Let us regard 
the above three equations as binary quadratics. The Jacobian of the two 
binary quadratics 

aoa?! + ^a^XxXf, + ^2^1 = 0> &o^i + ^b^x^x^ + ftg^l =0, 
is 

(ao6i— ai6o)^i+ (^062— ^260)^^2+ (aA— «26i)^=0> 

and its roots give the pair which separates harmonically each of the pairs 
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defined by the two quadratics. The Jacobian of the two quadratics (60) and 
(75) is 

a^M+ 2a(H—K+ ^^ log a)8u6v+^8v^=0, (103) 

\ ouov J 

and defines the pair of lines which separates harmonically both the pair of axis 
tangents and the pair of associate conjugate tangents. The Jacobian of the 
two quadratics (66) and (75) is 

aS)SwH2a(ff— -B:)Sw5t;+S)8t;'=0, (104) 

and defines the pair of lines which separates harmonically both the pair of 
anti-ray tangents and the pair of associate conjugate tangents. 

The two Jacobians (103) and (104) coincide if and only if 3^ log a/3t^v=0, 
%. e.j the parametric conjugate net is isothermally conjugate. This means that 
the double points of the involution determined by the pair of axis tangents and 
the pair of associate conjugate tangents coincide in this case with the double 
points of the involution determined by the pair of anti-ray tangents and the 
pair of associate conjugate tangents. In other words, the three pairs defined 
by the quadratics (60), (66), and (75) belong to the same involution. We 
have then the theorem : 

A necessary and sufficient condition that a conjugate net on a surface he 
isothermally conjugate is that for each point of the surface the pair of axis 
tangents^ the pair of anti-ray tangents^ and the pair of associate conjugate 
tangents form pairs of the same involution. 

In the geometric characterization just given, the axis tangents may be re- 
placed by the anti-axis tangents (defined by equation (67)), and the anti-ray 
tangents at the same time by the ray tangents. 

We shall now investigate the nature of the original conjugate net, if its 
associate conjugate net be isothermally conjugate. We have by (92) a='^l/<p\^ 
and we must calculate the expression 9* log d/dudv in terms of the coefficients 
and variables of system (4). This may be done most expeditiously as follows: 

aS^ ^^« «= 2 air ^""^ ^'-2 m^ i°« ^• 



= 2 



—2 



M.'w^M^''^^''^^^^ ^°^ *•)-!' 
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where we have made use of the formula of diflferentiation (85). We thus 
obtain 



9^LVa4)„ * 2VSj^9wLWi^, ' 2VSj 

_iaria_ -iiaria "i 
--"2 a^L^ at} ^^« ^J +2 at Lik a^ ^^« ^J 
1 a^ 

log a. (105) 



2Va4)«'4/^ a^at; 

In the final reduction, use has again been made of (85) and (82). 

Equation (105) leads to the important result: If either of two associated 
conjugate nets is isothermally conjugatCj the other is also. Isothermal conju- 
gacy is therefore one of the properties of a conjugate net which is also a 
property of the associate conjugate net. It is in a sense independent of the 
nature of the surface, since there exist an infinite number of isothermally 
conjugate nets on any curved surface. We have here, then, a property which 
is common to both of two associated conjugate nets, or subsists for neither. 
We have not succeeded in fijiding any others,* so that it may be interesting 
to determine just how many of these properties there are. We shall leave 
this question open for the present. 

In the course of this and the preceding memoir, we have studied a single 
conjugate net, with its related configurations, but have not touched upon the 
larger questions concerning conjugate nets in general on a surface, nor the 
properties of conjugate nets which are preserved uader certain transforma- 
tions. We hope soon to give a general theory of the transformation of conju- 
gate nets from a purely projective point of view. 

Harvard University, August 11, 1915. 

* We mean, of course, properties which do not depend entirely on the nature of the surface; for 
instance, if a surface is ruled for one conjugate net thereon, it is ruled for everj other net. 



The Asymptotic Equation and Satellite Conic of the 

Plane Quartic. 

By Tebesa Cohen. 



The four tangents at the intersections of a line {^x) with a quartic curve 
{axy can theoretically be obtained as follows: 

Let y be one of these intersections ; then the four tangents are given by 
eliminating y from 

(ay)*=0, the condition y be on the quartic, 
(ax) (ay)*=0, the tangent to the quartic at y, 
(^y) =0, the condition that y be on the line. 

The eliminant is of seventh degree in the coeflScients of the quartic, fourth 
degree in x and twelfth degree in f ; all of which may be summed up by saying 
that it is an -4V£^^. For a given f it gives the four tangents at the intersec- 
tions of the line {^x) with the quartic ; hence, it is called the asymptotic equa- 
tion of the quartic. But, equally well, for a given a;, it gives the twelve points 
of contact of tangents from x to the curve. 

The four tangents may be thought of as making up a second quartic, and 
on them and {ax)^ can be built up a whole pencil of quartics, each member of 
which cuts the quartic twice at the points where {^x) cuts it. Therefore in the 
pencil must be a member made up of the line {^x) counted twice and a conic on 
the remaining eight points where the four tangents cut the quartic, the so-called 
satellite conic. JI 8=0 be this conic and T=0 the four tangents, 

T+Mo^y={^iyS; (1) 

9 

or, more symmetrically, since T bears the same relation to (a^)^^ the quartic in 
lines, as to {ax)\ the quartic in points, 

T+Mo^y{a^y'={x^y8. {v) 

Since T is an -4 V^^*, S must be an A}o?'^^. The object of this paper is to express 
fi', and therefore T, in terms of known comitants of the quartic (oa?)*. 
41 
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The u4 V^^®, considered as an equation in rr, is the satellite conic of a line 
^ ; that is, it is the conic on the eight points where the tangents to the qnartic 
at its intersections with the line ^ again meet the qnartic. But considered as 
an equation in ^^ it is a curve of class 10 on the ten tangents to the qnartic 
from each point of contact of the twelve tangents from a point x. Each double 
point of the quartic absorbs two of the tangents ; therefore, the degree of the 
conic in ^ decreases by two for each double point, so that the existence of six 
double points causes the satellite to vanish. 

To express this satellite in terms of known forms of the quartic, it is best 
to take up special cases where the satellite is known. Three such have been 
found sufficient. 

Special Cases. 

Case I. 4a;o(irJ+^) =0. 

This represents four lines, three of which are on a point. Owing to the presence 
of six double points, S^O. 

Case II. xl+x{-\'Xl=0. 

To obtain the four tangents it is necessary to eliminate y from 

yo+i/}+y2=0, xoyl+x^i+x^i=0, ^oy© +fiyi+ f 2^2=0- 

This may be accomplished by means of the eliminant of 

aoyo+a^\+aiyt=0, M+M+M=^9 yo+t/i+y2=0, 
which is found to be * 

2aUi3i-/32) *+32a!a^o] /35+ 16i3S^,+ 10^oi3|-4^i (/3o-^^ 

4- ISooOiO, } 4 (^) ^o/3 A- i^A) \ . 

X- 1 

Let y<=^^J, 0^ = -^3* , ^<=-^. Then the second set of equations reduces to 
the first set and the eliminant, after clearing of fractions, becomes 

This, by equation (1), must be equal to 

* This is from a remark by Professor Morley. 
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where the expression in brackets is the satellite conic. Since X enters into the 
coefficient of x\ only, Aj £, etc., may be obtained from the other coefficients. 

^ = —1, £=—3, (7=— 3, D=21, ^=—3, 2^=3, G=l, H=3. 

Case IIL The Lemniscate: 6{a^a^+a^+oc^i)=0* 

It is a property of the lemniscate that a tangent at a point y meets the curve 
again in two points that lie on the conic {y/x). Now, suppose y eliminated 
between 

Xq Xi a?2 

the operation being a simple one because two of the equations are linear. The 
eliminant is an octavic, made up of the four conies (y/x) for the four points y 
in which the line ^ cuts the lemniscate. Since each conic passes through the 
reference points, which are double points of the lemniscate, the thirty-two inter- 
sections of octavic and quartic are made up of the three reference points, each 
taken eight times, and the eight intersections ef the curve with the four tan- 
gents at its intersections with the line ^. Therefore, it must be possible to find 
a quartic {Affl?ix\) -f {B^flS^xX^) such that 

i.x\^\Q+kxy^,x, . -2^S^,f«+24^a^fo(fS+^+r2) 
4-2a^o^a|.2^o^,(-^S-^4-2^S) 

Ao= Sis 2> -^0 = 25o$lS2 • 

Therefore, multiplying by ^^Q , the square of the double points, 

8=y^ieie2+kxxx,^x^, . 2 [3f J^ff,- (fo^Js^l+^S^f^J)] . 

The Expression of the Satellite in Terms of Known Comitants of the Quartic. 
The satellite, an ^ V^^°, may be written as 

^^^7.2.10+ (a;OC7,i.9+ (^0*C'7,o,8. 
Therefore it is not necessary to deal with all possible terms at once, since we 



* See R. A. Roberts, " ExampleB^on Codics and Higher Plane Curves." 
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must have that /S'— (77,2.10= (^0^' (*• ^-^ contains (x^) as a factor), and, again, 

Let us, then, first consider the possibilities for the C7, 2. 10 • If the two sim- 
plest contravariants of the quartic be taken as 

(^s^y=.s^i\a^^\i and (<0-=<=i|a/3^|^|/3yf |^|ya^|«, 
and if it be understood that 

and 

then 

C7.2.io=MonSs\+MQf^s\+Niitl+N^tt^, 

where the M'b and N's are coefScients to be determined. 

A relation on these coefficients is most easily obtained from Case I, where 
the satellite vanishes and, therefore, Gj^t,io must itself contain (x^). 

+i<^[mmn+ fN„) +fo«^t(432Mou+576Moot+82\^„+^JV„) ] 

=k{x^iEo+a^^i) (Am+B^^^e.) +^M^l^\i2+^l^i^l) (A+B). 

B=216M^+^iN„=^32Mon+57eM^+8Nn+^i-N„ 

.-. 216M„i+576Moo,+8Aru=0. 

A+B=8Nu+2ieMni=0 .'. Mon=0, 3foii:2\^ia=l:— 27=— 6:162/ 

.-. 8=—6issi—27tl) + ix^)8'. 
For this case t 

-S"=2a^(-1296|S^J+1296€S?a^|). 

The correctness of this determination of Cj^ i, » may be tested on the other 
cases. For Case II, 

X=l, a=5, 6=3-, c= — 3, d^3, 
.-. 8'=ix^,[5e,+3 (IS^J+^J^I) -3 (|?+$|) +3^Jf|] . 



*The factor — 6 is introdftced because it simplifies subsequent work. It is introduced here to avoid 
confusion. 
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For Case m, 



+liCia^^x^,{2(fS^+|S^)+4(^Jf}+^J^J)-28^J^a 

+2 (fo^J+fo^S) +6 (ro^jr^+^SfiJ) j ] 

X=3-27-216, 0=5 -27 -216, fe=— 5-27-216, c=2-27-216, <i=4-27-216. 

.-. -S'=27-216Wo[5^S^g-5(f„^}^i+fof!^|)+2(^;^+fia+4^}^J]. 
Taming now to the C7, 1, 9 , we have as possible terms 

Here it is easiest to work first with Case II. 

If (x^) is to be a factor, the coefficient of Xf^^ must be the same for t=0, 1, 2 ; 
t. e., must be symmetrical in £« . Therefore, 

5 — Afiu — Mou= — 3, 3 — ilfoi2=3 — N-^, 

.-. Jtfiu=8— Afoi2, i\r,2=453foK. (2) 

In Case I, 

-S'-C77.i.»=^o^o(5SS?+£S^5)(-27i)fi„— li^^u-fATo,) 

+Wi[fo^(-1296-f2\ri2-M2\r„) 
+^»||(1296-162ilfiu-144ilfou— I^M— f ^'m) ], 

By use of relations (2), these may be solved. 

If _ 176 J/ 72 V- 3240 X7_ — 4820 * 

^lU — -18"> ^"OM — "is^j •'''12 — 13 ♦ ^*(B — 91 > 

.-. fi"=A(225!— 9sSiS2-405M2+T^<«) + C^^)^"- 
For Case 11, 

For Case I, 



* t>«t 19 a numerical multiple of (op^^^^a • 
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For Case III, 

+ (ISe}+«J?J) (-243Jf,„-2703fo„-^2\r„+^l2^«,) 

+$J«gl<135 . 216-4863fi„-540JfoM+*|*i^u+»-F2^<a) 

+ (fo^J+fo^) (-243itf,„-234MoH-^2^„+^Aro,) 

+ {^^\Q+&ei^i) (-135 • 216-729M,n-7Q2M^-^N^,-%m^) 

+ («?+$!) (-81Afui-72ilfo„-^2^u+32^o.) 
+ (^ifl+l!^S) (54 • 216-324Miu-288Jfou+l|8i^u+12i^„) 
+ff$J(108 • 216— 486il/ui—4323f„u+842^u+ 18^08). 
S"=^[20(a-46(^!!gf)-132(g}?J)+987(£j^f£|)]. 

Finally, for the C7, 0. a the possibilities are 

C7. 0, 8 = 3f 0M«*S4 + MotiSsl + M^slst +NMtti+ Natitt + N^tl . * 

Instead of dealing with all of these terms at once it is simpler to take 

^ 7, 0, 8 = •»« llJ^xSg + iV (m'm "I~ •"18^1^8 "I" ■" M^2 • 

Then, 8" — C7_o,8=*'S""; t. e., contains s as a factor. 
For Case I, 

-S"-C;,o.8=«S(^?+l?) (-^-363fus-f-Ar«-f-A^„-||.2yr«) =0, 

.-. i|*i+18Jf„,+^A^o«+ V-i^i3+1|^22=0. (3) 

For Case II, 

'S''-c;.o.8=2fo(-3-ifx„) +2^ffi(V^-^^«) = (r) • ^ (^*) 

... ^ = _3_M^^=m__i_7^„ or _L8?_2Mue+2j5iyr«=0. (4) 

For Case III, 

+2ro^!(-^ • 46-180M„,+i«^2^o«+-f^i^i3+ i-i^«) 
+2^S?l(-^\^ • lB2-324M,^-\-f^No,+^i-N^+'^iN^) 

+ktl^\^l{^^^ ' 987-756Jf,„-ifi\ro«-^xV„-?i?A^«) 

=3[(^*)+2($f^)]U(aH-fi(l!^l)] 
=3U(f) + (l^+2^)($i;i!) + (2^+2fi)(e{^J) 

+ (2^+5B)(^k1«|)], 



* ff9i«8 is a numerical multiple of a^a^ . 
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From this comeB the single relation 

-27 . 1377+iNo,-{-^-N^+'iiNn=0. (5) 

(3), (4), (5) give only three equations to solve for four unknowns. They 
may be solved for three in terms of the fourth, say Mm . 

i^«=25(^.1323+^3fn2). 

Using these relations to obtain the coeflScients of 8'" in terms of Mug , it 
remains only to equate 8'" to MooiSSi+M^^sl. 

For Case II, 

8'"-M^88,-M^4= (D (-3-Mi«-33foo4-Mo„) =0. 

.\ 3+3Afoo4+AfaK + 3fn2=0. (6) 

For Case III, 

8'"-M^ss,-M^4=kt{^ • 6622+ii^Afn2-54afoo4-143fa«) 

+2fff|(-;^ • 27052-5fS3f,i,-1083foo4-52Mo«). 
.-. ,1 • 6622 + ifi3fi„-84Afoo4-143fo«=0. (7) 

-^ • 27052-^Mu2-10SMooi-5^M^=0. (8) 

These two relations, together witli (6), can be solved for the three unknowns. 
^004=-^, 3fo«=fe-*5, ilf,i2=-^-21, 2^04=9^-675, 2^„=^.1485, Nn=0. 
Therefore, 

8 = -6 {ss]— 27 1\) + {x^) • ^{22si—9ss^s^-405tit^+^Ht,) 

The Satellite for the General Quartic. 

This expression for the satellite conic may be verified by use of the general 
quartic 

axo + hx{ +ca!!f,+ 4aia;Ja?i + ^a^a^^ + 46o^o^ + 4coa?o^ + 462^a?i + ^CjXjO^ 
+6fa:^a^+6ga^+6ha^+12lx^iX2+12mX(fl^x^+12nX(fl>^^ 

where the conic can be found for a special reference triangle and line ^. Let 
{x^)^Xof and let two of the tangents at its intersections with the quartic be 
a?i=0 and a?2=0- Then, in the equation of the quartic, 

h=c=hQ=CQ=0. 
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Beside the two reference points a:o=0 cuts the qnaii 

4b,i',+6/i,a:,+4c,2^=0. 
Let these two points be (0, A, 1) and {0, fl, 1). Tl 
these points is 

Xa(ZmA'-\-inA) +%(36,4'+3/^+c,) +x,(b,A 
or, making nse of the fact that A satisfies (9) and di 
ii(3m^ +3.1) +i,(2M +i/) +^(t^ 
Similarly, the tangent at(0, B, 1) is 

x,{3mB+3n) +a;,(24,B+-|/) +%(|/i 
Multiplying these two together and making nse of t] 
the roots of a quadratic, we have the equation of the 
the coefiScients of the quartic. Then by (1), 

2x,i,[2^726,n'+72c,in'— 108/mn)+aii24(96Vi'»— 54. 
+i!(32Mci— 18*^) +a:,i,(486,c^— 27 
+J,(<ia:S+4iiia4c,+4<Hatc,+6Ai!i;+12 

^=(— leijCi+a/"). 
S=4(— 16ab,<:,+9<if ) +ix^,{—32a^b^,+KaJ') +i 
+!?(— 966^,*+S4f *) +2i,ij(— 966, 
+54f I— 108/mn) +if(— 966,c^+54i 
The formula to be tested is 

+ (xiriM^s's.+M^sl+M,, 
where 

».„=-6, »„=162, «„=■,'.», Mm.=— ;i, 
if™==g, ilf„=|-45, if,„=^»s-21. •f»==3 
In this ease it becomes 

S=xi[abi(f,^—6iM„^—UlH,u-UU„—192)l„—6it 

+ ab^J" ( 1443f „, + iN„ + 144M„,+ 144 Jf .„ +42f „ 

+144M«+14, 

+oi),(;,/<(-1081f.u-4ff„-108Af,„— lOSJf^— 4J 

—lOSM^- 

+af{27i!„,+N,i+27M„,+27M„,+N^+N„-S 
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+ {aiby,m+atblc>n) i96M^+lUMrn+U^Mon+576M^+192M^ 

+1921fiu«0) 
+ (ai6ic*/n+o,6|<^i/w) (-96iJfou— |^u-144ilfui-144Afou-4i^u 

-^N„-576M^-192M^-192M^-fNoi-^{N„^Q) 
+ {bl(^l+bl<ihl) (-64AfoB-576iJf«H-192ilfo«-643fuj=0) 

+blpifghi32M^+^N„+^N„+2S8M^+64M^+32Mi^-^No,+iN„^0) 
+ (oi6,cf/*m+o,6,c,/*n) (-144iJfMi-4i^ii-216ilfm— 216M,tt»-62^,2 

-^iN„-86m^-2SSM^-288M^-*iNoi-SN^^0) 
+blcifPi6iM^+^^N,,+^N„+576M^+22^M^+6muz+'^-N^+fN„^0) 
+ {blctgn*-\-bt(^,hm*) (-36Afou-108Jfiu-48Jfou+^i^u-16ilfo22 

+ (blcigm^+blclhn^) {iNn+56M^+^Ni,+o76M^+192M^+62Mi^ 

+ blf*Mn ( -72ilfon + |2^n-216Jf,u-1281f OK +^iyr„-5761f oM 

-2241f oa-3683/,„ + 1|2^„=-0 ) 
+ iaibtcj'n+aj>^cifm) ilUMni+^Na+216Mju+216M^+8N^ 

+ **N^ + 864ilf 0,^ + 288M^ +288M„2+^No,+fN„^0) 

+ {b\<^gl+b^XM) (96Mol2^-|A^2+=^i^o«+864i^foo4+288afoB+96afu, 

+82\r„+fA^„»0) 

+ {b\cJgmn-\-b^Jhmn) (72ilfou+T^ii+216Afui+84ilfois+4i\^i, 

+ f2\r« + 3 2iJf OB + 294 Afu, + 162^^04 + *4i^M=0 ) 

-3 2af „M + 3061f u>-^^o« + f A^i3=0 ) 
+ (&|Ciwn''+62cfm''») (81i/ui-|i\ru+321foa+180ilf,u-^i^„=0) 
+ iblf'g'+<^J'h') (iAr„+|i^o3+22^oi+|^i3=0) 
+ 6»c,fi?fc ( -48 Jf OH— i|i\^„- »^iVo,-432Af oM- 104M «j-483f u, 

+4JVo,-V»i^is^O) 
+ (aiCi/*m+o,6,/*n) {bmni+2Nn+81M^+81M^+3Nj^+^N„ 

+B2m^ + lOSJlf oa + 108Mi^+^Noi +4Ar„«0 ) 
+ 6,c^P ( -96M,^—ll-N„-^iN„-86m^-328M^-96M,^-20Noi 

+ (ftl^i/n'+cff/im*) i27M^+N^,+81Mni+36M,^+^N^+12M^ 

H-108afu2=0) 



u 
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+ {h^fgrn" +h^ifhn*) (-361fou— 4^u-108Mui-126ilfo„-^22y^u 

-f ^os-864Af„o4-304Af«-2401f iu-16iyrM-^2^„=0 ) 

+ htfsj'lmn ( -183fou-| Aru-54Jfui+ 721fou-^2yru+^2^os+864JfoM 

+376M«,+63fu,+i§§Ar„,_|i^„^0) 

+ (6!/n*+<^i/m*) (_81Mui-|2^„-1801fu,-VW„=0) 

+ 6,Ci/mV(-3243f„i-f2^„-^5W«,-48af«-684ilfi^-V»2Vo4-f^i.=0) 

+ (a^n+a,/«m) (-54Afou-2y„-81Afui-81ilfM,-3J\ri,-||2^«, 

-324Jf „o4-1083f«.-108Mu,-^*2y^o«-42^u=0 ) 

+ {btfgmn+Cifhmn) i-54Mon-2Nu—162Mui—63Mon—^iNj^-^N„ 

-2iM^-216Mru-SN^-^Nu^0) 
+ {btfln^+cfM) (-543f„a-2Arn-162Miu-54Max,-»fi\r„-|2^„ 

+ 241foa-216Afiu+^W«-fAr„=0) 
+ (6^mn«+Cif w«n) (243Jfiu+^Wu-24ilf„„+504Mi„+fiyr„aB0) 
+f^fc(18ilf„„+fiyri,+-«-2\^o8+162ilfoo«+42ilf„„+18ilf,„— ii\ro,+-«i\r„=0) 
+/»?(36Jfoi,+AA^,,+^iyro3+324iJf«^+120M„^+36ilfx«+^2yro,+fy„^0) 
+ {f*gm''+f*hn') (27Jf„,H-2^n+81ilf„i+63Af„u+iW^+^2^«,+324Mo« 

+ 1 2OM0B + 144ilfu, + 82^04 + f^i.=0 ) 
+/*iwn (543f ou + 2Na + 1621/ ,u + ISM ou + ^J^u- f Ar„-324ilfo« 

-{-fm*n'{-162Mtii-'^N^+iN„+Z6M^-32m,,,+^No,-fN„^0)] 

+ 22a;oai [Oi&«Ci ( — 64af on— 32af ux— 3 2 Jf ou^l28 ) 

+ Oxftfcff ( 144ilf on + 4A^u + 72Af uj + 72Mai + 2N,, + |i\r„« -72 ) 

+ blclgm ( -41f o« + ^u^O ) 

+ by.hm (963/ ou + 72ilf ju + 683/ ow + i^N^^O ) 

+ 65c1^ (963f ou + 723f x„ + SOM„,-^N,,^0 ) 

+ blcjgn ( -6Mort-f^n-ii N^^O) 

+ blcifhn ( -963f„x-|Ar,x-72Mxu- 703fojs-^«'i^i,-i2^os-0 ) 

+blc'Jlm{-96M^i-iN,,-72Mrn-76M,^-i^N^-^N„^0) 

+6|cxn«(-363f„„-^ifxu-483fo„-i»r„«0) 

+6|<^m«n(-723f„u+ii^n— T^m-723fo,,+ i|Arx,«0) 

+ Oi^jCx/* ( -1083f o„-4iy^„-543f uj-543f „,j - 2N^-iN^^0 ) 
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+ hclfhm ( -144M„i-4i^„-108Miu-105ilfoi«- %N,,-j^N„^0) 
+ blcj'ln ( -lUM^,-^Nn-108Mm-lUM,^-i^N^-^N„^0 ) 

+ 6|Ci/mn* (144Mou+ l^u + 1353/ni + 156ilfoi2+ i^N^+^^N^^O ) 

+ b.cj'hn ( 144ilf ou +f ^11 + lOSM^u + ^"i^ 012 + '^N^ + -^^^^0) 
+ b.cj'lm ( 144Mou + V%i + 108 M lu + lllMou + W^« + ^^oa^O ) 
+ blPn' ( 273/ou + 2^u + ^iM,n +S6Mo^+ j^N^^O ) 
+Vifm*n(-54Mou-22^u-^afui-545/ou-i|2^u-fi\^os^O) 

+ bj*gm ( -^Mou-Mn-il^o,^^ ) 
+c^«/im(54Mo„+22^u+^ilfm+^itfo«+#A^u+-i^o8-0) 

+&^«in(54itfou+2i\ru+^Jf„i+»JMon+4^i^i,+|i:2^08^0) 

+bJ'mn\-108Mou-^N^-^fMrn-117M^+i^N,t-^N^^0) 

+fhn ( -543f ou-22\r„-f M„,-filfoi2-4l^u— IJ-^os-0 ) 
+rimi-5m^-2Nn-^M^r-fM,^-^N,,-^N^^0) 
+ fm^n (81M ou + ^N^ + 81Miu + 81M,n +ZN^-{- ^N^^Q ) ] 

+2a^[6|cffe(— 64Mou^384) 

+ b\(*mn ( 24itfou + f^u^O ) 
+fe|c*/*/i (144Mou+4i^u^-216) 
+ fe|c^n*(36Mon+|^xi=0) 
+ 6|cf/m* ( -24ilfou-|-^u^O) 
+6|c/mn (— 901fou— ^i^i^u^O) 
+ &,c^*fc ( -108ilf ou-4i^u^0 ) 
+ frjCofm* (54ilf ou + 22^n=0 ) 
+6|/»n«(-27Jfou-2\ru^0) 
+ bj'mn (54ilf ou + 2A^u^0 ) 
+fA(27Mou+i^u^0) 
+fm«(-27itfou-^u=0)] 
+2a!iiCj[6?cJi (— 64i»fou=384) 

+ (5|c?n*+&|cjm«) (60M„„+Ai\rns=-288) 
+ 6|<^i ( 144Mou + ^Nn^ -216 ) 
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+ 6|4/mn ( — 1201f ,u-»2y^u=432 ) 

+ {blcJ*n*+h^J*m*) i-81Mm-3Nn''0) 

+b^J*li-108M^-4Nn^0) 

+ hiCjfmn ( 162af,a + e^u'-O ) 

+ {bj*n*+cj*m^) (27af.u+i^u«0) 

+n(27Jf„u+A'u-0) 

+fmn ( -5iMni—2Nn^0) ] 
= — 46icf [4(— 16a6iCj+9a/*) +2avci(— 32ai6jCi+18o/) 

+ aro^j ( — 32a,6,c, + ISoif) + 0^ ( — 966jC,fc + 54/«A) 
+ 2XiXt ( —966 a/ + 726jn«+ Cim* + 54 f I— 108 fmn) 

+4i-96btfijff+54Pg). 

Therefore the expression for the satellite is correct. 

It follows directly from (1'), when (af )" is taken as s*— 27<*, which in this 
case becomes 4&|cf ( — I662C1+9/*), that 

T—{axy{a^)*={x^yS. 

Therefore the asymptotic eqtuition of the quartic is 

(s^— 27 t*){oucy-6issl— 27 t\)ixi)' 

+i(225j— 95Si«,— 405M»H-^«8) (x^)* 
+U-*is\+^s4-^s{s,-'^tt,+imt^t,){x^y=0. 

Johns Hopkins Univebsitt, December 20, 1916. 






\J 4t€(^ /^•>'; 



/ 



V : 






AMEEICAN 



Journal of Mathematics 



EDITED BY 



FRANK MORLEY 



WITH THB OOOPSRiLTIOV OV 

A. COHEN, CHAELOTTE A. SCOTT 



AND OTHEB ACATHEACATICIANS 



/ 



Published undeb the Auspices op The Johns Hopkins Fniveksity 



npacffidrwif iXifX^^Q ^ fiXtnojist^wt/ 



VOLUME XXXVIII, NuMBBB 4 



baltimobe: the Johns hopkins pbebs 



LEMGKE it BUECHNEB, New York. 
G. E. STECHERT & CO., New York, 



E. STEIQER ft CO., New York. 
ARTHUR F. BIRO^ London. 
WILLIAM WESLET ft SON, London. 

October, 1916 



A. HERMANN, ParU. 
MAYER ft MULLEK^ Berlin. 



Enttred as Second-Class Matter at the Baltimore, Marjland, PostofBce. 






^ • I'f'i I !.r. ' • -. . * V 




Conditions for the Complete Reducibility of Groups of 

Linear Substitutions. 

By Henby Tabeb. 



§ 1. Conditions Sufficient for the Complete Reducibility of the Group G. 

Let A^j A^y . . . .J A^ be any system of linearly independent linear homo- 
geneous transformations in n variables {m<n^) constituting a hypercomplex 
number system so that 

^,ily=2;r=.iy<^fc^;fc, (t,; = l, 2, , m). (1) 

Let J,., for i equal successively to 1, 2, . . . ., m, be defined by the system of 

equations 

^;=2;.,ai^^„ 0/ = l,2,....,n), (2) 

or 



021 > »22 >••••> ^n 



^(0 ^VO -(0 

^nl > ^n2 >••••> ^nn 



(3) 



Then, for any two integers i, j from 1 to m, 

2Li aiU a^i^ = 2?=: y<yt <*>, (^, r = 1 , 2, . . . . , « ) . (4 ) 

By equation (1), 

=2?=i(2r=i2r-ia'4//y./»)^*- (5) 

Whence it follows that the aggregate of numbers of the hypercomplex number 
system {Ai, At, . . . ., AJf, that is, the aggregate of transformations 

X—x^A^+x^A^+ +^«^«, (6) 

for every system of scalars otj , x^j . . . . , a?^ , constitutes a group G with m 
essential parameters.* Therefore, any linear function of transformations of G 

♦For, if 2^jaPiAi = 2^iyiAi, then 2^i(afi — yi)Ai = 0; and, therefore, opi — yi z=0 for t = l, 
2, . .. ., ^> since, otherwise, the A's are not linearly independent, which is contrary to supposition. 

42 
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is also a transformation of this group. The general transformation X=I.iLi^iAi 
of G is defined by the system of equations 

^;=2r=i2;«i^iaiV^,, (^^^ = 1, 2, . . . ., n), (7) 



or 



\Kl J ^2 > • • • • J ?ii) — {^T=^l^i^l\ J 2?Li^tai2 >••••> 2<=l^< ^m 1 ^1 > S2 > • • • • > 5n) 



2t=l^iOt2] , z»---ifl7»a22 ,...., 2,<_ifl/^a2 



(0 
n 



^i^l^i^nly ^i^l^i^n2J • • • •, 2t=i^tOt 



fin 



(8) 



I shall denote the determinant of X by | X | ; and I shall assume that 
I X I :^ for every transformation of G. Whence it follows that the group G, 
that is, the aggregate of the numbers of the system {Aiy A^y . . . ., A^) contains 
the identical transformation, which will be denoted simply by 1;* and, if 
I X 1 1^0, that G contains X-^ For, if 

A=aiAi+a2A2+ +a«^« 

is any transformation of G, we have, by Cayley's theorem, 



(9) 



(10) 



where 



^ip)^\p-A\^ 






(O 

:fi 



— 2r=ia,ai?, —IZ.aiait . . . ., p—lZia^a 



fin 



,t (11) 



and thus p,= \A\. Therefore, if Ml ^ 0, 

+ 1 



1= --(^•-Pi4-'4- .... =fPn-l^), 



A 



— 1 



P 

+ 1 

Pn 



u 



n— 1 



Pi -4"-*+ ^Pn-l)j 



and thus 1 and A'~\ being linear in powers of A, are transformations of G. 

Let pi , p2 , . . . . , p^ respectively of multiplicity >7i , 172 , . . . . , rj^j l>e the 
distinct roots of the characteristic equation, ^(p)^ |p — A | =0, of ^=2S»i«i^,; 
in which case, ^(p)^(p_p^),.(p_p^),.. . . . ip-f^)n., (12) 

I shall denote by r the greatest number of distinct roots of ^(p) =0 for any 
transformation A of G. Since G contains the identical transformation, there 
is at least one transformation of G whose characteristic equation has r distinct 



*The transformation pi, defined by the Rystem of equations 

i'fi=p^fi (/i=l,2, ,n), 

will, following Cayley, be denoted simply by p, and will be identified with the scalar p. 
^Phil. Tram,, Vol. CXLVIII (1858), p. 24. 
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non-zero roots. For, let A be so chosen that r=r. Since 1 is a transformation 
of Gy so also is ^-f>^ for any scalar Jl. But the roots of the characteristic 
equation of A+X are given by pk+^ ^or A = l, 2, . . . ., r; and these r roots 
will be distinct and other than zero provided X is properly chosen. Wherefore, 
r is equal to the greatest number of distinct non-zero roots of ^(p) =0 for any 
transformation A of G. 

We may transform the hypercomplex number system {Au ^2> • • • •> ^m) 
by the substitution of new units, and express the general transformation of G 
in terms of the latter. Thus, if 

Ai=raAi+T,^A^+ +ri^A^j (i=l, 2, , m), (13) 

the determinant of transformation not being zero, then 

=x[A',+x',A'^+ .... +<4;, (14) 

the x"s being determined by the system of equations 

^'l'^H + ^i'^ii+ +^L'^mi = ^iJ = 1, 2, , w). (15) 

^Te then have 

A[A;=^Z,y,,,AU (t,; = l, 2, ...... m), (16) 

the y"s being linear functions of the y's. Any linear function of the A"q is 
a transformation of G. 

Let A = 2n»i «»• ^i be any given transformation of G, or number of the 
hypercomplex number system {Ai, A^y , . . .j A^). I shall employ SiAj SzAj 
in designation the first and second scalar of A respectively, to denote those 
functions of the coeflScients a^ a^y . . . .y a^ and the constants yt^i, of multipli- 
cation of the system defined as follows : 

S,A = ^lT^^lr^la,y,,i. S,A= ^IT^^lT^ia^nr (17) 

These functions constitute generalizations of the scalar function of quaternions, 
to which they reduce, becoming identical, when m=4 and when the system 
(^1, A^y A^y A^) is equivalent to that constituted by the four units of quater- 
nions. They conform to the following theorem : 

Theorem I. Let Aiy A^y * . > .y A^ be any system of linearly independent 
linear homogeneous transformations in n variables constituting a hypercomplex 
number systemy so that 

2l<^y=2?«iy<yfc^;b, (i,; = l, 2, , m); 

and let G denote the group constituted by the aggregate of transformations 

A=aiAi+a2Ai+ +a^A^ 
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for every system of scalar s Oi , ag ,...., a^ • Let 

n J 1 1 

Then both S^A and S^A are invariant to any linear transformation of the 
number system {A^ , ^2 > • • • • > -^«) ; ^^^^ i^ t^ ^^y> ^/ 

Ai=TaAi+ri2A2+ +ri^A^, (i = l,2, , m), 

{the determinant of the transformation not being zero)j 

A',A;=^T^^y,ftAt, {ij=ly 2, . . . ., m), 

and if 

A=aiAi+aiAz+ +a^A^=a[A[+aiA2+ +a'^A^, 

then 

8,A = — 2n=i 2y"Lia<y<i/= — 2r=i2r«ia; yl^^ , 

82 A = ^ 2r«i2y"Lia,yy,y= ^ 2r=i2r=i aj yj.^ . 

If p i5 awy scalar J and 

B = biAi+b2Ai+ +6«^« 

is any second transformation of G, then 

SipA =pSiA, SipA ^pSiAy 

S^{A±B)=8^A±iSiB, S2{A±B) = S2A±S2B, 
8,{AB) =S,{BA), SAAB) =S,{BA); 

andj if b is a modulus of the system^ 

Let r denote the maximum number of distinct non-zero roots possessed by 

the characteristic equation of any transformation of G. If, for any positive 

integer p, either 

/Si^''+*=0, (A=0, 1, 2, . . . ., r— 1), 
or 

S2^''+*=0, (fe=0, 1, 2, , r— 1), 

A is nilpotent; conversely, if A is nilpotent, 

S^A^=0, S^A^^O, 

for every positive integer p. If A is idempotent, there is a system of just 
m8^A>0 linearly independent transformations of G satisfying the equation 

AX=X, 

in terms of which every transformation of G satisfying this equation can be 
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expressed linearly j and a system of just m82A>0 linearly independent trans- 
formations of G satisfying the equation 

XA = X, 

in terms of which every transformation of G satisfying this equation can be 
expressed linearly,* 

I shall denote by T^,^ for fi, ^=1, 2, . . . ., w, the transformation 

gj=0, . . . ., f^_i=0, ^^=^^, £^+1=0, . . . ., f„=0, (18) 

the coefficients of whose matrix are all zero except that in the ^-th row and v-ih 
column, which is equal to unity. The n^ transformation which we obtain by 
giving [jl and v all integer values from 1 to w are linearly independent; and 
in terms of these n* transformations any linear homogeneous transformation 
in n variables can be expressed linearly. In particular, we have 

i=rn+r^+....+rnn, (i9) 

Ai=^f^:=,i z,p-i OLfi, 1 fip J {t==l, 2, . . . . , w), (20) 

-4 =ZSsi^i -4^=2^1 2^=1 2y=i ^tA^y -^^r« (21) 

Moreover, 

T,^T^,=T,,, T,^Ty,=0, (^,;i,;iSr = l,2,....,n; X':^;i); (22) 

and thus these n^ transformations constitute a quadrate, that is, one of a special 
class of hypercomplex number systems. The first and second scalar functions 
for a number system constituting a quadrate are equal for any given number 
of the quadrate ; and, therefore, but a single symbol is requisite for the scalar 
functions in the case of a quadrate. I shall write ST to denote the scalar of 
any number ^^^.^^ ^.^^ ^^^ ^^^ ^23 ) 



* See papers by the author in the Trans, Am, Math, Soc, Vol. V (1904), p. 522, and Proc, Am, Acad, 
Aria and See., Vol. XLI (1905), p. 61, Vol. XLVIII (1913), p. 628. In the first two of these papers the 
propositions in the above theorem are established, except that it is not there shown that A = 2^^aiAi is 

nilpotent if 8iAP*^ = or S^2^'"'*=0 for hz=0,l, ,r — 1. This may be proved as follows: Let 

pi, pti , p«, respectively of multiplicity iji, 17s, ... ., 17. ,be the distinctnon-zeroroots of 0(p)= |p — A |=0, 

the characteristic equation of the matrix A ; and let 

^ (p) = p»' — 9ip''-l + ...-±gr = 
be the reduced characteristic equation of A, Then 

f (p) = p'«o(p — pO'Tl (p— -p,)**, 

where 1 ^ Ki^ 174(1 = 1, 2, ... .,«) and 0^<co<n — 2j_iiyi. The syzygy of lowest order between powers of 
A, including A^=:\, is ^(A)=:0. Therefore, the syzygy of lowest order between powers of A, excluding 
the zerO'th power, or 1, is Q(A) = ^(A)=0 if irol^O, otherwise, is Q(A) = ii^(A)=0. If now r denotes 
the maximum number of distinct non-zero roots of 0(p)=O for any number A of the number system 
(Ax, A2, . .. ',Am)f it is then the maximum number of distinct non-zero roots of the equation ^(p)=0, and, 
therefore, the maximum number of distinct non-zero roots of R(p)=0 for any number A of the system. But 
in the third of the papers cited above, pp. 635-637, it is shown that, if r is the maximum number of dis- 
tinct non-zero roots of n(p)=0 for any number A of the system, then A is nilpotent if 8iAp^^=zO or 

82AP*^=0 for h = 0, 1, , r— 1. 

A number A of a hypercomplex number system is nilpotent if AzfzO, but Ap=0 for some positive 
number p; A is idempotent if A^^=zA:fzO, 
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of the quadrate. By (22), it follows from Theorem I that 



^■^ILft — f ^-^ ^r — ^J 



(/M,v=l, 2, ,«; vrfifi). 



(24) 



Therefore, 



SIT — ^^ V« r SIT — _V» r 

7w 



MM* 



(25) 



Since n/^T is the sum of the constituents in the principal diagonal of the 
matrix of 1\ it follows that nST is equal to the sum of the roots of the 
characteristic equation, |p— r| =0 of T.f If T is idempotent, the roots of its 
characteristic equation are and 1. Wherefore, if T is idempotenty nST is 
equal to the multiplicity of the root 1 of its characteristic equation. 

The symbol S is significant when applied to any transformation of G, as 
this group is a subgroup of the general linear homogeneous group ; and we have 



5^< = - 2 J=i a^^ , (i=l,2, , m). 



n 



^-o. — — ^<_i ^^si a^ oLfifn . 



n 



(26) 
(27) 



Let now 



A,^ 



iD\ jS.qA\ y Oj ^2 -^2 y • • • •, O^ja.2-^ 



m 
m 



A,^ 



02-a.2'a.j, 02^2*^2 9 • • • •? 02-42-0.^ 
'^2-4«-4l> ^2-4m-42> • • • • J ^2-4«-4« 



(28) 



* Let 8iT and S^T denote the first and second scalar with respect to tlie quadrate of any number T 
of the quadrate. For any two distinct integers fi, v from 1 to n, Tf,v is nilpotent by (22) ; and, therefore, 

by Theorem I, Moreover, for l^/i^n, Tfifi is idempotent; and there is a system of just n linearly inde- 
pendent numbers of the quadrate, namely, Tfn, T/12, , T'^m satisfying the equation T^^7^ = r, and in 

terms of which every number satisfying this equation can be expressed linearly. Similarly, there are just 
n linearly independent numbers of the quadrate satisfying the equation 77*^^ = 7^, and in terms of which 
every number satisfying this equation can be expressed linearly. Therefore, by Theorem I, 

n^8i Tfift = n = n^BiTn.^ . 
Wherefore, if 



then 



7' = 2 1 2 y _ jC^y y^y 



^1^= n"2j=i^MA = «27'. 



t See p. 338. 
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denote, respectively, the resultants of the systems of equations 

S^XAi=x^SiA^Ai+x^SiAiAi+ +x^S^A^Ai=0, (i=l, 2, , m), (29) 

and 

S2XAi=a>i82AiAi+X2S2A2Ai+ +rr^52^m^t=0> (i = h 2, , wi) ; (30) 

and let 

O 23.2 '^1 y ^ -^2 -^2 y * ' ' ' 9 ^ '^2 -^j 



v= 



m 
m 



(31) 



denote the resultant of the system of equations 

SXAi=x^SAiAi+X2SAiAi+ +x^SA^Ai=0, (i=l, 2, , m). (32) 

In the Proceedings of the American Academy of Arts and ScienceSj Vol. 
XLVIII (1913), p. 627 et seq.j I have shown that Ai=A2, and that any number 
X = SjLi^i^t of the system {A^ A^y ...., A^)j that is, any transformation 
X of G satisfying either one of the three systems of equations (29), (30), or 
(32), is also a solution of the other two; whence it follows that the nullities 
of A^ , As and v ^^^ equal. I have also shown that the aggregate of numbers 
of the number system {A^ , ^g > • • • • j ^m) satisfying either one of these three 
systems of equations constitute a maximum invariant nilpotent subsystem of 
(^1, Ai, . . . ., A^) ; that the condition necessary and sufficient that the number 
system shall contain no invariant nilpotent subsystem, in which case the system 
is either simple or semi-simple (Cartan), is Ai = A2=^0 or v^/bO; and that, 
when this condition is satisfied, 8iA=S^A for any transformation A of G. * 

I shall now assume that Ai = A2=^0, in which case the number system 
(^1, Aij . . . .J A J} containing no invariant nilpotent subsystem, is constituted 



* See Theorems 11, IV, and V of the paper cited above, also pp. ((50, 655-656. It is also there shown 

that the equations ^i=:0, A2=:0, ^ = are invariant to any transformation of the units of the number 

system {Ai, A2, , Am)' Thus, if this number system is transformed by the introduction of new units 

defined by equations (13), and, if we denote by A'l, A'2» v' respectively the results of replacing 

Alt A2, . . . ., Am in these determinants by A'l, A' 2, . . . ., A'm respectively, then, if r denotes the determinant 

of the substitution, we have 

A'i = t2Ai, A'2 = t«A2, v'=Tav. 

The nullity of Ai is zero if AiZ^O; and the nullity of Ai is equal to p if the minors of Ai of order 
n — p -}- 1 are all zero, but not all the minors of order n- — p. 

A subsystem {B\, B2, . . . ., Bm') of the system {Ai, A2, . . . •> Am) is invariant to the latter if 

BfAi = o''ijiBi-^ o"iim'Bm' (* = 1, 2 , m; ; = 1, 2, ,tn'). 

The subsystem (Bi, B2t • •• •» Bm) is nilpotent if it contains no idempotent number, in which case, every 
number of the system is nilpotent. A mcunmal invariant nilpotent subaystem of (Ai, A2, , Am) con- 
tains every invariant nilpotent subsystem of (Ai, A2, . .. ., Am)* 

A aystem termed by Cartan is simple if it contains no invariant subsystem, and aemi-aimple if its 
invariant subsystems are simple. See following note. 
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by x{l<x<r) mutually nilfactorial quadrates of 5?, ^I, . . . ., 5j units respect- 
ively, where 

m=2j^i4, r=l,;^is^. (33) 

That is to say, we can now find m linearly independent numbers 

Ii^^=lT=i<ViAj (p = l,2,....,x; t/,t; = l,2, ....,5p) (34) 

of the number system {Ai, -^g, . . . ., A^) such that 

/(p) /(p) __ /(p) T(p) 7(p) _() 

(p = l, 2, . . . .,x; w, «i;, i(;', t; = l, 2, . . . ., 5p; w'^w)^ (35) 
/(p) /(ff) _() 

(p, 2 = 1,2, ,x; 2=^2?; w, ?; = 1,2, ,s^; < t;' = l,2, ,5,); (36) 

and these m numbers we can now take as a new system of units.* We shall 

then have 

^,=SJ=,2;'L,S:r=i^ii\/i?>, (i=l,2, . . . ., m). (37) 

Further, for any transformation X=Z^ia;<^^ of (?, 

X=2;., ^i^L, SJ'^i rt-i? 7<^,>, (38 ) 

where 

xi^J=XT^iXig%, (P = l,2, ,x; w, t; = l, 2, , 5p) ; (39) 

and, conversely, the transformation -X determined by equation (38), for any 
system of scalars 

a;i^>, (2? = 1, 2, ,x; w, t; = l,2, , 5p), 

belongs to (r in consequence of (34) and wliat was stated on p. 337. Finally, 
since 1 is a transformation of (r, we have 

1 _-y« v», v«, Q^o) /(p). 

and, therefore, by (35) and (36), 

J(p') — 7(p;) 1 Tip') _ ^(0) /(p') 

U=i,j',i/ 1 i|;'p' —~9p'u'v' *«'»' > \P =1, ^, . . . . , X ; t^ , t? =1, J, . . . . , 5p/ ^ V ^w ) I 

whence follows 

9p'u'H'^^^j dp'u'v'^^^j (P ^^1> 2, . . . . , x; t^ , V =1, 2, . . . . , 5p' ; t^ ^w ) ; 

and thus 

l=2U,^:unV^ (40) 



* See paper referred to above, pp. 647-649. See also note to p. 341 of the present paper where it is 
shown that r is equal to the number of distinct roots of Q{p)=zO, Gartan has shown that a hypercomplex 
number system containing no invariant nilpotent subsystem is constituted by simple systems (quadrates) 
mutually nilfactorial, that is, such that the product is zero of any number of any one constituent simple 
system by any number of any other of the constituent simple systems. See Oomptes Rendus, Vol. GXXiV 
(1897), p. 1218. 
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From equations (35) and (36), it now follows, by Theorem 7, that 

mSJi';^=s^=mS2lii\ (P = l, 2, ,x; u = l,2, . . . .,s^).* (41) 

From equation (35), we derive 

5 Tip) — 5 r(p) /(p) __ 5 r(p) 7(p) _ 5 r(p) 

(p=:l, 2, . . . ., x; w, y = l, 2, . . . .,5p). (42) 

Whence, if we write 

aj,=nSl^^j (p=:l, 2, . . . ., x; w = l, 2, , 5^) (43) 

and 

Wp=5p(Tp, (p = l, 2, , x), (44) 

we shall have 

n = nSl = X;^^l:'^,nSIi'^ = ^^,s,a^ = ll^^n^, (45) 

in consequence of (40). 

By (35), li^^ is idempotent for l<p^x and l<w = 5p; and thus it follows 
from what was stated on p. 342 that Gj,=nSIi^ is the multiplicity of the root 1 
of the characteristic equation of ZiJ\ Whence, if 

«/«« =2|tl'i^_j^+V^<r^+i-r^M> (P^==lj 2, . . . ., x; w = l, 2, . . . ., 5p), (46) 

where 

No=0, iVp=5i(Ti+52cr2+ +5p<Tp=ni+n2+ +Wp, 

(p = l,2,....,x), (47) 

it follows, by (35), (36), and (40), that a linear homogeneous transformation o 
of non-zero determinant in the variables ^i , ^2 >••••> ^n ^^^ ^i ? ^2 >••••> fn can 
be found such that 

/i?=coJii>G)-\ {p = l,2,....,x; w = l,2, ....,5p).t (48) 



*For i/ -^ = 2j==i2{«^,Sj«^j«^?J,/,%^ iaany transformation of Q aatiafying the equation l^^JXz=I^ 

then x^l,=zO for gi^p, and a;^7^,^0 for u'l^u. Therefore, there is a system of just Sp linearly inde- 
pendent transformations of satisfying this equation, namely, 1^, for i;'==l,2, . .. ., Sp; and, in terms of 
these transformations, every transformation of satisfying the above equation can be expressed linearly. 

Similarly, i^^ for u'=l, 2, , «p constitute a system of linearly independent transformations of O 

satisfying the equation XI j^ =-X, and any transformation of O satisfying this equation can be expressed 
linearly in terms of these transformations. 
t Thus, let 

where the X's are distinct. The X's are then the roots of the characteristic equation of Aq; \^\ for 
liP~« and l^i*^«p, being of multiplicity cp. For, by (35) and (36), 

for any integer fi ; and, therefore, by (43) , 

But nSAj^, see p. 342, is the sum of the roots of the characteristic equation of A^; and, therefore, is the 
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Let now 

Ji?> = (j-^ 7i?^ CO, (p = l,2, ,x; i/,t; = l, 2, ,5^; v4^u). (49) 

Then, by (35), (36), and (48), 

(p = l, 2, . . . .,x; i<, «i;, m;', t; = l, 2, ,5^; w'^w)y (50) 

(p, g=l,2, ,x; g:#=j>; m, t; = l,2, ,5^; w'i;' = l, 2, ,.s,); (51) 

and, therefore, if 

J<'>>=2:'^, J<?=S;Li3rV.-H.,y,..+., (P=l, 2, . . . ., x), (52) 

we then have 

Ji?V^«> = 0=J<«>Ji?, (p,g = l,2, ,...,x; g:^p; t/, t; = l, 2, . . . ., 5^). (53) 
Whence follows 

'/i? = S:Li2;;L,e<?i,r^,_,+,,^,_^^,, (p = l,2,....,x; ti,i; = l,2,..,.,5,), (54) 

where, for p=:l, 2, . . . ., x and w = l, 2, . . . ., 5^, 

fl(p) — _- _i fl(P) —0 

(i(;=0, 1, . . . ., w — 2, 14, . . . ., i?p — 1; ;/ = l, 2, . . . .,(Tp) (55) 

ei?i, = 0, (fi,r = l,2, ....,«p; v^(i) (56) 

by (46). Wherefore, if, for any system of m scalars a;i^^ (p = l, 2, ,x; 

©p=2:'=,2:'=.4?«-'/?>=2:'=i2;'=,a;i?> J*>, (p = l, 2 , x), (57) 



sum of the ^-th powers of the roots of the characteristic equation of Aq, Further, by (40), 

Ao — X^^l<p<*; l<u<«p) 

is linear in the /'s, the coefficient of 1^ Ijeing zero; and thus 

f (iio) = (ilo--xJ*^) .... (Jo— X^^) .... (Ao—X^*^) .... (Ao— X<''^)=0 

by (36) and (36). Therefore, the nullity of Ao— X^*'^ is equal to <rp, the multiplicity of X^''^ Whence it 
follows that a matrix w of non-«ero determinant can be found such that 

where 

and Np is given by (47) . If now 



xrCp) 



P 



— X<P> ' 



then 

for p = 1, 2, . . . ., K and ii = 1, 2, . . . ., «p, where Jim is given by (46). 
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it then follows that 



®p-- ^11=1 -^11=1 ^a5 -^ Np.i-^/i,N,.i+w9 (P — 1> 2, . . . ., x), 



(58) 



where 



(p = l,2, jx; |M, 1/=!, 2, ,w.). (59) 



3,(P) — y»p y «, ^o>) g(P) 
Whence, if 

is the general transformation of 6, and 
it follows that 

^ — ^P=l ^^p — -^p»l '^/t=i ^vLl «^At»' ^ iVp-i+M, AVi+'' ' 

that is to say, 0=w~^X(ii is represented by the matrix 

01, 0, , 

0, ©2 , . . . . , 



(60) 



(61) 
(62) 



0, 0, ...., 0, 



in which 0, (p = l, 2, . . . ., x) represents the square array 



with nl constituents, and the zero's represent rectangular arrays whose con- 
stituents are all zero. In other words, if 

then 

^1 > •^22 i • . • • > •^2», 



(P = l, 2, ,x). 



(64) 



^(p) ^(p) ^(p) 

For the further determination of the matrices 0, , 02, ....,©«> ^^ ^^^y 
proceed as follows: Let x==l, in which case 

by (33), (44), (45), and (47). In the American Journal of Mathematics, 
Vol. XII (1899), p. 391, I have shown that a quadrate of order n = M'n" is the 
product of two quadrates of order n' and n" respectively, or, what is the same 
thing, that a matrix of order n=w'w" may be regarded as a matrix of order n' 



^ 
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whose constituents are matrices of order n".* Whence, if T denotes the 
general linear homogeneous transformation in ni = Siai variables, it is repre- 
sented by the matrix 

Mil > ^^J2 J .... J Ml g^ 

M21 , M22 , . . . . , M2 ,j 



M,,, il/„, , M,^,, 

where the M's are matrices of order d . Or, otherwise expressed, let f^^ , for 
ti, t;=:l, 2, . . . ., 5i, denote the linear transformation 

^[=0j , |i_, = 0, |i=|„, ^i+i=0, , |i,=0 (65) 

in Si variables; and let T^,, for /[/, 1/=!, 2, . . . ., (Xi, denote the linear trans- 
formation 

li=o, — ,|;_i=z:0, |;=|^, |;i+i=o, — ,li,=o (66) 

in (Ti variables. Then 

^uw^wv=T^vf ^uw^w'v = ^j {u,WjW%V = lj2, ,5i; w'4^w), (67) 

l^=^n+^22+.^..+7;,.,, (68) 

T,^T^, = T,,, T,J\.,=0, (iU,;i,;i',i.=l,2,....,(Ti; X':i^;i), (69) 

l=:rn + f22+....+f,,,^, (70) 

corresponding to (22) and (19). If now we assume that 

TuvT^^^T^^f^^y (w, i; = l, 2, ,5i; |M, r=:l, 2, ,(Ti), (71) 

then, for any two integers ju', v' from 1 to Wi = 5i(Ti, we may put 

where |i/, i' are the smallest positive residues of (I'j v' respectively modulo Ci , 
and Uy V are determined by the equations 

|u'=(w-l)(Ti+it/, v'=z{v-l)<Ji+v. (73) 

For the units T^.„. will then have the required multiplication table of the 
quadrate of order n^n^^s^Oi given by (22). The general number T of this 
quadrate, that is, the general linear homogeneous transformation in ni=SiGx 
variables, is now given by the equation 

T — y"» T"i r T — 5"'» y> r — — T T 

-*■ — ^^=^1 ^¥=1 ^/i¥ ■'- ikv — -^tt, i>=l ^A» •'=1 ^M— 1 <ri+Ai t;— 1 <ri+r ^ up -^ ilw 

where 

'^tit;^^^/t=l'^i'=l ^tT^<r,+M, w^tTi+y -^ uv J ( M, t^ = 1, *-,...., ^i) .J (70) 

*Thi8 theorem was obtained independently by E. Study. See "Math, papers read at the Intcrnat. 
Math. Congress, Chicago, 1893", p. 378. 

t Two matrices 2j=i2j»^j J/„i;7'ttuand 'L\l^{L'^^^M^^Tuv are equal if, and only if, M^^=Muv for 
14, t? = l, 2, , «i. 
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In particular, by (46) and (70), 

Let 
From (50), (67), (71), and (76), it follows that 

and thus 

il/i"i'^=0,^ {u,v,u\v' = l,2, ,5i; li'r^w; orv'r^i;). 

We may, therefore, delete the indices and write simply 

J<V=i¥:, T;,, (w, t; = l, 2, . . . ., 5i), (77) 

where ilf^^ is a matrix of order a^; when, by (76), 

M;„ = 1, (t^ = l,2, ....,5i). (78) 

From (77), it follows, by (50), (67), and (71), that 

M' M' f =M' f M' f 

^■*' uw * "■■ ipr ■* uv — ^ "*■ till; ■* uw v>v uw 

— 7<1) 7<1) 

_ 7(1) —If' 7^ 
— «/ «f — <«* uv -* «t> > 

(W, V, 16'=: 1, 2, . . . ., 5i) ; 

and, therefore, 

^«u,^i;t; = ^irj (t(, V, «i; = 1, 2, ,5i). (79) 

In particular, by (78), 

M;,MU=M:„=:1, (i^, v = 1, 2 . . . ., 5i). (80) 

Let 

S)=m;, Tn+Mj, 7^2+ .... +m;,^ r,,,, . (8i) 

Then, by (67), (68), (71), and (80), 

s-^=ii/;,ri,+A/;in2+....+<i7;.n;t (82) 

and, therefore, by (67), (71), and (76), 

w Jiv=w 7;,=m;„ ?;„, JiL>w-^=7;„ w-^=m;i ?;„, (w=i, 2, . . . ., ^i). (83) 

Whence follows 



,!„ w^ vx^ V ij^ ^ MV ^ VV 



— iW In Jyi^^ iVLffi -i uu -^ uv "* »» — -^ uv J 

{u,v = l,2, ,Si), (84) 



* See preceding note. 

t That is, if a is defined by (81), and ta^^^=':^'^^iM'^-^uu, then w«<*^ = l; and therefore, «<>^=w-'. 
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by (50), (67), (71), (77), (78), and (79). Wherefore, if 



©, — v«i v«i x^^\T^^^ 
1 — --11 = 1 *- 1 = 1 •*'fii; ^'ttu J 



(85) 



then, by (70) and (72), 



(86) 



— y«i y«i r<^> 7^ 

— v*i y*! y^i /y;(0 T T 

— y«i T*i ^s^yy^i T — — 

that is to say, co©ia)~^ is represented by the matrix 

x[\^L, x[l>L, ...., <>L 

^21 -^> "^Zfi •"> . . . . , ^l^j -t^ 



where L is a matrix of order Ci whose constituents are all zero, except those 
in the principal diagonal which are all equal to unity. 

By the composition with tH of an interchange of the subscripts of the 
Ni=ni=SiCi variables Ji, ^2> • • • •> ^jv, > ^^^y therefore, by a properly chosen 
linear substitution Joi with constant coeflScients in these variables, we shall have 

Oil "l ^1 = -^u^l ^r=l '^/i=l ^vv -i /4^«i+tt, (Ai-l)«i+» y ("7 } 

in which case a)i0a)f^ is represented by the matrix 

mr\ J y)j • . • • , u 

U, *r2 , . . . . , U 



tpil) _. 



(88) 



*^^^ 

where the zeros represent rectangular arrays whose constituents are all zero, 
and 






rr 



<i) 

11 9 



(1) 






X 



(1) 
t^ly 



« . • • , <X/ 






(89) 



That is to say, if 



then 



(5(At-l)*i+l > S(/t-l)«i+2j • • • M 5ai«i/ 



(90) 



/r<') ,r^'> ^('> 

^21 , X22 ,...., .*/2«i 



^<l) ^0) ^(1) 

'*'»il> •*^«i2> • • • • , •*'«i«i 



(|l/ = l,2, , Gi). 



(91) 
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In particular, when x=l (and, as assumed above Ai=A2::^0), if <Ti=1, 



then 



In this case, 



m=s\=n\y w=:5]=ni=jVi. 



0)1 ©1 tOj (^1 , ^2 > • • • • > 5n) — ( ^11 f ^12 > • • • • J ^in j[ S 1 > ^ 2 j • • • • > ^n) • 

•*'21 > '*'22 >••••> •^2» 






Wherefore, by (60), (61), and (62), if 



0)0 = 0)0)1 ^, 



the general transformation X of (? is given by the equation 



X=G)©(i)~^ = (i)0i(i) ^=aio 



^(1) 

^21 1 



^22 3 



<^2 



^(1) ^<1) ^<1) 



«o^; 



and, since the x'^ are arbitrary, there is no flat through the origin invariant 
to (?, which is, therefore, irreducible.* Conversely, if G is irreducible, then 
Ai=A2::^0. For, in this case, by Bumside's theorem,! G contains n* linearly 
independent transformations; and thus m = M*. But since -4i, -^2, . . . ., ^^, 
the maximum number of linearly independent transformations of G are, by (20), 
expressible linearly in terms of the m=w* matrices T^^^fij i/=l, 2, . . . ., w), it 
then follows that the latter are linearly expressible in terms of the ^'s: there- 
fore, the number system (^i, ^2> • • • •> ^m)> being equivalent to a quadrate, 
can contain no invariant nilpotent subsytem; and thus Ai=:A2=^0. 
Let now x>l\ and for l<p<x, see (57), let 



©«=2*' 1 2'» , x^^i^^ 7^> G)=2'' , V* , x^^ Jit>. 



(92) 



Then, by (58), ©p may be regarded as a transformation in the n^ variables 
^jv,.i+i> ^y,.i+2> . . . ., ^y/j and, by what has just been shown (pp. 347-350), it 
follows that a linear substitution co^ in these variables with constant coefficients 
can be found such, if 

(^AVi + l> %iVy-i+2> • • • M ^Ap)=^p®p^p (tiVy_,+l> ?.V,_,+2> . . . ., ^iV,)> (93) 



* See p. 358. A subgroup of the general Unear homogeneous group in n variables is irreducible if, 
and only if, there is a p-flat (l;lp<n) through the origin invariant to every transformation of the sub- 
group. 

^Proo. Lond. Math. Soc, 2d Ser. Vol. Ill (1906), p. 433. 
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that then 



'*'21 9 •^22 >••••> •*'2«p 






(v = l, 2, ,<r-); 



(94) 



that is. 



(O, 



(^ ^-1 — y«» TO T^'f rrp) T 

^P^P — '^ti=:l '^t;«l '^r-l •*'«« -'■ yp_i+y~l*,+ti, yp_j+ir-l»p+w • 



(95) 



The X sets of variables ^a^,+i, ^jir,.,+i> • • ••> fw,> for p=l, 2, . . . ., x, are 
mutually exclusive and comprise all the ^'s. Whence, if 

e = 2;=, 2:'^. SJ'^i «;?.> J?.> = 2;., ©„ (96 ) 

and if 

*=2p=i 2*fLj 2**^1 2^».i ^»i, 2 w,.,+j;3i,^+«, Ar^i+^i«,+e > (97) 

in which case 

*"», 0, ...., 

0, *«', ...., 



* = 



0, 0, ...., *('> 



(98) 



where 



Tp(p) _-. 



ttx y y) y • • • • y U 
Uj Y2 I .... J U 



(p = l, 2, , x), 



(99) 



^^^^ 

the zeros in this matrix (also the zeros in the preceding matrix) representing 
rectangular arrays whose constituents are all zero, and 



af(p)_tfj(p)_ m(p) — 

fl — ^2 — .... *r<ry — 



>r<P> /r^P> 'T^P^ 

•*'ll > •*'12 >••••> •*'l«p 

) •*'2«, 



/r(P> /r^P) 
•*'21 > '*'22 > 



. . . • 



^<P) /*.(?) 



• • > •*'«p«p 



(p=l,2,....,x), (100) 



it then follows that a linear substitution a>o in the ^'s with constant coefficients 

can be found such that 

tOo0a)^'='P. (101) 

Wherefore, if 

X = 2J=, 2:-^. 2;'^, x'-J^ /<?, (102) 

where the x'b are any set of m = 2p=:i s\ scalars, is any transformation of G, and 

then, by (61), 

X=(j0u-'=o''Pu>'-', (104) 
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where the coefficients of o' are constant. That is to say, if 

(^;, ^;, . . . ., ^;) =o'-^xa>'(^„ j,, . . . ., u. (io5) 

then 



•A'Sl > •*'22 >••••> '*'2#, 






(p = l, 2, ,3c; iM=l,2, ,(rj. (106) 



Since the m scalars x^^ (p=l, 2, . . . . , x ; ti, i;=l, 2, , 5^) are arbitrary, 

it follows that the group G^J^^ defined, for l^p^x and l^f^^^pj ^J equations 
(106) is irreducible. Whence it follows that G is completely reducible.* We 
have, therefore, the following theorem. 

Theorem II. If A^ Aij - . * .9 A^is any system of m linearly independent 
linear homogeneous transformations in n variables (w^n*) constituting a hyper- 
complex number system^ so that 

^< J^=2?«iy^*-4*, (t, ; = 1, 2, , m), 

the aggregate of numbers 2S=ia?t-4^. of this number system constitute a group 
which is completely reducible if the discriminant of either of the quadratic 
forms Si(2S=i^<^»)S ^'2(2^1 a?. .4,.)*, or /S(2JLia?<^<)S is not zero {in which case 
the discriminant of neither of the other two forms is zero)j provided the deter- 
minant is not zero of every transformation of the group.f 

§ 2. Conditions Sufficient for Similarity of Two Subgroups of the General 
Linear Homogeneous Group the Coefficients of whose Transformations 

are Linear Functions of Certain Parameters. 

Let Aij A^y . . . ., A^ and B^y B^, . . . ., B^ be two systems of linearly 
independent linear homogeneous transformations in n variables, each consti- 
tuting a hypercomplex number system, so that 

^<^y=2?=iyi^*^*, (i,i = l, 2, . . . ., w), (107) 

5,5^=2?.! yiy, 5,, (i, ;=1, 2, . . . ., m) ; (108) 

*The group O is irreducible if jc=1, 0' = 1. I follow Loewy in regarding the case of irreducibility 
as included in that of complete reducibility. See p. 369. 
fSince, for l<i^m, l<j<fn, 

it follows that Ai is the discriminant of 8i(^^^^XkAjc)*» Similarly, As and v are, respectively, the dis- 
criminants of 82il^^^(Ck^k)^ find's (l^^iXkAic)K 

44 
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and let O and Hy respectively, be the groups constituted by the aggregates of 

transformations 

X=ir=iXiAi, (109) 

T=lZ,y,B,, (110) 

for all systems of values of the x's and the y's. 

The condition necessary and suflBcient that the groups G and H shall be 
similar is that a linear substitution D, with constant coefficients can be found 
such that 

r=2r=iyiB,=2r=ia;,n^,n-^=fixn-s (iii) 

where the x's are determined as linear functions of the t/'s by the equations 

yi=ruix^i+riiXi+ +r^iX^, (»=1, 2, , m). (112) 

Let, first, G and H be similar. Then the number systems (^i , -^g , . . . . , AJ^ 
and {Bi , fig , .... , BJ) are equivalent. For, if 

B',^l^^,r,,B,=aA,D,''\ (t=l, 2, . . . ., m), (113) 

by (111) and (112), it follows that the B"s are linearly independent and that 

B\B',=lUyiikB',, (i,; = l, 2, . . . ., m). (114) 

M oreover, 

SB',=SaAia-'=8A,, (t=l, 2, . . . ., m). (115) 

Conversely, let now the number systems (^i, ^2> • • • •> -^m) ^^^ (^i> ^2> 
. . . . , 5^) be equivalent ; and let Z?I , Bg , .... , 5J^, where 

B',=r,,B^+r,^B,+ .... +t,^5«, (t=l, 2, . . . ., m), (116) 

be m linearly independent functions of the B's such that 

B',B;=XZ,r,i,B,, (t, i=l, 2, . . . ., m). (117) 

Moreover, let 

SB',=SA,, (t=l, 2, . . . ., m). (118) 

Then, as will be shown below, G and H are similar, provided the discriminant 
of the quadratic form liLil^^iXiX^SA^Af is not zero; but not, in general, 
otherwise. For, let 



S Bi Bij . . . . , o B-^ B^ 
SB'^B[, . . . ., SB'^B'^ 



^ A^Aij . . . ., ^ A.^A^ 



T^O. 



(119) 



Then the number system {^A^, At, . . - ., A^) is constitnted by x mutually nil- 
factorial quadrates /i? (u,v=l,2, . . , ., s^) for p=l, 2, . . . ., x; that is, we 
can find 

m=5f+j^+....+s*, («^1), (120) 
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linearly independent numbers of this system, namely, 

7<?>=2jr«aT<?U,, (p = l,2,....,;c; w, i; = l, 2, . . . ., 5,), (121) 

(which we may take as a new system of units) such that 

Tip) r(p) _ 7<p) r(p) /(p) _-n 

(p = l,2, . . . .,x; ti, t;,w;,w;' = l, 2, . . . .,5; w'^w)^ (122) 
7<p) r(«) —0 

(p,g = l,2, ,x; g:^p; ti,i; = l,2, ,5^; w',i;' = l,2, ,5,); (123) 

and we shall then have 

mSiIi^=s^=mS2li^y (p = l,2, ....,x; w = l, 2, . . . ., 5p), (124) 
and 

)57<f>=5z<f^= .... =5Z,^>,, (p = l, 2, . . . ., x).* (125) 

For any system of scalars a?i , a^j ,...., a?„» , 

JSL=2r«ia?,^,=2J.i2;'Li2?^,^?.>/?;, (126) 

where a;i$^ for p = l, 2, . . . ., x and w, t; = l, 2, . . . ., 5p are determined by the 

equations 

x,=^^^llUllUri^>x^^, (i=l, 2, . . . ., m). (127) 

If now 

w5Zi?=(Tp, (p = l, 2, ,x; w,v = l, 2, ,5p), (128) 

and 

^0 = 0, A^p = 5,(Ti + 52(T2+ +5p0rp, (p = l, 2, ,x), (129^ 

it follows, by what has been shown in § 1, that a linear substitution w' with 
constant coe£Scients can be found such that 



where V is defined by equations (98) ; that is, if 



(130) 



then 



(m> f2> • • • •> ^n) — ^' -^^y^lJ ^2j • • • •> fn)> 

= (0^11, 0^12 > . . . ., ^1^ J[^2V^,+ir^l«,+l52»,_,+ir^+2 • • • • ^Nf^i+iT^U,) 
^21 > ^22 > . . . . , X2g^ 

(p = l, 2, ,x; li = l,2j ,(Tp). 



(131) 



a? 



Spl J ^i,2 >••••> ^«»*# 



(132) 



Let 



^?;=2r=,i^,i-B;. (p = l,2,....,x; «,u = l,2,....,«p). (133) 



* Cf . pp. 343, 344 and 34S. 
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Then the m=2p»i4 ^'^ ^^^ linearly independent ; and it follows from equation 

(117) that 

jr<p) ir (p) — Kip) jr(»^ jrcp^ — o 

(p = l, 2, . . . .,x; UfVyWyW' = lj2j....f$j,; w':pw)^ (134) 

(P,3=l»2, ,x; g:^p; w,i; = l,2, ,5^; ti',i;'=:l,2, , 5 J ; (135) 

and, therefore, 

mSiKi^ = Sj,y (p = l, 2, ,3c; t*, i; = l, 2, , 5^). (136) 

For any system of scalars yi , y2 >••••> ym > 

r=zr«iyi«*=2r.ia;.B;=2;.,2?,,2;'^,a^?;2r^^^^ (137) 

provided x^ x^^ . . . .^ x^ are determined by the equations 

yi=ruXj+r^x^+ +r^iOo^y (t=l, 2, , m), (138) 

and x^^ (p = l, 2, . . . ., 3c; m, t; = l, 2, . . . ., 5p) by (127). Moreover, 

nSKi^=n^^^,ri^jB',=n^^^,riVjA,^^ 

(p = l, 2, . . . ., x; ti=l, 2, . . . ., 5j,). (139) 

Therefore, by what was shown in ^ 1, a linear substitution g)" with constant 
coefficients can be found such that 



• • • • 



where V is defined by equations (98) ; that is, if 

(^;,^;,....,^;)=o""^rG)"(j,,^„ 

the ^"s are defined by equations (132). 
Whence if 

it follows that 

that is, G and H are similar. On the other hand, if 



,L), 



140) 



141) 



142) 
143) 



O A\ "^X f • • • • , O ^1 -^m 






= 0, 



the groups G' and H are not, in general, similar. Thus, let n = 4 ; and let G 
denote the linear homogeneous transformation 

CUi,^.,^.,^«) = (0,l,0,0][^i,^,,^„|,). 

0,0,1,0 
0, 0, 0, 1 
0, 0, 0, 
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Let 



^1 = 1, A^=G^; i?i=l, B^=C\ 



Then Ai and A2 are linearly independent, as are B^ and B2 ; and 

Bf = 5i, -B1-B2 =-^2 = ^2^1> i^| = 0. 

Therefore, the number systems (-4i, ^2) and (^j, B2) have the same multipli- 
cation table. Moreover, 

SAi=l=SB^, SA2=0=zSB2. 
But the group 

0, X^yO, X^ 

0, 0, a?i, 
0, 0, 0, a?i 

constituted by the aggregate of transformations X=XiAi+X2A29 is not similar 
to the group 

(^i, ^;, ^;, ^;) = ( yi, 0, 0, y^Ui, ^2, ^„ ^.), 

0,ya,0,0 
0,0,y,,0 
0, 0, 0, y, 

constituted by the aggregate of transformations Y=yiBi+y2B2. 

From what has been shown above we have now the following theorem : 

Theobbm III. If Aif Aij . . . .y A^ and Biy B^y . . . .f B^ are two systems 
of linearly independent linear homogeneous transformations in n variables 
constituting the same hypercomplex number system^ so that 

^i^,.=Sr=iy,y*^4, 5<5^=Sr=.iy^4B4, (i, ;=1, 2, , m), 

and if, moreover, 

SAi=SBiy (i=l,2, ,m), 

then the groups G and H, constituted by the aggregates of transformations 
l^iL^XiAi and 2?Liy<^t) respectively, for all values of the x's and the y's are 
similar, provided 



O ^\ -^1 9 ^ "^1 -^2 9****9 ^ -^1 -^M 

O ^-2 ^1 9 ^ -^2 "^2 9****9 ^ "^i "^M 

^ ^m -^1 9 '^ -4» -42 ,...., o A^ A^ 

but not, in general, otherwise. 



S BiBi, S Bi B2 ,...., S Bi B^ 
S B2 Bi , S B2 B2 ,...., 8 B2 B^ 

^B^Bi, SB^B2y , SB^B^ 



=#0, 
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^ 3. Conditions Sufficient for Complete Reducibility with Respect to a Given 

Domain of Rationality. 

In this and the following sections of this paper, R will denote a domain 
of rationality determined by a finite or infinite number of scalars ; e. g.y R 
may denote the domain of rational numbers, or the domain of all real numbers, 
or even the domain of all scalars real and imaginary. A linear homogeneous 
transformation, 

(§1 > S2 > • • • • > K%) =^^/i«l ^r=sl ^fiw -^ fiwK^l > ^2 > • • • • > S«) 

=^ ( ^11 > ^12 > . . • . J Ci^ jl Si > ^2 > • • • • > 6«) 9 
C2I9 ^22* • • • • > ^2« 



*«1 9 ^»2 >••••> ^iM 

will be said to belong to R or to be rational with respect to R if its coefficients 
are rational with respect to R. I shall assume that the linearly independent 
linear homogeneous transformations Aiy A^^ . . . . , A^ constituting a hyper- 
complex number system belong to R. Then the constants y^^ (i, j, A; = l, 2, 
. . . . , m) of multiplication of the number system (-4i, A^y , . , .^ A^) are rational 
with respect to B.* A number X=2^i 0/^-4,. of this system is a transformation 
belonging to R if, and only if, the re's are rational with respect to iJ.f It follows 

from (5) that the aggregate of numbers of the system {Au A^ , A^) that 

are transformations belonging to R constitute a group. This group will be 
denoted in what follows by 0; and G will, as in ^ 1 and ^ 2, denote the aggre- 
gate, constituting a group, of all numbers Zn»i^<^< whatever of this system. 
The group is obviously a subgroup of G. By what was stated, p. 337, it 
follows that the sum of two transformations of is also a transformation of 0. 
The group is said to be reducible with respect to R if s, linear substi- 
tution a>, one and the same for every transformation X=2JLia;<^^ of G (that 
is, with constant coefficients), can be found such that 

0, Z22 
where Z^, Z22 are square matrices of order p and n — p respectively (1 <p <n) , 

* For the coefficients of the linear equationa (4) are rational with reepect to R; and these equations 
determine the 7's uniquely, since, otherwise, the A's are not linearly independent. 

t Since the A's belong to R, it follows, see equation (3), that a^^ is rational with respect to R for 

i=zl, 2, ,,..,m And ti, p^=^l,2f , n. Therefore, ^iLi^<^^' ^^^ /a, r=l, 2, . .. ., n, is rational with 

respect to R, and thus Z^^d?|A| belongs to R, if the 0's are rational with respect to R. Conversely, if 
X^-^XiAi belongs to R, in which case 2^i^<aSV ^' rational with respect to R for fi, pz=zl,2, . . . ., n, then 
the o^'s are rational with respect to R. For the 0's are then determined by n> linear equations whose co- 
efficients are rational with respect to R; and these equations determine the o^'s uniquely, since, otherwise, 
the A'l are not linearly independent. 



X=2S.i^i-4i=a> 



^-\ 
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Xi2 is a rectangular matrix with p rows and n — p columns, denotes a rectan- 
gular matrix with n — p rows and p columns whose constituents are all zero, 
and the constituents of X^, X12 and X22 are rational with respect to R, Other- 
wise, O is irreducible with respect to R. If 6r is reducible with respect to fi, 
the constituents of a> can be taken rational with respect to i2, since the equations 
determining these constituents are linear with coeflScients belonging to R. 

The aggregate of transformations X^ and the aggregate of transforma- 
tions X22 , for all transformations X of O^ constitute groups 0^^\ 0^^\ respect- 
ively, of linear homogeneous transformations belonging to i2 in p and n — p 
variables, respectively. Either ff"^ or 0^^\ or both, may be reducible with 
respect to R. Ultimately, if O is reducible with respect to fi, a linear sub- 
stitution 0) with constant coefficients can be found (which can be so chosen that 
its coefficients shall lie in R) such that 



X=2JLia?»-4,.=G) 



^) -^22 >••••> -^2« 
u, u, • . . . , JLfin 



6) 



-1 



(144) 



for any transformation X of O^ where the zeros denote rectangular matrices 
whose constituents are all zero, Xi^ , X^ y - - - -j X^^ are square matrices, X12 9 
. . . . , X^_i^ ^ rectangular matrices, whose constituents are rational with respect 
to jR, and the aggregate of transformations X^„ (w = l, 2, . . . ., x) for all trans- 
formations X of Oy constituting a group O^ irreducible with respect to R. 

The group O^ if reducible with respect to B, is said to be completely 
reducible with respect to Rj if g) can be so chosen that 

^iii;=0, (w=l, 2, ,x— 1; v=u+ly u+2y yx); 

otherwise not completely reducible with respect to R. The case in which G is 
irreducible with respect to R may be regarded as comprised in the case of 
complete reducibility, namely, when x=l; and following Loewy, I shall regard 
complete reducibility as embracing irreducibility.* 

Since the coefficients of the transformations A-u Az^ . . - .j A^ of Q are 
rational with respect to i2, it follows that the constituents of the determinant 

AA2A1J 43^2-^2 9 .-.•, AA^A^ ('{4,^\ 



^ -^m -^1 J ^ -^m -^2 >••••> ^ A^ A^ 

are rational with respect to R ; and, since the constants y^^jb (i, ;, A;= 1, 2, . . . . , w) 



*Tran8. Am. Math. 8oc., Vol. VI (1906), p. 506. 
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of multiplication of the number system {Au A^j . . . .^ A J) are rational with 
respect to fi, the constituents SiAiAf and S^AiA^ (t, j = l, 2, . . . ., m) of the 
determinants Ai and A2 are rational with respect to R. I shall now show that 
the group Q is completely reducible with respect to R if v =#= 0, in which case 

For, let v=#=0> ^ which case the number system {Au A^j , A^) con- 
tains no invariant nilpotent subsystem. Either Q is irreducible with respect 
to B, in which case the theorem is true, or O is reducible with respect to R. 
Let it be assumed that O is reducible with respect to R ; and let 

-^11 J -^12 > • • • • > -a.]|f 



-4^ = 6) 



>l (0 A <*> 



G) 



-1 



(i=l, 2, , w), 



(146) 



A <*> 

where co and A^ (t^=l, 2, . . . ., x; t;=t*, t*+l, ....,«) belong to fi. Then 

X^^ = 'ZT^iX^^^vy (w = l,2, ,x; t; = w,w + l, ,gc), (147) 

as will be seen on comparing with ( 144 ) . 

Let the order of the matrices ^2?, AlSiy , A^^ (w=l, 2, • . . ., x) be n„. 

Then 

If now, we denote by /S^*^ A^ for 1 < i < m and 1 < u < x the sum of the con- 
stituents in the principal diagonal of A^^ divided by w„, then, by (25), 

SA,=SL;,-'A,i^=\[n^S'''A^^+n^S'^'A^^+ .... +w.5<'^>^i?], 

(i=l,2, ...., w). (149) 



n 



From (146) and (1), it follows that 



V, -^22 -"» > . . . ., 2t^—f^Ag^A 






J (0 J </) 



v/, v/, • . . . , 

2?=iy<it'^ii 7 2?«i y<^|. -4i2 , . . . ., 2 JLi y<yfc -4iic 

Oj Z?=i y^yi; -422 , . . . ., Z|.«iy<yjfe-42ic 



0, 



0, 



t=l /</* -^KK 

{i,j=l,2, ,m); 



(150) 



and, therefore, 

2U.^iS^^.=2?.,y«»4<*>, (i*=l, 2, . . . ., «; v=u, «+l, . . . ., «). (151) 
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In particular, 



Let now 



-^ttu -^ttw — 2fc=l yii* -^iw 9 (W — 1, 2, . . . ., X). 



(152) 



Bi=^u 



>4 <**> 



Ci) 



-1 



(i=l, 2, , m). 



(153) 



>4 <*^ 

The linear homogeneous transformations B^^ B^^ • • • .^ B^ then belong to i2; 
and, by (152), 

A^^ A^ 



BiB^ = ci 



= (i) 



>4 <*> >4 <'> 

2Jli ytjk -4ii , 0, . . . . , 

0> 2<-,i y^yjfe -^22 > . . . ., 



CJ 



-1 








0> 0> ...., ZfLiyijuAgi, 
= ^k=xYiitBt, (t,;=l,2, ,w). 



G) 



-1 



(154) 



Further, 



SBi=Sa-'BtO=-[niS'''Ai'^+ntS'^'A^+. . . . +n,S<'^ Ai^] = SAi, 

n 

(t=l, 2, . . . ., m) ; 
and, therefore, 

SB,B^=lT^,y,^,SB,=XT^ry,,,SA,=SA,A,, (i=l, 2, . . . ., m). 

Whence it follows that 



(155) 



(156) 



S Bi Bi , . . . . , o Bi B^ 
^B^Bij , SB^B„ 



43 -4^ ill, ••••> 43-4^^, 



:#:0. (157) 



Finally, the matrices B^jB^j • . • •yB^ are linearly independent. For, otherwise 

where the c^s are not all zero, in which case, 

{c^B^-\-c^B^+ -\-c^B^) Bi=Oy (t=l, 2, , m). 

Therefore, _ _ 

CiSAiAi + C2SA2Ai+ +c^8A^Ai 

=^CiS B-^Bi -\- c^S B^B^-^- . • . . -\-c^S B^ B^ 
=S{c^Bi+C2B2+ +c^BJBi=Oy (i=l, 2, , m) ; 

and thus V=0, which is contrary to supposition. 

45 
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We have now shown that the two systems of linearly independent linear 
homogeneous transformations A^, A^^ . . . .j A^ and Bi , fig ,...., 5^ in n vari- 
ables constitute number systems having the same constants of multiplication 
and containing no invariant nilpotent subsystems; and that SAi = SBi for 
t = l, 2, . . . ., m. Therefore, by Theorem ///, a linear substitution cj' with 
constant coefficients can be found such that 

^Z,XiAi=ai'^T^iXiB,(^'-' (158) 

for every system of values of the m scalars x^^ x^y . . . .y x^. Whence, if 



it follows that 



I,^^jXiA = £l 



^<=l**'t-^ll } ^9 . . . . , 



(159) 








0, 



0, 



• • • • J — t«l ^i -^KK 



fl-^ 



(160) 



A fortiorij this is true for all transformations 2n=i^»-4< of G for which the x'b 
are rational with respect to Ry that is for all transformations of the subgroup 
O of G. Whence it follows that O is completely reducible with respect to R. 
We have, therefore, the following theorem : 

Theorem IV. If A^ A^^ ...., A^ are m linearly independent linear 
homogeneous transformations in n variables whose coefficients are rational 
with respect to an arbitrarily given domain of rationality R, and if A^ -4,, 
. . . . , A^ constitute a hypercomplex number system^ so that 

^,^y=2S.iy£i*^&, {h ; = i, 2, , m), 

the aggregate of transformations 2Jlia7^-4<, for all values of the x's rational 
with respect to fi, constitute a group which is completely reducible with respect 
to R provided _ _ 

0^2-^19 2X2^2 7 ...., 0^2'^m -^ A 



SA^Ai, S^AtA, , SA^A^ 



or, what is the same thing, provided 



^l ^1 j3L1 J ^iAiA.2f • . • •, Oj^^j^X 



^lAf^Aij biA^A2f ...., SlA^A^ 



m 



O^^l-a-if 02-^1^4.2, . . . ., 02^1-^,11 
^2-^2 -^l J 02-^2-"2> . . . ., 02-^2'^fl» 

^^A^Aif 02-4^^2> • . • ., 02A^A^ 



#=0, 



i 
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§ 4. Conditions Necessary and Sufficient for Complete Reducibility with 

Respect to a Given Domain of Rationality. 

Employing the notation of the preceding section, let the m linearly inde- 
pendent linear homogeneous transformations A^ A^j . . . . , A^ y constituting 
a hypercomplex number system, belong to R. I shall now assume that V=0; 
and I shall show that then O is reducible, but not completely reducible with 
respect to R. 

Let the nullity of v ^® w© (l<mo< w). There is then a system of just 
mo linearly independent numbers, 

N^=a^iAi+aL^A^+ +a«^^^, (w = l, 2, ,mo), (161) 

of the number system {Au -ij, . . . ., A J) satisfying the equations 

Six^A^+x^A^J- +x^AJAi^ 

=(Cj^S AiAi+XiS AiAi+ .... +x^S A^Ai=Oy (t=l, 2,. . . ., m), (162) 

and constituting a maximal invariant nilpotent subsystem of {Au ^2> • • • -j-^m)-* 
Since, as stated above, p. 359, the coefficients, /S -4» .4^ (i, j=l, 2, . . . ., m), of the 
linear equations determining the N'b are rational with respect to i2, we may 
so choose ^1 , ^2 > • • • • ) ^mo ^^^^ ^^^y shall belong to R. Let the -^'s be so 
chosen. Since they constitute an iiivariant subsystem of {Ai j A^y . . . . , A^) 
it follows that 

KN,=X7^^yiVv>N„y (ti,t; = l,2,....,mo), (163) 

4 

AiN^=l'^iyil^^N^ (i=l, 2, , m; w=l, 2, , mo), (164) 

where, since Au A^y . . . .^ A^ and Nu N^y . . . .y N^ belong to /?, the y's are 
rational with respect to R. 

The linear homogeneous transformations 1, Niy N^y . . . .y N^ are linearly 
independent! and by (163) constitute a number system (of which 1 is the 
modulus) whose constants of multiplication are rational with respect to R; 
and thus, since Niy ^2> • • • •> -^m, belong to B, the aggregate of transformations 

r=yo+2;:^iy«^«, (165) 

for any systems of scalars t/o > ^i > • • • • > ym« rational with respect to /?, consti- 
tute a group H of transformations belonging to R. Since Niy N^y . . . .y N^ 

■ " ■-■■■ I ■■ ■ ■■ .M-i y ■■■■-IP !■ -■»■■ ■» JF^^^— ■■■ I ^m ■■■»■ m^ ■■ ■ ■ ^1 ■ ■■!■ » ■■>— ^^ ^^^^^ ■ » ■ ■ ,1 ■■■■■■__■» 

* Sec p. 343. 
t For if 

then 

co = 0o8l + 2^iC«Sy<=/S(col + X^JiCiNi) =0. 

Therefore, Z^jCiNizzzQ; and thus 
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are transformations of <?, the group jff is a subgroup of O. Prom Theorem F/, 
proved in the next section, it follows that a linear function, 

N=c^N^ + c^N^+ . . . .c^N^zfzO, (166) 

of the ^^s with coefficients rational with respect to i2, can be found such that 

N^N=0, (w=l, 2, , Wo) ; (167) 

and that a linear substitution a can be found whose coefficients are rational 
with respect to R such that 

(tt=l,2, ...., Wo), (168) 



N, = o 



fc^*> 



0, 0, , 



G) 



— 1 



where the b's are all rational with respect to Rj in which case 

0, bi2y . . . . , 6i„ 



0, 0, ....,& 



2» 



0, 0, , 



co-S 



(169) 



where b^, (/m = 1,2, , w— 1; v=:fi+ljfi+2y , n) is rational with respect 

to R. By the aid of this theorem, we may now show that O is reducible with 
respect to R. 

Thus let X = 2S=i^<^i, where Xi^Xf, ., 
to Rj be any transformation of ; and let 

i3ii(a;), ^12(0;), 
^21 (^), ^22 (^), 



. , rr^ are rational with respect 



G) 



X(o = 






(170) 



Then ^u{^)j ^n{^)j • • • •» i^nnC^) are rational with respect to R. 
By equation (164), 

= 2,^x SJii 2^1 Xi c„ y,«, 2^, = 2^1 a?; xV, , 



provided 
and, therefore. 



xl=lZiX'^iiXiC^yi^^y {v=ly 2, , mo) ; 



(171) 
(172) 



(173) 
Whence it follows that every constituent of g)"^ X g> • o"^ N(d in and below the 
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principal diagonal is equal to zero, since this is true for i^ix'^ur^N^u. That is, 

(/!i=2,3, ,n; v=2,3, ,^). (174) 

Not every constituent of ur^No is zero, since otherwise ^=0. We may, 
therefore, assume that fcxr'=#=0 for l<v'<n and X<v\ 

Therefore, not every coefficient is zero in the linear relation we obtain from 
(174) by putting v=v\ That is to say, the same linear relation, rational with 
respect to iJ, obtains between the first v' — 1 constituents of the fi-th row {fi^v') 
of every transformation of the group of linear homogeneous transformations 
6)~^Za) belonging to R. But then by Maschke's theorem, this group is reducible 
with respect to R. * Whence it follows that O is reducible with respect to R. 
That is to say, if -4i, -42, . . . ., A^ are m linearly independent linear homo- 
geneous transformations which belong to R and constitute a hypercomplex 
number system containing an invariant nilpotent subsystem^ the group of 
transformations belonging to R constituted by the aggregate of transforma- 
tions ^iLiXiAiy for all values of the x's rational with respect to fi, is reducible 
with respect to R. 

If possible, let O be completely reducible with respect to R. Then, 
employing the notation of ^3, for any transformation of O (that is, for rri, 
O/j, . . . ., o;^ rational with respect to fi), we have 

2<=i^i-4ii, 0, . . . ., 



X = 2<li XiAi = G} 



(^-\ (175) 



O, 0, . . . ., z,{-iXiAg^ 

where o and the matrices A^ for t = l, 2, . . . ., m and ti=l, 2, • . . ., x belong 
to fi, and the group O^ (1^^^*) of linear homogeneous transformations 
I.iLiXiA^^ for values of the x's rational with respect to R is irreducible with 
respect to R. 

* Math. Ann,, Vol. LII (1889). In thia paper Maschke doefl not refer explicitly to a domain of 
rationality. But, in the proof of the theorem given therein, p. 366, he shows that, if a non-diagonal con- 
stituent is zero throughout in the matrix of a group of linear homogeneous transformations, the group is 
reducible with respect to the domain of rationality in which the coefficients lie. 

Let now X^^* denote the matrix or linear homogeneous transformation w^Xw whose constituent in 
the u-th row and v-th column is /3«o(«) (u, 17 = 1, 2, . . . ., n) ; and let w denote the linear substitution defined 
by the equations 

(♦=1, 2, , X — 1, X+ 1, , y' — 1; y=0, 1, , n — r'). 

Then "Z belongs to R; and each of the group of transformations w-^X^^^w (for all transformations Xof O) 

belongs to R, Let ii>^p'' Then, since Z^!r^^&<r'^/i<(«) =0, it follows that the constituent in the /A-th row 

and X-th column of the matrix of u-'^X^^^w is zero throughout. Therefore, by Maschke's theorem, this group 
is reducible with respect to R; and thus the group of transformations X^^^zzzf^-^Xw is reducible with 
respect to R, 
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Let l<M<x; and let m^{l<m^^m) be the number of the linear homo- 
geneous transformations -4^1,^ Af^y . . . . , ^iJ^ that are linearly independent. 

Without loss of generality, we may assume that AS^y -4S?7 , -^iJ*^ are 

linearly independent ; and then 

^ (:-+*> = cft>^<L> + cir^il^ +....+ 41 ^i:^^^ (fe=l,2,....,m-mj, (176) 
where the c's belong to R. Wherefore, by (152), 

Auu -4«M = 2?«i yifk A^^ 

= Zfti yiJ^Ai"^, (t, ;=1, 2 , m.), (177) 

provided 

yi;»'=y«*+2?jr'yu.«.+»cli"*, (t, ;,*=!, 2 ,m.). (178) 

Whence it follows that the linear homogeneous transformations A^^, A^, .... * 

* 

Aiu*^ belonging to R constitute a number system whose constants yjfi (t, ;, k= 
1, 2, . . . ., m^) of multiplication are rational with respect to R. From (176) 
it follows that the group O^ is constituted by the aggregate of numbers 
I^T^iX^A^ of this number system for values of the oj's rational with respect 
to R. For this number system the determinant 

^u) j(i> A a) S(«i) J a) A<io 

Kj xx nil .£& nil , • • • • , Kj XX nn xjl nn 



r<«) 



=^0; 



(179) 



.OU) J(mJ J(l> ,C(«) J(m«> J(mJ 

A./ XX nn xXnti y • • • ■ , a.' xxnn ^^w 

that is, this number system contains no invariant nilpotent subsystem. For 
otherwise, by the theorem just proved, it. follows that G^ is reducible with 
respect to R. Therefore, there is no number 2Si b^ A^^ of this number system 
whose product with every number of this system is nilpotent. A fortiori^ 
there is no transformation 2S=i6<-4i2 of G^ whose product with L^^iX^A^ is 
nilpotent for every system of values of the x'q. 
Let now 

N=^TliC.N^=^^iilT^iC^oLuiA=^T^il>iAi. (180) 

Then, by (175), 



N=u 



• • • • 











0, 



0, 



. . . . , -i<«i Ui -Ajj^ 



Q 



— 1 



(181) 



Since, by (163), 






(182) 
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is expressible linearly in terms of the units of the nilpotent subsystem (^], N2, 
. . . ., N^)j it is nilpotent; and thus aT^Xwar^Nu is nilpotent for any system 
of scalars O/j , ajj ,...., rr^ . Whence, for each integer u from 1 to x, it follows 
that some power of the product of 2JLia?i-4S2 and 2JLi6t-4i2 is zero for any 
system of scalars a:, , rr^, . . . ., a;^ ; and thus, either the product of 2Jliir<^S2 
and 2n=i6»-4il2 is nilpotent for every system of scalars ^Ci, a?2) • • • •> ^«j which 
as shown above is impossible, or SS-i^t -4^2=0. But it cannot happen that 
2JLi6,w4i2=0 for w=l, 2, . . . .,x; for then, by (181), ^=0, which is contrary 
to supposition. Wherefore, the hypothesis is absurd, that is completely 
reducible with respect to R. 

From the theorem on p. 362 and what has just been proved, we obtain the 
following theorem : 

Theorem V. // -4i, -ig? • • • ., -4,^ are m linearly independent linear homo- 
geneous transformations in n variables that belong to an arbitrarily given 
domain of rationality R and constitute a hypercomplex number system^ so that 

il<^y=2?«iy<,tu4jfc, (i, j = l, 2, , m), 

the group Q of transformations 

for all values of the x's rational with respect to fi, is completely reducible 
with respect to R i/, and only i/. 



andj therefore^ if and only ify 

SiAiAiy SiAiA^f ...., 01-^1-4,^ 
SiA^Aiy biA^A2y . . . ., oi^2^^ 

SiA^Aiy OiA^Aiy ...., OiA^A^ 



. . ., oA^A^ 



=#0; 



b^AiAiy b2AiA2y 

^2-^t-^lJ '^2'^2"^2> 






SiA^Aiy SiA^A^f ...., 02^1^-4^ 



=^0. 



§5. 

As above, let the m{m>l) linearly independent matrices Aiy A^j . . . ., 4^ 
constitute a hypercomplex number system, so that 

4<i4y=2?«iy<y*ilt, (i=l, 2, , m) ; (183) 

and, as in ^4, let Aiy A^j . . . .>, A^ belong to R. Then the constants y^^^ 
(t, J, A;=l, 2, . • . . , w) of multiplication of the number system (4i, -42* • • • • > -4«) 
belong to R. I shall now assume that this number system contains but one 
idempotent number, the modulus 1. 
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In the Transactions of the American Mathematical Society^ Vol. XXXIV 
(1904), pp. 529, 540, and 547, I have shown that in any number system, as 
{Aiy wijj • • • •> ^m)> thfl^t contains a modulus but no other idempotent number> 
we may introduce new units — namely, the modulus, 

l = af>A + a^*^M2+ .... +<'M,, (184) 

and m—1 nilpotent numbers, 

2V',.=Tii^i+T2^^2+ +r^iA^, (i=l, 2, , m—1), (185) 

constituting an invariant nilpotent subsystem by a transformation rational 
with respect to the domain of rationality of the constants of multiplication of 
the system ; and that there is a linear function, 

N=c^Ny+c^N^+ .... +c^»i2V'^_i:/=0, (186) 

with coefficients rational with respect to this domain, such that 

N,N = 0=NNi, (i=l, 2, . . . ., m). (187) 

For such a transformation of the number system (Ai, A^y ..•., A^)j the 
coeflScients af\ r^^, c^ for i=l,2, . . . ., m and ^==1,2, . . . ., m — 1, being rational 
with respect to the domain of rationality of the constants of multiplication of 
this system, are rational with respect to R. And, therefore, since the A'^ 
belong to /?, it follows that N and the new units 1, ^i , ^2 > • • . • > ^m-i belong 
to R. Whence it follows that the group O of transformations belonging to R 
that are numbers of the system (-4i, A^^ ... ., A J) is constituted by the 
aggregate of transformations 

Y=y,+^TJ^y,N, (188) 

for ,Vo > yi > . . . . > ym-i rational with respect to R. Let 

N,N, = XTlhSiN,, (i, ;=1, 2, . . . ., m-1). (189) 

Then y»,t> ^or t, j, A: = l, 2, . . . ., m — 1, is rational with respect to R. 

Since N belongs to R, and since N is nilpotent, and thus every root of its 
characteristic equation is zero, a linear substitution co belonging to R can be 

found such that 

0, 612 > • . . . > &i» 
0, 0, . . . . , 02» 



N = ^ 



w-', (190) 



0, 0, , 

where the h'a are rational with respect to R. Let 

r = t/o+2r=.Vy.^<, (191) 
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where the y's are rational with respect to fi, be any transformation of O; 
and let 



(0"^ 7 (o=yo + ^TJi Vi o)"^ ^t ^ = 



^nl(y), ^n2(y), , Pnn{y) 



(192) 



Then i8^r(y)> f<>r |M, >' = 1, 2, . . . ., n, is rational with respect to JR. Since, 
by (187), 

= (o-Myo+2r=Vy,2^,)2^Si 

=yoa)""'^^, (193) 

it follows that the constituent in the fi-ih row and v-th column of co"^ 7(o • c5"Wa> 
is zero, provided v<fi] for this is true of co^^^co. Therefore, 

^Ai(i/) ^ir+ — +Pfi\iy) K+ — +/?A.r-i(y) 6r-i,r = 0, 

(^=2, 3, . . . ., n; v=2, 3, . . . ., /£). (194) 

Not every constituent of l^^^Nti is zero, since otherwise^ = 0. We may, 
therefore, then assume that b^y^O for l<r'£n and X<v'. Therefore, not 
every constituent is zero in the linear relation we derive from (194) by putting 
v = v'i and thus the same rational relation with i^espect to R obtains between 
the first v' — 1 constituents of the (ith row {fi^v') of every transformation 
of the group of linear homogeneous transformations a)~^r(o belonging to R. 
But then, by Maschke's theorem, this group is reducible with respect to JR.* 
Wherefore, O is reducible with respect to R. That is to say, if A^ Azj . . . -yA^ 
are m{m>l) linearly independent transformations which belong to R and 
constitute a hypercomplex number system containing a modulus but no other 
idempotent number, the group constituted by the aggregate of transformations 
2jLi^i-4< for all values of the x's rational with respect to /?, is reducible with 
respect to R. 

We have now shown that it is possible to find a linear substitution q 
belonging to R such that, for any transformation 7=yo+S^l^y<^,- of O, that 
is, for t/o > 2/i 7 • • • • > ym-i a^y system of scalars rational with respect to JB, 

-«^^ii ) ^n > • • • • > J-iK 
Y Y 



T=y,+I,T-i'y,Nt=c» 



<o-\ 



(195) 



U, U, . . . . , J: |(x 

where Y^^ for t* = l, 2, . . . ., x and v = u,u + ly . . . .,x are matrices whose con- 
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* See note, p. 365. 
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stituents lie in fi, and, for 1^m<x, the aggregate of transformations Y 
belonging to R constitute a group O^ irreducible with respect to R. 
Let 

-^^ 11 > ^^U y • • . M ^^U 



Ni = o 



"» ■" M f • • • •) -Wj, 



o-\ (t=l, 2, ,w— 1), (196) 



where N^*^ (w=l, 2, . . . ., x; v=Uj u+lj . . . ., ae) is rational with respect to R; 
and, for 1 <u^x, let 1^ denote the identical transformation of the group Q^ 
of transformations F^„ . Then 

y««=yoi«+2nri'y,^<2, (t*=i, 2, . . . ., x), (197) 

r«,=2r.l^y,Ari?, (m=1,2, ....,gc; v=u+l,u+2, . . . .,x). (198) 
From (189) it follows that 

(t,; = l,2, ....,m— 1); (199) 

and, therefore, 

N<2Ni2 = XTli'r^iNii\ (t, j = l, 2, . . . ., m~l ; i^=l, 2, . . . ., x). (200) 

Let l^u<x; and let w^(0^m^<w — 1) be the number of linear homo- 
geneous transformations -^^1,^ N^^y . . . . , N^^^^ that are linearly independent. 
We shall now show that m^=0. For, if possible let m^>0, in which case we 
may assume with loss of generality that N^^j N^^^ . . . . , Ni"!^ are linearly 
independent; and thus 

Ar<^+*>==4«>2^a>+4?>2^<l>+....+(?<^^^^ (/^=1,2, . . . ., m-mj, (201) 

where the c's are rational with respect to R. From (197) it then follows that 
the group 0^ of transformations belonging to R is constituted by the aggregate 
of numbers yo+^i^ijfi^^ for values of the y's rational with respect to R; 
and, from (200), that N^^j N^^^ . . . ., ^i^-^ constitute a hypercomplex number 
system.* This system is nilpotent. For 2J^it/»^» and, therefore, DJ^i t/< g)~^ ^,. g>, 
is nilpotent, for every system of values of the y's. Whence, by (196), it follows 
that ^.T^iPiN^ is nilpotent for every system of values of the y's. The linear 
homogeneous transformations 1^, Ni^^y N^^j . . . . , -A^£j-^ are linearly independent 
and constitute a number system with but one idempotent number, the modulus 
1^. t Therefore, by the theorem proved p. 369, the group O^ of transformations 
belonging to R constituted by the aggregate of transformations yo+^T^iyi^uif 



* Cf . p. 386. 

tSee note, p. 363; also p. 372. 
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for values of the y's rational with respect to i?, is reducible with respect to fi, 
which is contrary to supposition. Therefore, m„=0, and thus 

Ni2 = 0, (i=l, 2, .... , w-1) ; (202) 

whence follows 

Y^ = yoluy {u=h2,....,x). (203) 

The order of the matrix 1^ is equal to unity; otherwise, O^ is reducible 
with respect to R. Since this is true for each value of u from 1 to x, it follows 
that each of the matrices Z,^ (w = l, 2, . . . ., x; t; = w, w+1, . . . ., x) is of 
order one. Whence it follows that x=n; and, by (203), 

r„« = yo, (ti = l,2,....,n). (2(U) 

Again, by (196) and (202), 



Ni = u 



0, bi2 , . . . . , 6in 

0,0, . . . . , &£„ 

0, 0, , 



6) 



— 1 



(i=l, 2, . . . ., w — 1), 



(205) 



where the 6's are rational with respect to R. Wherefore, by (195), 



T = y,+XTJi'yiN,= 



Q 



0, yoj 



V«-l-y 1,(0 



0, 



0, 



«... 



yo 



6) 



— 1 



(206) 



The group O can not be completely reducible with respect to R, 
it would then be possible to choose a so that 

Y^^=zO, (w=l, 2, . . . ., ae; t;=tt + l, i/ + 2, , ae) ; 

and we should then have 

^H9 0, . . . . , U 



For 



T = yo+^TJi'yiNi = ^ 



^J •*■ 2Ay • • • ' 9 " 



6) 



— 1 



U, U, • . . . , J: j(| 

But it has been shown that Y^^=yolu for m = 1, 2, . . . ., x; and we should then 
have Y=yoj which is contrary to supposition, since m>l. 
We have, therefore, established the following theorem : 

Theobem VL // -4i, -4a, . . . ., A^ are m (m>l) linearly independent 
linear homogeneous transformations belonging to an arbitrarily given domain 
of rationality R and constituting a hypercomplex number system with but one 
idempotent number^ the modulus 1, there is then a system of just m — 1 linearly 
independent linear functions^ 

Ni = rf^A^+r^A^+ +t,.«4«, (t=l, 2 , m— 1) 
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of the A's with coefficients rational with respect to Rj constituting a maximal 
invariant nilpotent subsystem of {Au -^g, . . . ., A^) ; and there is a number of 
the subsystem, 

where the c's are rational with respect to R, such that 

NNi=0=NiNy {i=l, 2, . . . ., m—1). 
Moreover, a linear substitution A belonging to R can be found such that 



N, = Cl 



\J, O12 , . . . . , Uin 
I), I), . . . ., U2n 



0, 0, , 



n-s 



where the b's are rational with respect to R. Whence it follows that the group O 
of transformations belonging to R constituted by the aggregate of transforma- 
tions XiLiXiAi for all values of the x's rational with respect to R, is reducible 
but not completely reducible, with respect to R; and is similar to the group of 
transformations belonging to R constituted by the aggregate of transformations 
defined by the equations 

^A=yo^/i+2;=;i+i2S.l'y<6i^^,, (/i=l, 2, . . . ., n), 

for all values of the parameters yo, yi, . . . ., y^^i rational with respect to R. 

A special case of this theorem is that for which ^1^=1, and A^, A^, , 

-4^_i constitute a nilpotent subsystem of {A-^, A^, . . . ., A^). For this system 
contains no idempotent number except the modulus 1, as may be shown as 
follows : Let 

be idempotent. Then 

A'=ci!i,+2a^lT^;^a,A,+ {l.TJ^a^A,Y=a^+^^ 

Therefore, aj^=a^, since A-y, A^, . . . ., A^_i constitute a subsystem of {A^, A^, 

....,A^). Since this subsystem is nilpotent, 2^l^a<-4»- is nilpotent. But 

there is no linear relation between the powers of a nilpotent number. Whence 

it follows that 

(2a«-l)2-l}a,4, = 0; 

therefore, since 2a^ — 1=#=0, 

ai=a2= .... a^_i=0, 

and thus A = aL^A^=aL^l. Wherefore, a^=l, and thus A=A^=1\ other- 
wise, ^=0. 



On Sextic Surfaces Having a Nodal Curve of Order 8* 

By C. H. Sisam. 



1. In an article in this Journal (Vol. XXXVII, p. 445), I have discussed 
sextic surfaces whose plane sections are of genus 1. In this paper, non-ruled * 
sextics whose plane sections are of genus 2 are considered. 

2. It is known f that such a surface is rational and that it is generated 
by a pencil (faisceau) of conies. ' The developable of the planes of these conies 
is of class 3. For, the section of the surface by a generic plane n is an 
hyperelliptic sextic curve. The section by n of the system of planes of the 
generating conies is the system of lines joining corresponding points of the g'z 
on the sextic. The involutorial (6, 6) correspondence of the lines of any pencil 
in n such that corresponding lii^es pass through pairs of points of g'^ has twelve 
coincidences. Six of these arise from coincidences of g'^. The other six (in 
pairs) are due to lines in the pencil which join corresponding points of ^2* 

3. The system of conies on the given sextic surface is thus the locus of 
the conic of intersection of corresponding surfaces of thie systems t 

L^k\+Liklk^+L^kjcl+Ljcl=0, (1) 

L^L,kl+Qk^k^+L,L,kl=0, (2) 

where L<=0 is the equation of a plane, Q=0 is the equation of a quadric and 
ki , kf are parameters. 

4. Six Conies of the System are Composite. The condition that a conic 
of the system id composite is that its plane (1) touches th^ corresponding 
quadric (2). If we write the equation of a quadric (2) in plane coordinates 
and impose the condition that the corresponding plane (1) satisfies the result- 
ing equation, we obtain an equation of degree 12 in A^i and k2. It has an 

* For the discussion of ruled sextics whose plane sections are of genus 2, see Snyder, in this 
Journal, Vol. XXVII, pp. 77>102, 173-188, where other references will be found. 
tCastelnuoYO-l^nriques, Math. Afunalem, Vol.XLVIII, p. 308. 
t Compare an article by the author in this Journal, Vol. XXX, p. 99. 



L^U 


Q 


L,U 


L^U-Q 


L,Li LtL, 


L,L, 


L^L, 


LJjt — LiLj 


UU-Q 



374 Sisam: On Sextic Surfaces Having a Nodal Curve of Order 8. 

extraneous factor fcjfcj . The six values of ki/k^ which make the residual factor 

zero determine the composite conies of the system. 

5. The given system of conies is also defined by (1) and any one of the 

systems of surfaces 

{L,L,-Q)lc[+ {L,L,-LJj,)hk,+L,L,J4=0, (3) 

L,L,kl+ {L,L,-L,L,)k,h+ (LsLe-g)A|=0, (4) 

{QL,+L,Ll-L,L,L,)k^+ {QLs+L,Ll-L,L,L,)k,=0. (5) 

If the coordinates of a point on the surface are substituted in (2), (3) and 
(4), the resulting equations in ki/k^ have a common root. By eliminating ki 
and ki from these equations we obtain at once the equation of the surface : 



=0. (6) 



6. For points on the double curve, equations (2), (3) and (4) have both 
roots equal. Hence, the double curve lies on all the quartic surfaces deter- 
mined by equating to zero the first minors of (6). 

7. At a triple point of the surface, equations (2), (3) and (4) are satis- 
fied identically. There are two such points, defined by 

Ls=L,=Q=0. (7) 

8. For points on the double curve, (5) is satisfied identically; so that the 
double curve of (6) lies on all the cubic surfaces of the pencil (5). The triple 
points (7) are double points on these surfaces. The residual basis curve of 
the pencil is the line Li=OL^=0 joining the triple points. The octavic com- 
ponent of the basis curve of (5) has the points (7) as triple points. It is of 
genus 3 since* its projection on a plane from a triple point is a quintic curve 
with a triple point and no double points. 

9. The complete intersection of a cubic of the pencil (5) with the given 
surface (6) consists of the double octic and a generating conic. It follows at 
once that if C^ is a curve of order n on the given surface, a the number of its 
intersections with the double curve and ^ the number of its intersections with 
a generic generating conic, then 

a+^=3n, 

since a+i^ is the number of its intersections with a generic cubic surface (5). 

* This result also follows from the vanishing of the numerical genus. Gf . Gastelnuoyo-Enriques, 
loe. oit,, p. 312. 
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In particular, the right lines on the surface (Art. 4) are trisecants of the 
double curve. The generating conies intersect it in six points. 

10. Denote the equation (6) of the given surface by <l>=0 and those of 

two cubics of the system (5) by 4>i=0 and ^^=0. The surfaces of the linear 

system oo* 

^i^+^^\+^ih!p2+K^l=0 (8) 

all have the double curve of <l>=0 as double curve. Every sextic surface on 
which this curve is double belongs to the system (8). For, its residual inter- 
section with F=0 breaks up into two conies of the system (1), (2) since the 
conic of the system through a generic point of the residual intersection has 
thirteen points in common with each surface (Art. 9). The surface in ques- 
tion thus belongs to the pencil of sextics defined by <I>=0 and a pair of cubics 
(5) and hence to the system (8). 

It follows that, through a generic point of space, there passes a single 
conic which intersects the double octavic in six points. Every such conic lies 
on a cubic of the pencil (5). Its plane intersects the cubic on which it lies in a 
right line which intersects the line L^=OL^=0 joining the triple points. The 
locus of this residual line is the ruled quartic 

Every plane tangent to this ruled quartic contains a conic of this doubly 
infinite system of conies. 

The locus of the composite conies (Art. 4) on the system of surfaces (8) 
is the scroll of trisecants of the double octavic. This ruled surface has the 
octavic as sixfold curve. Its complete intersection with a surface (8) is the 
octavic and the six composite conies on the surface. It is of order 18. 

11. Since the double octavic has two triple points and is of genus 3, the 
quartic surfaces which contain it form a linear system 00® (cf. Art. 6). The 
residual octavic of intersection of such a quartic with <l>=0 intersects the 
generating conies in two points (Art. 9), and the double octavic in twenty-two 
points. It is of genus 3. 

12. The quartic surfaces of the system of Art. 11 which contain one 
component of each of three composite generating conies of JP=0 form a bundle 
of quartics since the three lines are trisecants of the double octavic. The 
residual intersection of a quartic of the bundle with <I>=0 is a quintic which 
intersects the generating conies in two points and the double octavic in thirteen 
points. It intersects each of the basis right lines of the bundle in two points. 
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For, a generic plane through such a basis line intersects 4>=0 in a qnintic and 
the given quartic surface in a cubic. Ten intersections of this quintic and 
cubic lie on the double octavic and one on each of the other two basis lines of 
the bundle so that only three are points of intersection of the given space 
quintic with the given plane. 

The given quintic thus intersects any other quartic of the bundle in a 
single point not on the basis curve. Hence, any two quartics of the bundle 
determine uniquely a point on the surface. Moreover, a generic point on the 
surface is uniquely determined in this way, so that a system of parametric 
equations of the surface are determined by solving the equation <I>=0 as simul- 
taneous with 

'^1 '^2 '^9 



?i fi ?; 



f 9 



(9) 



where t|/i=0, t|/2=0, 4^8=0 are three suitably chosen quartics of the bundle. 

13. Let 

^i=/;(^;,^i,^;) i=i,2,3,4 (lo) 

be the parametric equations of the given surface obtained in this way. The 
curves XuJi{8')=0 which correspond to the plane sections of <t>=0 are quin- 
tics (since to a generic line in the parametric plane corresponds a quintic on 
<I>=0) of genus equal to that of the corresponding plane sections (Art. 1). 
By a suitable birational transformation of the plane, they may be transformed 
into a system of quartic curves having a common double point. 

14. Let such a birational transformation be effected and let 

a?*=/.(^,^.,^.) »=1,2,3,4 (11) 

be the resulting parametric equations of the surface. Denote the fundamental 
double point of the quartics 2Wi/<(0 =0 by Pq- Since a right line has just six 
points in common with the surface, these quartics have 4* — 2* — 6=6 simple 
points in common. Denote these points by Pi , P2 > ••••>-?«> respectively. 

Let P0P1P2 be chosen as vertices of the triangle of reference in the ^-plane 
so that 

+ a^e2^s+a,£l^,+a^eiQ+chi^ie29 i=h 2, 3, 4 (12) 
where the coefficients are chosen so that P^PiPiPt also lie on the curves 
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15. To the pencil of lines through Pq corresponds the system of conies 
which generate the surface. Thus, to the line ^2^1 =^1^8 corresponds the conic 

+ {a7Mh+(hJclkl+a^k^1(i)^^. i=l, 2, 3, 4 (13) 

The six composite conies (Art. 4) of the system (13) are determined by 
the lines joining P© to P<(i=l, 2, . . . ., 6). One component of such a conic 
corresponds to the line PoPi , the other, to the fundamental point* P,- . There 
are, in general (cf. Art. 34), no other right lines on the surface. 

16. There are, on the surface, thirty-two conies which do not belong to 
the system (13). One of these corresponds to Pq (cf. Clebsch, loc. cit.) in such 
a way that to each direction through Pq corresponds a point on the conic. 
Fifteen correspond to the lines joining the simple fundamental points in pairs ; 
fifteen, to the conies through Pq and four simple fundamental points. One 
other corresponds to the cubic which has a node at Pq and passes through 

* 1 > * 2 9 • • • • > -^6 • 

Each conic of the generating system (13) intersects each directrix conic 
in a single point. In particular, just one component of each composite conic 
intersects a given directrix conic. Denote the components of one of these 
composite conies by the symbols 1 and 1', of another by 2 and 2', etc , in such 
a way that the six lines 1, 2, 3, 4, 5, 6 all intersect the conic corresponding 
to Po. If we put, in all possible ways, primes on an even number of the sym- 
bols 1,2,3,4,5, 6, we determine 2* — 1 other sets of six lines on the surface 
such that all the lines of the set intersect a directrix conic. Let each such set 
of six symbols be used to indicate the directrix conic which intersects the cor- 
responding lines. These thirty- two symbols individualize the thirty- two direc- 
trix conies. 

Two directrix conies whose symbols have 2k corresponding component 
symbols unlike intersect in k — 1 points as may be seen by counting the inter- 
sections, not at fundamental points, of the corresponding curves in the ^-plane. 
Each directrix conic is intersected twice by just one other such conic, the one 
whose component symbols are all different from those of the given conic. Of 
two such pairs of conies, as, for example, 1 2 3 4 5 6, 1' 2' 3' 4' 5' 6' and 1' 2' 3 4 5 6, 
12 3' 4' 5' 6', each conic of each pair intersects a single conic of the other pair. 
Given two non-intersecting conies, there are eight other conies which do not 
intersect either of them. Six directrix conies can be chosen (in thirty-two 

* Clebsch, Math. Annalen, Vol. I, p. 266. 
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ways) so that no two intersect. Any five of six such conies intersect a right 
line lying on the surface. 

Four directrix conies can be chosen in such a way that each intersects all 

the others just once. There are -^ — ^r—r. — j- =120 tetrads of this type. 

1 • 2 • o • 4 

17. The surface is generated by thirty-two linear systems of cubic curves. 
These systems of curves correspond to the six pencils of lines with vertices at 
P^(t=l, 2, . . . ., 6), the twenty pencils of conies through Pq and three P<, the 
six pencils of cubics which have a double point at Pq and pass through five Pi . 
These thirty-two systems are characterized, in the notation of the preceding 
article, by putting primes on an odd number of the symbols, 1, 2, 3, 4, 5, 6. 
Two cubics which belong to systems having 2k component symbols unlike 
have k points in common. In particular, cubics belonging to the same system 
(fc=0) do not intersect. Each directrix conic intersects the cubics of any 
system which has 2k +1 symbols unlike the symbol of the conic in X; points. 
The generating conies intersect the cubics of each system just once. 

There are twelve cubics on the surface each of which intersects each 
generating conic in two points. Six of these correspond to the six. conies 
determined by five fundamental points Pj, P,? • • • • > ^a» The others correspond 
to the cubics which pass through Po, have a node at one of the points 
Pi , . . . . , Pe and pass simply through the other five points. Each of these 
twelve cubics intersects one right line on the surface twice, the line coplanar 
with it not at all, and each of the remaining right lines on the surface once. 

18. There are thirty-two linear systems each oo* of rational quartics on 
the surface. One such system corresponds to the right lines in the ^-plane, the 
others to the systems of curves which can be transformed into the right lines 
by birational transformations that transform the curves 2w</i=0 (Art. 13) into 
quartics. All the quartics of each system intersect six lines on the surface 
which intersect a directrix conic (Art. 16). 

There are sixty pencils of rational quartics which intersect the generating 
conies twice. Any two non-intersecting lines on the surface determine such a 
system in such a way that the quartics of the system intersect each of the given 
lines twice. 

There is a single linear system oo' of quartics of genus 1 on the surface. 
It is determined by the system of cubics which pass through Po , Pi , . . . . , Pe . 

19. The genus of a non-multiple curve of order n on the given surface 

• /^ 2)^ I 9 

can not exceed the greatest integer in =— . This limit is attained for 

all values of n. 
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Let C^ be the given curve of order n and let C^ , the corresponding curve 
in the ^-plane, be of order m and have a point of multiplicity o^ at the funda- 
mental point P..(i=0, 1, ,6). Then 

4m— 2ao— (ai+a2+a8+a4+a5-f-ae)=n, 

since to each intersection of G^ with a generic plane Xu^i=0 corresponds an 
intersection, not at a fundamental point of C^ with Xuji=0. 

The curves C^ and C^ are in (1, 1) correspondence. Hence, the genus of 
C^ is not greater than 

(m— l)(ni— 2) _ I Oiiai—l) 
2 iZo 2 ' 

This function has its greatest value when 

2n— 1 n+1 , 4n+l 

ao= — ^ — ai=<X2=a8=a4=a5=ae= ^ whence m= — ^ — . 

O 

The value of the function for these values of the variables is j^ so 

that the genus can not exceed the greatest integer in this expression. By 
giving suitable integer values to Oq , ai , . . . . , Oe , this limit can be attained for 
all values of n. 

20. Six generating conies (13) touch a given plane (u). These corre- 
spond to the tangents from Pq to the curve 2Wi/<=0 which corresponds to the 
section of the surface by the given plane. If we let 

r 

a< = u^aa + u^a^ + u^a^ + u^a^, 
we find, as the equation of these six tangents : 

(aofJ+ai?if2+a,?l)=0. (14) 

The moduli of the section of the surface by the given plane are those of 
the corresponding quartic, that is, are the absolute invariants of the binary 
sextic (14). In particular, the condition that the given plane is tangent is that 
(14) has a double root. The equation of the surface in plane coordinates is 
thus found by equating to zero the discriminant of (14). The surface is of 
class 20. 

21. The tangent plane at the point on the surface having the parameters 
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i^ij ^2i ^s) determines a quartic in the i^-plane with a double point at (^). The 
equation of this tangent plane is 



a?! 


X, 


a;« 


aj^ 


a/i 


dU 


a/. 


a/. 


a^x 


a^i 


a^i 


a^i 


a/i 


a/, 


a/. 


a/. 


a^» 


a^. 


a^, 


a^. 


a/, 


a/, 


a/. 


a/* 



a^, a^, 



a^ 



8 



3^8 



=0. 



(15) 



Hence, the parametric equations of the surface in plane coordinates are 



(16) 



where J< is the cof actor of a;< in (15). 

The curves 2a?^<(O=0 which correspond to the tangent cones from the 
points (x) of space to the surface are of order 9. The point Pq is fivefold 
and the points P^ P^^ . . . . , P© are double points on these curves. Since the 
surface is of class 20 (Art. 20) there are twelve other points common to these 
curves. These twelve points correspond to pinch-points on the double curve. 
The tangent cone from a generic point to the surface is of genus 12. 

22. The parabolic curve is of order 32. It touches each right line on 
the surface twice, intersects each generating conic in eight points and each 
directrix conic in twelve points. It has a double point at each pinch-point 
of the double curve. Its genus is 57. The developable of the stationary 
planes is of class 48 and order 80. These planes are determined by imposing 
the condition that (14) has a triple root. 

23. The double developable is of class 111. It has as components the 
twelve pencils of planes (Art. 4) which contain a right line and a quintic of 
genus 1, and the cubic developable (Art. 2) of the planes which intersect the 
surface in a generating conic and a quartic of genus 1. The section by a 
generic plane of the residual developable is a non-composite rational sextic. 

24. There are two hundred and thirty-eight triple tangent planes. The 
section of the surface by such a plane is composite since it has eleven double 
points. There are: (a) six planes which contain two lines and a quartic of 
genus 1; (b) one hundred and forty-four which contain a line and a rational 
quartic; (c) twenty-four which contain a generating conic and a rational 
quartic; (d) thirty-two which contain a directrix conic and a rational quartic; 
(e) thirty-two which contain two rational cubics. The two cubics in a plane of 
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type (e) belong to two systems of cubics on the surface (Art. 17) such that 
the curves of one system intersect those of the other in three points. In each 
pencil of cubics on the surface there are two cubics which lie in a plane. 

25. The double curve intersects the generating conies in six points, the 
directrix conies in five points, and the right lines on the surface in three points, 
(Arts. 9 and 16). Hence, the curve <t=0 corresponding to the double curve 
has a fivefold point at Pq , threefold points at Pi , Pj ,...., P© and is of 
order 11. Each curve 2ti</<=0 which passes through a given point of a=0 
passes through a second fixed point. To each triple point of the surface cor- 
respond three points of a such that each curve ^Uifi=0 through one of these 
points passes through the other two. These points are double points on <7=0. 
The curve a=0 is of genus 11. Its points determine, by means of equations 
(16), the tangent planes to the surface along the double curve. The devel- 
opable of these planes is of class 26. 

26. The quartic curves in the ^-plane which have a double point at P© 
and pass through Pi , Pj ,...., P^ form a linear system oo*. If /.(fi, ^^j ^s) =0 
(i=l, 2, . . . ., 6) are six linearly independent curves of this system, the sextic 
surface 

^.=/i(^i,^2,6) <=1,2, ....,6 (17) 

defined by them belongs to a space of five dimensions 8^ and has the surface 
(10) as its projection from a generic line on an iS'j. A generic hyperplane 
section of the surface is of genus 2, since it is in (1, 1) correspondence with a 
quartic curve of genus 2 in the ^-plane. 

27. No sextic surface whose hyperplane sections are of genus 2 can 
belong to a space of more than five dimensions. For, the sextic curve of sec- 
tion by a generic hyperplane belongs to an Si (at most). The S^ determined 
by such an S^ and a generic point on the surface contains the surface. If such 
a surface belongs to an S^ (t. e.^ does not lie in an Si)j it is either a cone pro- 
jecting from a point a sextic curve of genus 2, or a rational surface of the 
type of equations (17). For, suppose first that the surface is ruled. Let S^ 
be a four-space which contains two of its generators. If the generators of the 
surface intersect S^ in a fixed point, the surface is a cone. If not, the locus of 
the intersection of the generators with Si is a plane quartic curve of genus 2. 
Hence, such a surface can be defined in infinitely many ways by a (1, 1) corre- 
spondence between two plane quartics. But the ruled surface defined by such 
a correspondence is of order 8 unless the quartics intersect. If the quartics 
intersect, their planes define a space of (at most) four dimensions which con- 
tains the ruled surface. If the surface is unruled, its projection from a 
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generic line on an 8^ is an unruled sextic surface with generic plane section of 
genus 2. The given surface is therefore rational (Art. 2) and its equations 
can be birationally reduced to the form (17). 

28. To the cubic curves in the ^-plane which pass through Pq , Pi , i Pe 

correspond on the surface (17) a linear system oo* of quartic curves (cf. Art. 
18). Each of these quartics defines an S^ in which it lies. Since through any 
two given points of the surface a quartic of the system passes, each bisecant 
line to the surface lies in such an S^. In a generic bundle of quartics of the 
system in the f-plane which corresponds to the hyperplane sections of the 
surface, there is a unique pencil which breaks up into a fixed cubic through 
Po , Pi , . . . . , P© and a pencil of lines. Hence, 'a generic point of 8^ lies in the 
8^ of a single quartic of genus 1 on the surface. The apparent double points 
of the surface from the given point are the two apparent double points of the 
quartic lying in the 8^ which passes through the given point. 

29. Through a generic point P on the surface, there pass a pencil of 
quartic curves of genus 1 on the surface. These quartic curves have a second 
fixed point P' in common determined by the ninth intersection of the corre- 
sponding cubics in the i^-plane. The line PP' is thus common to the 8z defined 
by all these quartics. It intersects the plane of each of the generating conies 
on the surface. For, let C2 be such a conic. Then C^ and the pencil of 
quartics through P are the sections of the surface by a pencil of hyperplanes, 
since the corresponding curves in the f-plane constitute a pencil of quartics 
with a double point at Pq and passing through P^^ P^y . . . .j Pe (Art. 26). 
The basis 8^ of this pencil of 8^ contains the plane of the conic and the line 
PP\ Hence the line and the plane intersect. The system 00* of lines PP' 
joining all the pairs of corresponding points of the given surface thus consti- 
tute a rectilinear generation of the cubic three-spread Ff defined by the planes 
of the generating conies of the surface.* 

30. The given surface (17) lies on a web of hyperquadrics in Sg. For, 
the hyperquadrics which pass through eight generic fixed points of one quartic 
of the system of Art. 28, through six such points of another and through three 
generic fixed points of a directrix conic, contain these curves. They, therefore, 
contain the surface, since they have five points in common with each generating 

*The lines joining corresponding pairs of points on the surface (11) in 8z form a (3, 1) congruence. 
For, these lines are the projections from a fixed generic line I, of the lines on V] in 8t • Three such lines 
in 89 intersect a generic plane through I since F] is of order 3, and one lies in a generic 84 through I 
since the section of 7} hy 84 is a ruled cuhic with a single rectilinear directrix. Hence, three lines of the 
Congruence hy 8z pass through a given point and one lies in a given plane. 
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conic. Since we have imposed, at most, seventeen conditions on the twenty-one 
homogeneous parameters in the equation of an hyperquadric in S^ , there exists 
a web of such hypersnrfaces which contain the given surface. 

The hyperquadrics of this web do not all contain Ff . For, the hyper- 
quadrics which contain three skew planes of Vj , and hence contain the three- 
spread, constitute a bundle.* The given surface is thus the complete intersec- 
tion of VI with an hyperquadric. Conversely, the intersection of a given 
hyperquadric in S© by a given cubic three-spread generated by planes is, in 
general, a surface of the type of equations (17), since the projection of the 
intersection from a generic line onto a generic Ss is a surface of order 6 
generated by conies whose planes envelope a rational developable of class 3. 

31. Let the points of a non-singular hyperquadric ^2=0 be put in (1, 1) 
correspondence with the lines of S, . To the section of 2^2=0 by FJ corresponds 
a (3, 3) congruence, since each plane contained in Fs=0 intersects F| in three 
points. 

Conversely, let there be given a (3, 3) congruence which does not belong 
to a linear complex. The section of the congruence by a generic linear com- 
plex is a ruled sextic which does not belong to a linear congruence and hence 
is of genus not greater than 2. If the genus of such a section is equal to 
2, the complex can not be generated by pencils of lines, since all the genera- 
ting pencils would have a fixed line in common (Art. 27), and the congruence 
would belong to a special linear complex. The congruence is therefore rational 
and is generated in one, and only one, way by reguli. It belongs to a bundle 
of quadratic complexes, any two of which have for residual intersection a 
linear congruence which has in common with the given congruence a ruled 
quartic surface of genus 1 (Art. 30, footnote). A generic line in space belongs 
to one and only one such residual linear congruence of intersection of two 
quadratic complexes of the bundle (Art. 28). 

32. To find the equation of the system of quadrics determined by the 
reguli which generate the congruence, let p<,(i=l, 2, 3, 4) be the current co- 

* The parametric equations of FJ , referred to a suitable coordinate system, may be written in the 
form 

where k{ and U are parameters. The hyperquadrics which contain V{ belong to the bundle 

Each hyperquadric of this bundle has a double line. The intersection of any two hyperquadrics of the 
bundle consists of VI and an 8^ which intersects the surface (17) in a quartic curve of genus 1. 
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ordinates in 8s and let the equation of ^2=0 be PuPzi+PiBPn+PuPts^^ so 
that the coordinates of a point on ^2=0 are also the coordinates 

Pii=yi^i—^iyi h J = l, 2, 3, 4, 
of a line in 8^ . 

The equations of a generating plane of V\ can be written in the form (cf. 
Art. 30, footnote), 

24>S^Pii=0, 2^,^fp,,=0, 24>.?>p,,=0, (18) 

where ^^^=—^^!:^^a\i^k^+h\f^h^, i, j = l,2,3,4, fe=l, 2, 3, a\^^ and 6<;> are 
constants and A^l, k^ are parameters which define the planes of V\. 
If we put Pij=yiX^ — jfiXij equations (18) take the form 

24>i?yi^,=0, 2^,^V,a;^=0, l^^^yiX^=(i. 
The condition that these equations have solutions in {y) other than 

yi _ y2 _ ys _ y^ 



Xi OC2 



X, 



8 



Xa 



is that all the third order determinants in the matrix 

4>iT«2+4>{i^a?s+4>P;a;, 4>^l^a;i+4>a^a;8+4>^i^a?4 ^^^x^^^^^x^^^^^x^ ^f^'x^+ip^^x^^^g^x^ 
4>iT^2+4>S^ic«+^iT^4 pf^x^-^^^Sxz-^-^f^x, 4>^?a;i+<^||>a;2+^2>a;4 ^^^x^-¥^f^x^-¥^^^x^ 
^^Sxt+^f^x^+^f^x^ 4>g^a?i+4>g>a?8+4>g^a;4 4>sT%+4>m ^2+4>8Ta?4 ¥^Xy^^^x^-\-(p^Xf, 

vanish. These determinants have in conmion the factor ^^Z^ifiCi , x^ where 



4>ii= 



9l4 921 981 
9l4 921 981 
9l4 921 981 



, 2*12^ 



9l2 924 981 

9l2 924 981 

A^*>A<'>A<*> 
9l2 924 981 



+ 






etc. Hence, A=0 is the equation required. Six of these surfaces break up 
into pairs of planes. 

The opposite reguli on this system of surfaces generate another congru- 
ence of the same type. It corresponds to the section of the hyperquadric 
Pi2P8i+PuP«+Pi«Pa=0 by the V\ 

where i, j, m, n are the four nambers 1, 2, 3, 4 in some order and ki, k^, li, 1%, l» 
are parameters. 
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33. If the surface (17) in S^ has a double point, the curves in the ^-plane 
which correspond to the sections of the surface by the hyperplanes through 
the double point constitute a web of curves of genus 1. If these curves are 
proper quartics with a double point additional to P^j *^o ^^ the fundamental 
points Pi, Pgj • • • M -Po are consecutive at this point; if they degenerate into a 
web of cubics and a fixed line through Pq , two simple fundamental points lie 
on the fixed line. Conversely, if two simple fundamental points are consecu- 
tive, or are collinear with* Pq^ the surface (17) has a double point. Sixteen 
of the directrix conies pass through the double point. These conies are consec- 
utive in pairs. The projection of t!ie surface on S^ has a double point distinct 
from the double curve. 

Not more than six distinct double points can exist on the surface (17). 

Six such points exist when Pi, Pg, , Ps, are consecutive in pairs, in such 

a way that consecutive points are collinear with Pq. The six double points lie 
in pairs on three generating conies, each of which reduces to a right line counted 
twice. Three generating conies touch a generic hyperplane (cF. Art. 20). 

34. If three simple fundamental points are collinear the surface has a 
directrix line. Six directrix conies degenerate into this line and a component 
of a generating conic. Such a surface arises as the intersection of a VI with 
an hyperquadric which contains a rectilinear generator of Ff (Art. 30). The 
residual section of the surface by an hyperplane which contains the directrix 
line is a rational quintic which intersects the directrix line in three points. 

The surface can have at most four directrix right lines without having a 
double point. The surface has four such lines when the points Pi, Pg, . . . ., Pe 
are the vertices of a complete quadrilateral. The four directrix lines do not 
intersect. There are eight non-composite directrix conies on the surface. None 
of these intersects the directrix lines. 

35. If the fundamental points Pi , P2 , . . . . , Pe lie on a conic C", then to C 
corresponds a conic C which intersects each generating conic in two points. 
Any two generating conies form, with C, the section of the surface by an hyper- 
plane. Hence, any two planes of VI lie in an S4 and intersect so that VI is a 
three-spread cone which projects a ruled cubic surface (belonging to an S^) 
from a fixed point. Conversely, if VI is conical, any two generating conies of 
the given surface lie in an S^ whose residual intersection with the surface 
is a conic which intersects all the generating conies in two points so that 
Pi , P2 , . . . . , Pe lie on a conic. None of the directrix conies intersects C. 



* These two configurations are bi rationally equivalent. 

48 
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If C also passes through Pq , all the generating conies pass through the 
triple point of F| which is, in this case, a triple point on the given surface. 
Conversely, if the surface (17) has a triple point, all the generating conies 
pass through the triple point, and this point is triple on F| . The 8^ deter- 
mined by the planes of any two generating conies contains, as residual intersec- 
tion with the surface, a directrix conic which passes through the triple point 
and intersects each generating conic on the surface in a second point. By a 
birational transformation in the ^-plane, the conic C may be transformed into 
a right joining four simple fundamental points. 

The given surface can have two triple points. This happens when Pj and 
Pg are each consecutive to Pq and P^P^PsPe are coUinear. The planes of VI 
join the points of a cubic curve to a fixed right line I which is triple on I. The 
triple points of the surface are the points of intersection of I with an hyper- 
quadric on which the surface lies (Art. 30). They may be consecutive. 

The Univebsitt of Illinois, March 29, 1915. 



A Theorem Connected with Irrational Numbers. 

By William Duncan MacMillan. 



Let us imagine in that portion of the plane in which the coordinates are 
both positive that the points whose coordinates are both integers are marked 
with a dot (lattice points), and let us imagine a straight line drawn through 
the origin making an angle ^ with the rr-axis. Let fi = tan 4>, <^< n/2. 
Consider the lattice points in the vertical line whose a;-coordinates is qj^. One 
of these points is closer to the line 4> than any other point in the same vertical 
line. Let the jy-coordinate of this point be pj^ j and let j/^. be the ordinate of 
the line ^ corresponding to the abscissa Qi^j so that yu^^Qu* ^^ ^^U call 
Pjfc — yh=Pk — ^Q,k=dk the distance of the point g^, p^ from the line 4>, though 
of course it is not the perpendicular distance. From the definition it is clear 
that dj^ is positive if the lattice point lies above the line ^y and negative 
if it lies below the line 4». 

The theorem which is proved in the following pages relates to the limiting 
value of the geometric mean of the \dj^\* If ^n denotes the geometric mean 
of the first n quantities \di^\y and if ^ is an irrational number which satisfies 
a certain condition, then the limit of G,»y as n approaches infinity, is l/(2e), 
where e is the logarithmic base. If ^ is rational the limit of O^ is, of course, 
zero. For values of /3 other than the two classes already mentioned O^ can 
not be said to have a limit as it oscillates between l/(2e) and Z^, where 
0<Z/,<l/(2e). 

w 

As the method of proof is based upon the properties of simple continued 
fractions, we shall set forth explicitly those formulas which will prove most 
useful. Let us suppose ^ is developed as a simple contiaued fraction 



• • • • 



and let p^^q^ be the w-th principal convergent, and pi*\^qi*^ be an intermediate 
convergent. Then from the theory of continued fractions we will have 

Pn+l = a^+l Pn + Pn^l J ^n = Pn—^Qn J 

pi'> = (s+l)p.+p^i, </<*> = (5+l)g,+2«_i, fi*^ = (s+l)6.+f._,. 
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Since the principal convergent points g^, p„ are the closest approximations 
to ^ it follows that these points lie closest to the line <^. Since the e^ are alter- 
nately positive and negative, these principal convergent points lie alternately 
above and below the line <^. If the convergent points g„_i , p„_i and g„+i , p„+i 
be joined by a straight line, the intermediate convergent points gi'\ p^*^ will lie 
on this straight line, and between this straight line and the line <^ there are 
no lattice points. Finally, 



Qn+1 ' ' 9»+2 



or, simpler, 

1 I I 



Let us join the origin and the convergent point g^, p^ by a straight line 
and denote the distances of the lattice points from this straight line by 8*. 
In order to avoid confusion we shall call this straight line the rational line. 
It is clear that the distances 8^ in some order have the values 

,1 1,2 2 (3«-l)/2 ,,^ 

+ — , , +— , , , zt^^ -'^— or It 1/2, 

Qn Qn Qn Qn Qn 

according as q^ is odd or even, for there are q^ — 1 such distances (excluding 
the end points). If we suppose two of them are equal, say h^ and 5y, then we 
have 5y— 5jfc = 0; that is, 

{Pi—Pk) — ^(Qi—Qk)=0, 

Qn 

whence 

Pj—Pk _Pn 

Qj—Qk ^ Sn' 

which is impossible since |p;— Pjbl <Pni \Qi — 9*1 <Qn} ^^^ Pn and q^ are rela- 
tively prime. Furthermore, from symmetry we have 8jfc= — §„_*. 

In computing the geometric mean of the quantities |8|b| for the rational 
line we have 

V I s^ I 1 2 3 mm 2 1.. .^ ^^ 

n 01.= — • — • — •....• — • — •....• — • — if q^ = 2m + l, 

fc«l ' Qn Qn Qn Qn Qn Qn Qn 



ff»-l 



ib=l 



1 


2 


m 1 


m 


2 


Qn 


• • 

Q* 


■ e» 2 


• • 

<ln 


• • 

<ln 



1 



n \K\ = • . . • o ■ • • • if q,=2m + 2. 



Q 



n 



In general, the factors will not occur in the order above written, but all of the 
above factors occur with none others. It will be observed that the distance 
for the end point 8„ has been omitted since it is zero. It is seen, therefore, 
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that we are computing the geometric mean out to the n-th convergent point, 
but that this point itself is excluded. We have then 

\?J^A =L(ra-'--J =b-~+irJ ■'«-=2'»+i' 



2 



[nM\ =[2(2SJ+2F-J =2l-(,»Trr-J "S.=2».+2. 

In order to show that these expressions have definite limiting values as ??, 
and consequently m, increases indefinitely we will use the theorem of Cauchy* 

m ! 
If g- = 2m + ], we have f{m)='r^ — ' . _ . Consequently, 

{Zm-t-L) 

f(m) ~2w+3\2m + 3/ ""2^+3 1 w+~3/2/ ' 
and the limit as m increases indefinitely is l/(2e), where e = 2- 71828. . . ., the 

1 r m\ "I 
Naperian base. In precisely the same fashion it is found that - -^ 

also has the limit l/(2e). It follows then that whether g„ is evcjp or odd 

1 

^ n 8,1 =.- . 

Consider now the geometric mean for the irrational line. Let 

1 



2_ 

2m+i 



(?.= [njrf»|]*, 



where d,, = pi^ — fiqi^ are the distances from the irrational line corresponding 
to the Sjb for the rational line. 

If every \di,\ is replaced by [S,! H , the resulting geometric iHean will 

Qn 

be too great, since 

|4|<|5J + Uni<|S,|+ -; 

Hn 

and if every |rf,| is replaced by |S,| , except for the two points for which 

* 

this expression is zero, the resulting geometric mean will be too small. The 



* "Analyse Algebriqiie." See also Chrystars "Algebra," II, p. 84. 
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two exceptional points for which [Sj| =— are the points («,_i, p,_i) and t 

symmetrical point ((o, — l)3,-j+g,_j, {a» — l)p>-i+p,-s)' These two poii 
are at equal distances from the ends of the rational line and lie on oppos 
sides of it. When the rational line is rotated into coincidence with the ir: 
tional line, the distance of one of these points is increased while the other 
decreased. It is readily verified that it is the distance of the point q^_i , p 
which is decreased. From the geometry it follows that the amocnt of tl 



decrease is ' 



1 
which is less than 1/g,. It results, then, that 



l».l<; 



Hence [ t/,^ , [ > -^ — , and this is the only distal 



r i(M-l)n i 
L(2«+l)-J 



<C,. < 



r (' "+1)1 

L(2m+1)- 



1", if j.=2»i + l, 



irm (ill— 1)1' T-t' „ ir, , „> ("1 + 1)!' T"+' -t o , 

jLt • (Ui)-' J < °'"' " d<"+'' (».+i)-'-- J ■ ■' '•='•"■' 

The limit of all of these fcnctions of w is l/(2e). It follows, therefore, tl 
the limit of the geometric mean of the quantities \ d^ \ taken out to, but not inch 
ing, a principal convergent point is l/(2c) for every irrational number. 

We wish, however, to include the distance of the convergent point itst 
For this point 1^9.1 = 16,1 and 

1 111 

.,+2)g. . 0,+ig, 



(a. 



Since the limit 



of ( — 1 for large values of q, is unily, we have 
1 



The value of g, depends upon a,, . 



. , o, , but not upon a,^.] 



Since a,^.i is 



integer, ( — ■ ) " lies between zero and unity, and if it has a limit as « increai 
indefinitely, say l^, then it is clear that 

L^G,,= {h)/{2e), 

and, in particular, if ^^=1 the limit, not only of G,,_, but also of G,,, is l/{2. 
The limit 1^=1 will he assured if 
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or, its equivalent, 

for every n greater than a fixed ni, wliere Jf is a chosen positive quantity and 
s is any assigned positive integer. This condition is satisfied by every real 
algebraic number.* It is also satisfied by certain transcendental numbers, for 
example, the irrational number 6, for which the values of the a„ are known. Since 
c/n > ai • a, •....• a^ it is seen that q^ increases very rapidly even for moderate 
values of the a^ ; and, therefore, that the condition is satisfied by a very wide 
class of irrationals. In order that the condition be not satisfied it is necessary 
that ultimately the a^ shall increase with exceeding rapidity. 

If the quantity ( ] " does not have any fixed limit as n increases in- 
definitely but oscillates between zero and unity, then G^^ oscillates between 
zero and l/(2e) although G^^_i has the fixed limit l/(2e). 



IS 



In what follows we shall assume that the condition L i ) * = 1 i 

satisfied, and free ourselves of the restriction that we proceed to the limit 
along a particular set of points. Let us take &n<a«+i and consider the geo- 
metric mean out to the point b^q^. The distance of this point from the 

1 
irrational line is fe„|f»|. Since <»„+i fn = 'n+i — ^»-i ^^^ |f>-i| < — we have 

q% 

Ij i -I 

^n 1*11 1 < — ~- • — < — • We draw now the rational line from the origin to the 

point b^ g„ , 6„ p» . For this rational line the \Zj,\ in some order have the values 

0, — , — 5 .... , — or 7^ according as g„ is odd or even. The points for 

which I Sj I =0 are the integral multiples of g„ ; and the points for which 
jSjtl = l/e« are the points whose abscissae are sq^d-q^^i, 5=1, . . . ., 6^. When 
the rational line is rotated into coincidence with the irrational line, the jSj^j 
for the points sg„— g«_i are increased, while for the points sq^+q^^i they are 
decreased. It is, therefore, the points sq^+q^_ij the intermediate convergent 
points, which engage our attention. We have 

for ft = 5g., |dt|=0+5|6j, s<b^, 

for k = 8q,+q,^,, W=^ -(s + ^)\sn\^ s<b,-l. 



* Liouville JwkmoX de MatMmatiqueM, XVI (1851). 
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Since |f»| < we have also 

Qn+l 

s + -^"-' 



UM|..i<(.+^-)- 






so that 



When the rational line is rotated into coincidence with the irrational line, 

no I Si I is altered by as much as ^ . If then all of the I S*. I > — be diminished 

by l/Qn we will obtain a geometric mean which is less than Gj,^ g^ , and if all of 

the |Sjb| be increased by — , without exception, we will obtain a geometric 

mean which is greater than Gi,^g^. Carrying out these operations first for g„ 
odd and second for q^ even, we find 

These two inequalities can be replaced by the single one, whether g, be even 
or odd. 



1 



/ 1 \«-.r(m-iM_n«. ^\- {m+2)\' y. 



1 



Since by hypothesis the limit of ( — ^ j " = 1? both extremes of this inequality 

have the limiting value l/(2e). It follows that the limit of G^^g^ is l/(2e). 
The general point q can be written 

g = 6n9»+6«-i (/«-!+ +biq, + K, 

where 6/kS^fc+i- This point, therefore, lies between 6^g^ and 6n+i9iij which 
is an interval of length g„ = <i« g„-i + g»»2 • If ^ow we attempt to continue with 
the interval fe,_i g„_i , a diflSculty is encountered at the intermediate convergent 
point b^q^+q^i. For values of fe„ in the neighborhood of a„+i the distance of 

this lattice point is of the order \e^\, while the root which we take is of the 

1 
order — . Our hypothesis on the a„+i would not cover the situation at this 

Q.n—1 
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point. If, therefore, fe^^^r^O, it will be eonvenient to include at one step the 
interval 3«+3»-i which immediately precedes this point; that is, the interval 
from (6^ — l)g^ to b^Qn+Qn-u ^^^ w® will suppose the straight line joining 
these two points to have been drawn. 

Since p„+p»-i is prime to g^+3n-i> ^^^ values of the jSj^l for this rational 

line are integral multiples of — ; , none vanishing except for the end points. 

1 
Counting k from the beginning of this rational line we have \K\ = 



Qn+q 



ii-1 



2 
for k=q^j and |8jb| = — -r- for A:=g»— g,«i. The jS^j for the symmetrical 

3ii+3ii-i 

points have the same values. 

2 
Now IMn+fn-il ^kn+fj*-!! < — ; 7 so that when the rational line is 

moved into coincidence with the irrational line, no | Sj^ | is altered by as much 

2 
as — . We have, therefore, to examine the points for which 1 8* | equals 

12 ^1 

or . For the points for which | o^ | = — > ^ = g» and g^^j . 



Si. + 3-1 fl» + 3-l Qn + Qn^l 

Hence |rf*| = fc»|f»| and | (&n— l)f»+fii-i| respectively, both of which are 

2 
greater than I f , I . For the points for which \ik\=^ — ; > we have k = g,|— g,.! 

Qn + fln-l 

and 2g^.i. At thesjB points |d*| is equal to \b^€f,—e^i\ ai^d | (6» — l)f^+2«»_i| 

and both of these quantities are greater than — ; . If, for convenience, 

of notation we denote g,+g»-i by Q^ and the geometric mean of the. quantities 
\d^\ between the points (6^— l)g^+l and &»g»+g«-i, both inclusive, by Gq^j 
then whether Q^ is even or odd we will have 

Q^=2m+1 or Q.=2m+2, 

and these expressions also have the limit l/(2e). 

No further difficulties are encountered in proceeding from the point 
^ii3n+3ii-i to the point fc»g„+6n-i3»-i since the minimum \di,\ occur at the 
intermediate convergent points and have the values |fe«f,+5fn-i| > |^»-i| ^^^^ 

djb I does not differ from 1 8^ | by as much as 

gii-i 

49 
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Let us suppose that, proceeding in this manner, we have arrived at the 
point 

and we endeavor to continue to the point 

If b^^^i is zero the interval is of length less than g,^_r-i ^^^ w© proceed to an 
interval which is a multiple of s».r-8 » ^^^ ^ ^^^^ & ^^se no difficulties arise at 
the subintermediate convergent points. But if 6„.,.=^0, then 

is a subintermediate convergent point in an interval of length g..^ . To arrive 
at this point we start from the point 6„g^+ . . . . + (6»«r — l)?ii-f and include in 
one step the interval {qn^r+ Qn-r^i) 9 which brings us to the point 6»g„+ 

I 

For notation let us take 



Then, since P,^^ is prime to Q^^ the | ii""*"^ | have values which are integral 
multiples of -^ — . If k equals q^^r-^i or q^^^r then lij""*"^! = -^ — ; and if k 

Vii-r Vii-r 

2 
equals 2q,^^i or g»-.r— fln-r-i > tl^^^^ I ^i*"^^ I = 7i — • The difference between the 

rational line and the irrational line for this interval at no point exceeds 

2 
|6a+ +6i-A-f+^»-r-i|^|«n-r+f»-r-i| < T) — • Heucc, wheu the rational 

Vn-f 

line is moved into coincidence with the irrational line no 1 6^^^^ \ is altered by 

2 
as much as -j: — • ^^ need, therefore, to examine those points for which 

Vii-r 



= |fe^e^+ + (6^— l)^_,+««.-r-i| and |6«€»+ +6«.^€,^| respectively, 

and both of these quantities are less than | €«.^ | . For the points for which 



and 

each of which is greater than -^ — . 
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If y theref ore, Gq^^ denotes the geometric mean of the quantities | djl^^^ | ^ 
A;=l, , Q^^rj ai^d if Q»^=2m+1 or 2m+2 we will have 

I 1 



L Qi-;-* ' '-' U < ^«-' < i~wri • 

For a fixed r the two extremes of this inequality have the limit l/(2e) as n 
increases indefinitely. 

We can now proceed from the point &«g,»+. . . •+&»-r3«-r+9ii-f-i to the 
point 6,»g»+ . . . - +fc«-r-i3»-r-i without further difficulty. Draw the rational 
line connecting these two points. The distance between this line and the irra- 
tional line is nowhere greater than . The values of the | d \ for the points 

3n-r-l 

for which |5| =0 or 1 are in every case greater than |e,^...^j|. Consequently, 
inequalities similar to the above can be constructed, and these inequalities have 
the same limits as before. 

We have been compelled to break up the interval 3=6,ifl»+ .... +&,-r3ii-f 

+ + 6o into the intervals q=c^qn+Qn+ + ^ii-r3«-r+Cii-f + + <^o> 

where c,=6» — 1, Cy=6y— 2, j=2, , n — 1, Ci=bi — 1, c?o=6o. Let us suppose 

that the geometric mean of the | dj, \ which belong to the interval Qi, are denoted 
by Gj^ and for the interval Qj^ by Gj^^ i . Then the geometric mean Gg for the 
entire interval q will be 

where the quantities G^^ and Gj^i approach the limit l/(2e) as k increases 
indefinitely. 

The purpose of our investigation is now attained by the use of the following : 

Lbmma: // ii, ;2> • • • •> is ^wy s^t of positive integers such that ji<Jiy 
i%^J%j . . . ., where Ji, J^, . . . ., is a given set of integers^ and t/ rri, re^, . . . ., 
t^ a set of positive quantities which approach x as a limits then 

n 1 

also approaches x as a limit as n increases indefinitely ^ provided there does not 
exist an n=N such that if m>N every j^=0. 

The proof of this lemma is simple and will be omitted. Since all of its 
conditions are satisfied by the expression for Ggy we have proved the following: 

Thbobem : If P is a given positive number^ and pjn is a rational fraction 

n 1_ 

such that \p^ — w/?|<i, and if G»=[ 11 [p^ — A;^| J", then the limit of G^ as n 



k^\ 
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increases indefinitely is zero if ^ is rational^ and is l/(2e) if ^ is an irrational 
number whichj when expressed as a simple continued fraction 

/?- . _L Jl JL 
of which pjq^ is the n-th convergent^ satisfies the condition that the limit of 



(-L)f. =1. 



For every irrational number^ j3, the limit of Gg,_i as n increases indefi- 
nitely is l/(2e), where e is the logarithmic base. 

If E{kP) is the greatest integer contained in k^ and if fkp=kp — ^(A;^),it 

is readily seen that limit of [ 11 fi,p] */* is - , provided /3 satisfies the condition 

k^i e 

already stated. 

In a manner, quite analogous to the preceding argimient, it can be shown 
that the limit of the arithmetic mean of the quantities dj^ (signs considered) is 
zero whether fi is rational or irrational, provided that when ^ is rational and 
dj,=:dz^ is ambiguous such terms betaken alternately positive and negative. 
Likewise the limit the arithmetic mean of \djg\ (signs discarded) is ^ if /3 is 
any irrational number or any rational number which in its lowest terms has an 

even denominator; and is equal to i(l j ) if /3 is a rational number which, 

when expressed in its lowest terms, has an odd denominator g. The proof for 
the theorems with respect to the arithmetic means will not be necessary inas- 
much as substantially equivalent theorems have been given by Sierpinski.* 

* See Jahrhuoh Uher die Fortschritte der Mathematik (1900), p. 221; Hardy and Littlewood, Pro- 
oeedinga of the Cambridge Congre$a of Mathematicians (1012), Vol. I. 



On the Representation of Arbitrary Functions 

by Definite Integrals. 

Bt Waltbb B. Fobd. 



1. Introduction. Suppose there is given an arbitrary function f{x) 

defined throughout the real interval (— n, n) and let the Fourier series for 

/(a) be formed, it being understood that a represents any special value of x 

within the indicated interval. The sum of the first n+1 terms of the series 

may be put in the form 

. 2n+l, , 
sm-g— (^-a) 

^•(a)= I f(x)^{njX—a)dx, where ^{nyX—a) = , (1) 

2n sm 

and it is a familiar fact that we then have, at least after suitable conditions 
have been placed upon f{x) in the neighborhood of the point a?=a* 

lUn 5,^/(-0)+/(»+0). (2, 

The facts just mentioned readily suggest a general problem as follows: 
Having given an arbitrary function j{x) defined throughout any (finite) inter- 
val (a, &), consider the integral (analogous to (1)) 

/•(«)= J] i{x)^[n,x—(L)dx, (3) 

wherein ^(w, a? — a) now represents an undetermined function of n and x — a, 
and let it be asked what conditions upon ^ (n, x — a) suffice to insure the 
following relation analogous to (2) : 



lim /.(.) = "''-°> y"+'" , 



2 ■ (*) 

it being assumed as before that f{x) satisfies suitable conditions in the neigh- 
borhood of the point a?=a. 

The question thus raised was first considered and in part answered by 
Du Bois Beymond as early as 1875, t while in more recent years it has formed 

* For example, whenever /((P) has limited total fluctuation in the neighborhood in question, 
t Orelie, Vol. LXXIX. 
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the subject of numerous and extensive researches of which those of Dini,* 
Hobson t and Lebesgue t should be especially mentioned. For the most part, 
however, little attention appears to have been given to the actual determination 
of functions ^ satisfying the conditions in question, the sole desideratum being 
the determination of the conditions themselves. In this connection it is pro- 
posed in the present paper to point out a noteworthy class of possible func- 
tions ^ with especial emphasis on the corresponding integrals (3) to which 
they give rise. In particular, we shall show (^3) that to every convergent 
improper integral of the form 



J^p{x)dx=:k:t20 



there corresponds an integral (3) having the property (4) provided merely 
that p{x) is an even function of x^ t. e., p{ — x) = p{x)^ and \xp{x) \ remains 
less than a constant when considered for all values of x lying outside an arbi- 
trarily small interval surrounding the origin. 

2. We proceed at once to state and prove the following theorem :^ 

Theobem I. Let F{x) be any single valued function of the real variable x 
defined for all finite values of x and satisfying the following three conditions: 

(a) lim F{x) exists and =k^0^ 

(b) V(-rr)=-F(a?), 

Y 




S— -k 



Fio. 1. 



(c) 



The derivative F'{x) exists and is such that if we conclude the 
point x=0 by an arbitrarily small interval^ we shall have 
for all remaining values of a?, \xF'{x) \<A=a constant. 



* " Serie di Fourier " (Pisa, 1880) , Chap. III. 

t Proo. London Math. Soo., Vol. VT (1908), pp. 349-^95; ibid., Vol. VII (1909), pp. 338-358. Both Dini 
and Hobson consider functions of the form (n, a, « — a) instead of the more limited form ^ (n, » — a) 
mentioned above. We shall, however, confine our attention to the latter in this paper. 

t Annales de Toulouse (3), Vol. I (1909), pp. 25-128. 

§ The author's attention has recently been called by Dr. W. W. Kiistermann to the fact that Prings- 
heim, iif his lectures for 1910-11, developed a theorem closely allied to the one here stated, though it does 
not appear to have been given in published form. 
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Theny if f{x) be an arbitrary function of the real variable x defined throughout 
the interval (a, 6), we shall have for any special value a{a<a<b) 

^'^ 2kia mjinn{x-andx=L^ L_Ly i, 



»- -00 



provided merely that f{x) satisfies suitable conditions (analogous to those 
under which the Fourier series for /(a) converges) in the neighborhood of the 
point a?=a.* 

The proof of this theorem follows directly from the fact that it f{x) 
satisfies the indicated conditions there exists the general relation 

Um f /(»)♦(.. .-.).ix=^'''-'"+»"+'" 

in case ^{n^t) is any function of the independent variables n and t satisfying 
the following three conditions^ e always denoting an arbitrarily small positive 
quantity : t 

/T\ T r*^/ ^xj* f—iwhen—6<t<0y 

/▼TV I r* / ^xj^i r. ^x ^ Ci being a constant 

(II) 1 j; ♦(«, t)dt\ < c, when -,<t<e, ^J^^^^^^^ ,, ^^^ 

(III) |^(«.0|<c.«;fcen (''-«<'<-*'''•], <^^^^j^9 a <>onsio^\ 

In fact, if F{x) satisfies conditions (a), (b), (c), we have only to take 

in order to obtain a function ^(n^t) satisfying (I), (II) and (III), for we 
then have 

J^'*(n,0dt=^[F(n0]|"\ (6) 

and since by (b) we have F(0)=:Oy the right member of (6) reduces to 
^F{nt)y and by (a) and (b) this is immediately seen to satisfy (I). Again^ 
the assumption of the theorem that F{x) is defined for all finite values of x 

* For the sake of definiteneu, let ua suppose th&t /(«) has limited total fluctuation in the neigh- 
borhood in question, cf . Hobson's « Theory of Functions of a Real Variable," § 467. Let us also suppose 
throughout (in order to confine the attention to the simplest considerations and thus avoid exceptional 
aspects of the problem into which we do not care to enter in this paper) that |/(«) | is finite and integrable 
in the Riemann sense over the interral (a, h) . 

f See for example Dini, L o., pp. 119-121; also, Ford, "Studies on Divergent Series and Summa- 
bility" (1916), pp. 104-115. 



rF'(^) = , 
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and at the same time satisfies (a) and (b) shows at once, when employed in 
(6), that (II) is satisfied. Finally, (III) becomes satisfied as a resnlt of (c) 
since (replacing nt by x) the second member of (5) may be pat into the form 

and we are concerned in (III) only with valnes of t that do not include the 
value (=0. 

Theorem I evidently enables on© at once to constrnct an infinity of definite 
integrals (3) having the property (4). The simplest example of a function 
Fix) such as described is perhaps that afforded by the branch of the trans- 
cendental cnrve ^=arc tan x passing through the origin, the graph in this case 
having the general features indicated in the above figure, with k=l. Theorem I 
then gives the relation 

fi!r)dx _ /(a-0)+/(a+0) • 



lim ^ r\ 



l + «*(a;— a)' 2 

An example of an algebraic function F(x) such as described in the theorem 
is easily supplied. Thus, consider the equation 

i^-l)x+y=(i. (7) 

The function, y of x thus determined has a branch which passes through the 
origin and becomes asymptotic to the line y=l when a;=-fao and asymptotic 
to the line j/=~l when x= — oo. The equation for this branch, as determined 

by solving (7) for y, is 

_ — l + Vl+4a:' 
^ 2x 

and we readily see that this is a function of x which satisfies all the conditions 
of the F(x) of the theorem, the value of k being 1. The resulting relation (3 ) , 
as found by applying the theorem, becomes 



Vl+4«'(a:-tt)'-l 1^ _ /(g-0)+/(a+0) 

2 



.- 1 C\, A Vl+4«*(2:-a)»-l . 

!im-T— i I f{x)\ . ,. . : rf^ = 

,«4»»J. '|.(a:-a)'VH-4n*(a;-a)'J 



. Without multiplying examples, we pass at once to certain applications of 
the theorem in the study of improper definite integrals. 

3. As an application of the result in § 2 we may readily establish the 
following : 

Theorem II. Given any convergent improper definite integral of the form 



J"p(a;)rfa; = &:#:0, 



* Tbi» p*rticulmr result hu trequentl^ been noted ; cf. for euunple, Dini, I. o 



of 



be 
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wherein (a) p{x) is an even function of x, i. c, p( — x)=p{x) and (b) the 
expression \xp{x) \ remains less than a constant when considered for all values 
of X lying outside an arbitrarily small interval surrounding the point a:=0. 

Theny if f{x) be an arbitrary function of the real variable x defined 
throughout the interval (a,b), we shall have for any special value a(a<a<fe) 

/(a-0)+/(a+0) 



lim ^\ f f{x)p[n{x—a)]dx = 



2 . 

provided merely that f{x) satisfies suitable conditions* in the neighborhood 
of the point x=a. 

In fact, we see at once that under the existing conditions for p{x) we have 
but to place 

F{x) = f p{x)dx 
Jo 

in order to obtain a function F{x) which satisfies the (a), (b) and (c) of 
Theorem I, and with this F{x) substituted in the conclusion of that theorem 
we arrive at the conclusion stated in Theorem II. 

In order to illustrate the consequences of Theorem II, several well-known 
definite integrals of the type under consideration are given in the left column 
below, and to the right occur the corresponding integrals (3) having the 
property (4) to which they give riserf 

Jo X I It Ja X — a 

J-* dx __ n 2n r^ f(x)dx 

r=^""4' ItX l—n'{x—ay' 

(g, r positive integers 
with r>q:pO) 



* See earlier footnote. 

t It may he observed that the first integral in the right column is closely related to the one 
employed by Weierstrass in his well-known researches upon the representation of arbitrary functions 
by series of polynomials (cf . for example, Lebesgue, I. c, pp. 26-28) . In fact, the Weierstrass integral 
results from the one in question by merely placing a=z — oo, 6 = -}-oo, thus inyolving an extension of 
the results embodied in the present paper to cover an infinite interval instead of the finite interval (a, b) . 
fH Such extensions can doubtless be made, at least under suitable restrictions, in both Theorems I and II, 

but we shall leave the subject aside in this preliminary paper. 

It may also be observed that the second integral in the right column is closely related to (1), 
though essentially different from the fact that the function ^ in (1) is in reality dependent upon the 

^ 50 
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4. We proceed to deduce two noteworthy theorems analogous to those of 
^§ 2 and 3, but making less restrictive conditions upon the functions F{x) and 
p (x) there involved. The theorems in question will be found to bear an analogy 
to the well-known fact that in the study of the Fourier series for /(a) if we 
demand merely that in the neighborhood at the right of the point a? = a the 
function f{x) shall satisfy suitable conditions (in the sense heretofore specified) 
then, instead of (2) we may write 



f{x)'4^{njX—a)dx = -^f{cL+0), 



the expression here appearing on the left being the same as (1) except for the 
substitution of a for the lower limit of integration. Likewise, it is well known 
that if we demand merely that in the neighborhood at the left of the point x=a 
the function f{x) shall satisfy suitable conditions, we may write 



lim I f{x)'4^{njX—a)dx = -f{oL~0). 



To the facts just noted from the study of Fourier series there correspond 
in the more general studies of Du Bois Reymond, Dini and others, as found in 
the researches cited above, the following : 

(A) If conditions (I), (II), (III) of § 2 are satisfied only for the posi- 
tive values of t there specified — i. e., if (I) is satisfied when 0<f<f, (II) 
when 0<<<6and (III) when e<t<b — a— then, whenever /(a?) satisfies suitable 
conditions at the right of the point a;=a, we may write 

lim r f{x)^{n,x—a)dx = -^f(a+0). (8) 

(B) If conditions (I), (II), (III) of § 2 are satisfied only for the nega- 
tive values of t there specified — i.e., if (I) is satisfied when — €<t<0, (II) 
when — €<t<0 and (III) when a— a<<<— c— then, whenever f{x) satisfies 
suitable conditions at the left of the point a:=a, we may write 



/•« 1 

lim I f{x)^(nyX — a.) dx = - f (a—O) . 

fl as 00 •^a ^ 



(9) 



Relations (8) and (9) together with their accompanying remarks lead 
precisely as in § 2 to the following two theorems, in the first of which it is to 
be noted that we are in no wise concerned with the behavior of F{x) for 

limits of integration — w, w, while the functions ^ of such integrals (3) as occur in Theorems I and II 
are independent of the limits a, &. 

The third and fourth integrals of the left are selected as simple illustrations in which the integrand 
is algebraic. They are taken from Williamson's "Integral Calculus," pp. 140 and 142. 
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negative values of x^ while in the second we are in no wise concerned with 
F{x) for positive values of rr, these facts being indicated by the dotting of 
certain portions of the accompanying diagrams : 

Theorem III. Let F{x) be any single valued function of the real variable 
X which^ when considered for positive values only (0 included) of x satisfies 
the following three conditions: 

(a) lim F{x) exists and =&:^0, 

(b) F(0)=0, 




Fig. 2. 



(c) The derivative F'{x) exists and is such that if we exclude the 
point a;=0 by an arbitrarily small interval^ we shall have for 
all remaining values of rr, \xF'j,{x) \<A=a constant. 
TheUj if f{x) be an arbitrary function of the real variable x defined throughout 
the interval (a, 6), we shall have for any special value a{a<a<b) 

\m.^lfj{x)~F[nix-a)]=f{a+0) 

provided merely that f{x) satisfies suitable conditions at the right of the point 

x=a. 

Theorem IV. Let F{x) be any single valued function of the real variable 
X whichy when considered for negative values only (0 included) of x satisfies 
the following three conditions: 

(a) lim F(x) exists and = — &:^0, 

(b) F(o')=0, 




^ 



jf'-/^ 



FiQ. 3. 



(C) 



The derivative F'{x) exists and is such that if we exclude the 
point x=0 by an arbitrarily small interval^ we shall have for 
all remaining values of a?, \xF'{x) \<A=a constant. 
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Then, if f(x) he an arbitrary function of the real variable x defined throughout 
the interval (a, 6), ne shall have for any special value a{a<a<b) 

provided merely that f{x) satisfies suitable conditions at the left of the point 
a;=0. 

By means of Theorems III and IV we may evidently arrive at other 
theorems analogous to that of § 3. These theorems are as follows, having 
been condensed, however, into one through the use of the ( ) to denote an 
alternative reading throughout : 

Theorem V. Given any convergent improper integral of the form 

(^p{x)dx = k^Q / f p{x)dx=k^Q\y 

wherein \xp{x) \ remains less than a constant when considered for all positive 
{negative) values of x lying outside an arbitrarily small interval to the right 
{left) of the point x=Q. 

Then, if f{x) be an arbitrary function of the real vaHable x defined 
throughout the interval (a, 6), we shall have for any special value a{a<a<b) 

n /*^ 
lim T I f{x)p[n{x—a)]dx=f{a+0), 

(^lim^^J' f{x)p[n{x-a)]d%=fia-0)^ 

provided merely that f{x) satisfies suitable conditions in the neighborhood to 
the right {left) of the point a?=a.* 

Owing to the relative absence of restriction upon the F{x) and p{x) of 
Theorems III, IV, V, it is evident that illustrative examples are here supplied 
with even greater ease than was the case for Theorems I and II. The two 
following simple illustrations of Theorem V, wherein the same scheme as was 
indicated at the end of ^ 3 is carried out, will suflSce : 

x''e-'dx = r{m + l) , lim ^/ , ,, ( /(a?) (a?— a)«6-»^"-»^da;=/(a+0), 

(m>— 1) 

C^ dx . .. /•« f{x)dx 

J-oo {x — 1)^ „=+oo Ja [n{x—a) — l]^ 



* It may be observed at this point that Theorem I is a special consequence of Theorems III and IV 
obtained by applying III to the F{a) of 1 when a;>0 and IV to the F{x) of I when a?<0, then adding the 
two results and dividing by 2. Similarly, Theorem 11 is a special consequence of Theorem V. 



Functions by Definite Integrals. 405 

5. The following general supplementary remarks may be noted in con- 
clusion : 

(1) Since the sum s^ of the first n terms of any convergent series 
approaches a limit as w=-f-oo, we may frequently determine by means of the 
preceding theorems a certain integral (3) having the property (4) corre- 
sponding to a given convergent series. For example, consider the infinite 
geometric progression whose first term is a and whose common ratio is r<l. 

Then 5„ = — and lim s^ = -z so that the idea is readily suggested of 

1 — r ns+» J- — ^ 

taking as a possible function F{x) the following: 



-,, , a(l — r') 

F{x) = -^^ '- 

1 — r 



and this in reality is at once seen to satisfy conditions (a), (b), (c) of 

Theorem III, the value of k being zj . The theorem then gives 

1 — r 

lim —nr-"« log r f f{x)r'^dx = f{a+0). 

(2) The forms of representation discussed in the preceding §§ do not, 
strictly speaking, represent the given arbitrary function in terms of definite 
integrals, but rather in terms of the limits of such integrals as the parameter n 
increases to +oo. However, it may be observed that the first member of (4) 
may always be expressed as an infinite series, viz. : 



00 



/o(a)+2[/,+i(a)-/.(a)] 

and thus to every integral (3) such as obtained by any one of the preceding 
theorems there corresponds an actual representation of the arbitrary function 
fix) in series of definite integrals. 

(3) An inspection of the proof of Theorem I shows directly that the 
theorem holds equally true when, instead of using the integral form given in 
the statement of the theorem, we employ the more general form 

f' f{x)^F[q{n)r(x-a)]dx, (10) 

wherein q{n) represents any function of n such that lim g(tj) = -(-Qo, while 

r{x — a) is such that r{t) is positive for all positive values of t and negative 
for all negative values of <, and possesses a derivative r'{t) at all points t. 
The possible integrals (3) having the property (4) and derivable by Theorem I 
thus become exceedingly varied. Similar generalizations are naturally possible 
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in the statements of Theorems II-V. The nature of the results thus reached 
is indicated in the following tahle wherein to each theorem number in the first 
column there is given in the second column the form of expression (corre- 
sponding to (10)) to be used in the generalized theorem, it being understood 
always that q{n) represents any function having the properties above indicated 
and that accents denote the derivative with respect to x : 

r{t) having the properties 
above indicated. 



(III) lf'f{x)F'[q{n)r{x-a)]dx; 



(IV) lff{x)F'[q{n)r{x-a)]dx; 



r{t) having for positive values of t 
the properties above indicated^ and 
being such that r(0) = 0. 

r{t) having for negative values of t 
the properties above indicated^ and 
being such that r(0)=0. 



(V) 



q {n)r'ia; «) j^* ^(a;)p[g(n)r(a;-«)]<ia;; r(0 as in (III), 
fiMll^Z:^ f' f(a>)p[q{n)r{x-a)]dx-, r(t) as in (IV)). 
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Metric Properties of Nets of Plane Curves. 

By H. R. Kingston. 



§ 1. Introduction. 

In a memoir entitled "One-Parameter Families and Nets of Plane 
Curves/'* Wilczynski has discussed the projective differential properties of 
nets of plane curves, by means of a completely integrable system of three 
partial differential equations of the second order. In the present paper the 
foundation is laid for a study of the metric differential properties of such nets. 
In order to accomplish this, it becomes necessary to consider, besides the 
coeflScients of the partial differential equations used by Wilczynski, the coeffi- 
cients Ey F and G of the square of the element of arc when this is expressed 
in terms of the parameters of the net curves as coordinates. All of these 
quantities taken together, which must moreover satisfy certain relations, deter- 
mine a net uniquely except for a motion combined with a reflection. The 
application of the general theory to the particular cases of orthogonal and 
isothermal nets gives rise to interesting results. 

§ 2. The Differential Equations and the Integrdbility Conditions. 

In order to investigate metrical properties it is convenient to use Cartesian 
coordinates. Let 

x=x{u, v), y=y{Uy v) 

be the equations of the net referred to a fixed Cartesian system, which shall 
hereafter be called the fundamental Cartesian system. This form of represen- 
tation is contained in Wilczynski's form as a special case, if the homogeneous 
coordinates y"^ y^^\ y^^\ used by him, be regarded as homogeneous Cartesian 
coordinates, and if we put 

y'''=x{u,v)y y'''=y{u,v), y«> = l. (1) 



* Transactiana of the Am. Math. Soo., Vol. XII (1911), pp. 473-510. This paper will hereafter be 
referred to aa " One-Parameter Families." 
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In consequence of this, any other point whose homogeneous coordinates are 
p"\ p^*\ p^*\ will have p"^ : p^^* and p^^^ : p^^^ as its Cartesian coordinates. 
The differential equations of the net have the general form * 

and y^^\ y^^\ y^** must form a fundamental system of solutions of this system. 
Since y^^^ = l must satisfy (2), we find, for our special form of representation, 

c=c' = c''=0. 
Equations (2) will therefore assume the form 

e„„=ae,+6e,, e,,=a%+b%, e,,=a"e,+6"0,, (3) 

and these equations must be satisfied by both $=x{Uy v) and 6=y{u, v). 

The integrability conditions of (3) may be obtained from those of (2) by 
merely substituting in the latter c=c'=c"=0. They aref 



ba'' + a„=a'b'+a'uy ab' + bb'' + b„=a'b + b'^+b'^y 

a'* + b'a" + a; = aa" + a'6" + <', a'6' + &; = a"fc + fe;'. 



(4) 



Of course, it is evident that the equations (3) and (4) may be obtained also 
from the general equations of the metric theory of surfaces by proper 
specialization. 

§ 3. Discussion of the Triangle Determined by any Point of the Net and its 

Fundamental Covariant Points. 

The homogeneous coordinates of the covariant points P^ and P^ are 

p<*)=y(t)_6y*), a'''=yi''-a'y''\ (fc = l, 2, 3). (5) 

The point P^ is defined geometrically as the intersection of the tangents 
to two consecutive curves t;= const., constructed at the points where these 
curves are met by a fixed curve w= const. Likewise, P^ is the point of inter- 
section of the tangents to two consecutive curves i^= const., constructed at the 
points where these curves are met by a fixed curve t; = const. As u and v vary, 
each of these points, Pf^ and P^y describes in general a new nef of plane curves 
which is called a Laplacian transform of the original net. These nets are 
called, respectively, the first and the minus first Laplacian transforms of the 



♦"One-Parameter Families/' equations (4). f " Oi^^'P^i'^^^^i' F^^'^iii^/' ®<luatioaB (5). 



Kingston: Metric Properties of Nets of Plane Curves, 409 

original net, the reason for the terminology being that the first Laplacian 
transform of the net determined by Pf^ is the original net.* 
In view of (1), equations (5) give 

P'''=yu-b'y, <y^'^=y,-a% (6) 

Hence, in accordance with the remark made in § 2, the Cartesian coordinates of 
Pf, and P^ are given by the equations 

Xf,=x—xjb\ x^=x—xja'y 

yp=y—yu/b', yc=y—yja\ J 

which might also be obtained by specializing the corresponding equations in 
the theory of surfaces. 

We proceed to find the angle between the two curves of the net passing 
through the point P^. The slopes of the lines PyPp and PyPa in rectangular 
Cartesian coordinates are 

(yp— y)/ (^p— ^) , {yc—y)/ {(x:,—x) , 

respectively. In virtue of (7) these slopes become y^'X^ and y^ix^^ respect- 
ively, so that 

tan P,PyP^= {x^y^—x^y^)/{x^x^+y^y^). (8) 

We shall discuss later (in § 5) a more precise definition for this angle. 
We find further 



(7) 



PyP,= y/ {^-^f+(y-y)H = I ^ ool+yl /b' \ , 
P^P,= V{x,-xy+ {yc-yV = I y/< +yl/a' I . 

Let us introduce the following permanent abbreviations : 

xt+yl=E, x,x,+y,y=F, a^,+y\ = G, VEG^^^=H. (9) 

Then 

^u^v—yvyv—^^j (10) 

where £=±1. The significance of the double sign will be explained later 
(in § 5). Evidently all of these notations correspond to those of the classical 
theory of surfaces. 

The case £r=0 may be excluded from consideration. For, if 3=0, we 
shall have x^x^ — y^v^^* Since the left member of this equation is precisely 
the Jacobian of x and y, it follows that x and y are functions of the same com- 
bination of u and v, so that our net degenerates into a single carve. 



♦ " One-Parameter Families," § 4. 

t In this paper all square roots are to be considered positive, 

51 
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If we put dy for the angle P^PyP^^ and make use of the notations (9) and 
( 10 ) , we have 

tan e,=sH/F, PyP,= \VE/b^\, P,P,= |VG/a'|, (11) 

and further, 

= 1 1/a'b' I y/a'^E—2a'b'F+b'^G. 
From the first of equations (11) we see that the net will be orthogonal if, and 

^^'yi^' F=0. (12) 

The slope of the line Pf^P^ is {yc—yp) : {^c — ^p) which reduces, in view of 
(7), to (a'y„ — 6't/^) : {a'x^—b'x^). The slope of the line PyP^ is yu'^w Hence, 
we readily obtain the formula 

tan PyP,P„=Bb'H/{a'E—b'F). 

Similarly, we find 

tan PyP^P,=€a'H/{b'G—a'F). 

The angle P„P,P^ will be a right angle if G:F=a': b\ The angle PyP^Pp will 
be a right angle if E:F=b': a\ 

Again, the angles PyP.P^ and PyP^P, will be equal if E:G=b'^: a'\ 

Further, the triangle PyP^P^ will be equilateral if 

E:2F:G = b'^:aV:a'\ 

§ 4. The Angle formed by the two Families of the Laplacian 

Transformed Nets. 

Let Off be the angle made by the two curves of the first Laplacian trans- 
formed net, which meet at P^. Then, corresponding to equation (8), we shall 
have 

tan d = (~ . -^ — ^ . ^) I (^^ . ?^ _L ^ . ^yA 
^ \du dv dv du / / \du dv du dv / ' 

By using equations (7) and (3) this reduces to 

. ^ Q ^ -sa'a^ 

^ a'a"P+(a'6''— a;— a'^)G • 

Hence, the first Laplacian transformed net will be orthogonal if, and only if, 

a'a''F+ (a'6"— <— a'«)G=0. (13) 

Similarly, if dp is the angle formed by the curves of the minus first Laplacian 
transformed net, which meet at P,,^ we have 

^p - WF+ {ab'-K-V')E • 
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Hence, the minus first Laplacian transformed net will be orthogonal if , and 

only if, 

bh'F+ {ab'-K—b'^)E=0. (14) 

§ 5. Introduction of a Local System of Cartesian Coordinates. 

« 

In order to explore in detail the properties of a net in the vicinity of one 
of its points, it is desirable to introduce a system of Cartesian coordinates 
having this point as origin and the bisectors of the angles between the two net 
curves as axes. Let the positive direction of the tangent to a t/-curve, i. c, to 
a curve t;= const., of the original net at the point Py be chosen as the direction 
in which u increases. Similarly, let the positive direction of the tangent to a 
v-curve be that direction in which v increases. Then, since a positive element 
of arc is, in genera], given by ds = VEdu^+2Fdudv + Gdv^j the direction cosines 
of the positive ii-tangent, referred to the fxmdamenlal Cartesian system, are 
x^ : VE and y^ : V£, and the direction cosines of the positive v-tangent are 

x^ : VG and y^ : VG. 

Further, let $y be the angle through which the positive w-tangent must be 
rotated to coincide with the positive v- tangent, this angle to be counted from 
to + 7t when it is positive, and from to — n when it is negative. Thus Oy 
is subject to the inequalities — n<dy<n. 

If X and Y are the axes of the fundamental Cartesian system we have, 

therefore, 

ey={X, v) — {X, u) (mod. 2n) 

where (X, v) represents the angle through which the positive X-axis must be 
rotated to coincide with the direction of the positive t;-tangent, etc. From this 
we at once obtain for the general case 

sin ey=eH/VEG. (15) 

Thus, e is positive or negative according as 6^ is positive or negative, and thus 
the significance of the double sign in (10) is explained. Similarly, we find 

cos 0y=F/VM, (16) 

and these formulae are consistent with the equation (11) for tan dy. More- 
over, they may be regarded as special cases of the corresponding formulae in 
the theory of surfaces. 

We shall now choose as the positive ^-axis of our local Cartesian system, 
the bisector of the angle 6y; further, we shall choose the positive 97-axis in such a 
manner as to make this system congruent to the fundamental Cartesian system. 
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In accordance with the convention we have made regarding the angle 0, , 
we find at once, by means of ( 16 ) , 



If we denote by the angle between the positive X-axis and the positive 
^-axis, we have 

Hence, 

""'«= vl •■+ ^ • '^' '"> 



where we have made the abbreviations 



iVeg+f ^^ I Veg-f _Q 

^ 2VEG ^' ^ 2VEG 

The transformation from the fundamental Cartesian system to the local 
system has the form 

X=^ cos e—yj sin e+x, ¥=^ sin O+yi cos d+y, (20) 

where cos d and sin 6 are given by (18) and (19). 

§ 6. Transformation of Coordinates from the Covariant Triangle of Reference 

PyPf^Pg to the Local Rectangular System. 

If Xij x^j x^ are the homogeneous coordinates of any point referred to the 
triangle PyP^^P^j and if ZijZ2y z^ are the homogeneous Cartesian coordinates of 
the same point referred to the fundamental Cartesian system, we have, by 
choosing our unit point in the proper way,* 

^Zi=x^'''+x^'''+x^a''\ (i=l, 2, 3), 

where a> is a factor of proportionality. If we substitute in these equations 
from (1) and (6)^ and solve the resulting equations for x^^ x^j and x^ we get 

6)'a:i= [2i(fe'y„— a'yj —z^ih'x^—a'x^) +z^ 

\eH-x{h'y-a'y,)+y{h'x-a^xJ\]/eH, 
i^'X2=:[Ziy^—ZiX^—Zs{xy^—x^y)]/6H, 

If we divide the members of these equations by ^3, write X for Zi/z^ and 
Y for Zi/z^ , and include the common factor sH/z^ in the proportionality factor 



* £. J. Wilczynski, "Differential Geometry of Curves and Ruled Surfaces/' p. 61. 
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6>", we obtain as the required transformation from the triangle PyP^P^ to the 
fundamental Cartesian system, the equations 

Qi"x^=Xy^—Yx^— {xy^—yx^), 
(d''x^=—Xy^^Yx^-^ (xy^—yxj. 

If in these equations we substitute the expressions for X and Y given by (20) 
and make use of equations (18) and (19), we obtain, as the transformation 
carrying us over directly from the triangle of reference PyP^P^ to the local 
rectangular system, the equations 

oa;i=^[6fe'ffa+€(a'7?— 6'F)^]+>7[(a'i&— 6'F)a-6'ffi3]+6HV^', ^ 
(orr2=afffa-f^l3]+>7[— Fa-e5/3], 1(21) 

We now proceed to find the position of the covariant points P^ and P^ with 
reference to this local rectangular system. The coordinates of P,, referred to 
the triangle of reference PyP^P^ are Xi=x^=^0^ X2=l. If we substitute these 
values in (21) and solve for ^ and >? we find the required coordinates of Pp 
referred to the local rectangular system to be 

^^=-aVE/b\ y!,=efiVE/b\ (22) 

Similarly, for the point P^ we find 

?,= -aVG/a', y!,=-6^VG/a\ (23) 

If we make use of equations (22) and (23) we may obtain from (21) the 
following set of transformation equations, whose coefficients are expressed in 
terms of f p , J7p , f <r > »7<r j o>% 6' aiid S : 

(^x^=—a\Ji+a'^^Yi, ^ (24) 

(ox^ = b'rjp^—b'^py!. 

§ 7. The Osculating Conies of the Curves of the Net. 

Referred to the triangle PyP^P^^ the equation of the conic osculating the 
curve t;= const, at the point Py is 

2)2a;l+49393%a;3— 2»a;ia;3+<^xJ=0.* 

When we substitute in this equation the values oi x^^ x^y x^ given by (24), 

we get the equation of the osculating conic referred to the local rectangular 

system, in the form 

d,e+d^ri^+2dJir,+2d,yi + 2d,^^=Q, (25) 



*'* One-Parameter Families/' equation (83). 
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where 



di=a'«B*>7*— (4a'6'a393'— 2a'6'*a3))7^»7»— (2o'6'*93— &'*4>)>7* , 
rf2=a'*a3*^,— (4o'6'93a3'— 2o'6'*93)fpf,— (2a'6'*a3— 6'*4>)£J , 

d^=sb'HfB^„ 



Then 



d^di—d\ =HW[^—2a'^—{m'—h'Y], 
d^d^-d^d,=E^^[—a'^>^„+h'{m'-h')^,], 
djrfs— ^1^4 =.3*93* [ — a'»)7,+ 6' (293'— fe') >7j . 

If 0« and vig be the coordinates of the center of this osculating conic, we 

find 

^,= [-a'93^,+6'(293'-&')^p]/r4'-2o'»-(2SB'-6')*],l 

,7.= [-o'a3>7,+6'(293'-6'),7j/ [<^-2a'S8- (293'-6')*] J 

It follows at once from equations (26) that the conic osculating the curve 
v=const. will be a parabola if 

<^— 2o'S8— (293'— &')«=0. 

If the origin be moved to the center [supposing <^ — 2a'93 — (293'— 6')*:^0], 
and the axes be rotated to coincide with the principal axes, equation (25) will 
assume the form 

where 

5i=i [»*G— 2»(2SB'— 6')F— (2a'93— <^)£;+ Vfi], 

52=i[93*G!— 293(293'— 6')2^—(2a'93-^)£;—Vri], 

rfe= — F^93V [<^— 2o'»— (2»'— 6')«] , 
in which 

r,= (d,-d^r+4dl 
=93*G»+493*(293'-fe')*£?G!+(2a'33— <^)*£;«— 493»(293'— 6')FG 
— 293*(2o'93— 4>)£;G+493 (293'— 6') (2a'93— 4>)SF+4fl*93^(2o'93— 4>). 

From the first form of ry we see that Vfi is always real. 

The conic will be an ellipse or an hyperbola according as ^ — 2a'^ 
— (293' — 6')* is positive or negative. Further, by a well-known procedure we 
find the semi-axes a^ and ^i to be given by 

J 2H'93'[4>-2a'93— (293'-6')']-' 

«!. Pi- 93«G!— 293(293'— 6')F—(2a'93—<^)F±Vri 

The eccentricity e is given by 

d*=2 Vr,/ |5B«G_293(293'— 6')F— (2o'93— ^)£:+ Vfil . 
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Referred to the triangle P^P^P^j the equation of the conic osculating the curve 
i/= const, at the point Py is 

When the substitutions (24) are made, this equation assumes the form 

d\e+dW+'2^d'^n + 2d\n + 2d'Ji=0, (27) 

where 

d[ = 6'*9l" VJ— (4a'&'9l'9l" — 2a'*fe'9r" ) n,vi,— ( 2o'«6'9l" —a'S>) n\ , 

d't=b'm"^^l— (4a'6'9I'2I"— 2a'*6'9t")^]i, — (2o'*6'9I"— a'V)|J, 

d',= —sa'HW'^„, 
d't=ea'm!l"v,,. 

The coordinates of the center of this conic are given by the equations 

^^ = [-b'%"^,+a'{2W-a')U/['4'-2b'W'-{2W-a'y], 
Vc'= [— fe'3l">7p+a'(29r— o')>7<,]/[^— 2691" —(291'— a')*]. 

Hence the conic osculating the curve u = const., wUl be a parabola if 

4— 2fc9I" — (291'— o')*=0. 

If the origin be moved to the center (supposing the conic not a parabola) 
and the principal axes be taken as axes of coordinates, equation (27) will take 
the form 

where 

5;=H9l"*-B— 29t"(29('— o')F— (26'9r'— ^)G+Vri], 

rf^=i [9l"2f;— 291" (291'— o') F— (26'9l" — '^) G— Vrl] , 
di=—Wn"'/['4>—2b'%" — {2W—a'y], 
in which 

r;=9l"*F*+49l"*(29l'— o')*F(3!+(2&'9l"— ii/)*G*— 49r"'(29l'— o')FF 

— 29l"*(26'2l"— '»/')FG!+49t"(29l'— a')(2&'9l"— i^)FG'+4£P9I"*(26'2l"— ^), 

and, as before, VrJ is always real. 

The conic will be an ellipse or an hyperbola according as i/' — 26'9(" 
— (291' — a'y is positive or negative. 

The principal semi-axes a'l and ^'i and eccentricity e are given by 

2F*9l"*[^-26'9I"— (291'— o')*]-^ 



«;s (i'i 



WE— 2W{2W— a') F—(2b"!!l"— 4') G±Vr{ 
e*=2Vr[/\W^E—2%"{2W—a')F—{2b'W—^)G+Vr{\. 



* " One-Parameter Families/' equation (87) . 
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The formulae of this section will find their application whenever it is 
desired to study the metric properties of the osculating conies of any given 
net, or else if it be proposed to characterize particular nets by metric proper- 
ties of their osculating conies. 

§ 8. The Fundamental Theorem. 
From the definitions of J&, F and G we obtain, by using (3), 

E^=2aE +26F, G^=2a'F +26'G, F^=a'E + (a +b')F +bG, 
E^=2a'fJ+2b'F, G^=2a"F+26"G, F„=a''E+{a'+b")F+b'G. 

If we differentiate these equations again, we find that the relations E^^=E^y 
Puv^^vu aiid Gmv=^w ^^^ satisfied as a consequence of the integrability condi- 
tions (4). Consequently, if we regard a,b, ....,&" as given functions of u 
and V which satisfy the integrability conditions (4), equations (28) form a 
completely integrable system of partial differential equations for Ej F and G. 
If a, . . . ., 7>" are analytic in the vicinity of u=Uqj v^Vq, equations (28) 
may therefore be solved for Ej F and G as convergent power series with arbi- 
trary initial values. Further, if Ej^^Fj^, (r^, (A:=l, 2, 3), be any three linearly 
independent systems of analytic solutions, the most general analytic solution 
may be written as a homogeneous linear combination of these three with con- 
stant coefficients ; thus 

E=lc^,, F=lc,F,, G=Xc,G,, 

where Cu Cg , c^ are arbitrary constants. 

Suppose now that a, . . . ., 6" are given as functions of u and v satisfying 
the integrability conditions (4), and suppose further that JEJ, F and G are given 
satisfying (28). To what extent will these nine functions determine the nett 
To answer this question we must find the most general transformation on x 
and y that will leave these nine functions unaltered. 

Let us, in the first place, ignore Ey F and G. The most general pair of 
functions which satisfies equations (3) is obtained from the particular solution 
^(w> ^)> yi'^j ^)> ^ith which we started, by a transformation of the form 

x^a^x + b^y + Ciy y^a^x+b^y+c^, (29) 

that is, by the most general affine transformation. Consequently, those prop- 
erties of the net which are expressed by conditions independent of E, F and G 
are of an affine character. 
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If we denote by E, F, G the fundamental quantities of the net determined 
by i, y, we find 

|=(o!+ol)ai+(&!+6i)2/l+2(a,fei+aA)a;^., 

from which we see that E^ F and G will remain unaltered by the transforma- 
tion (29) if, and only if, the conditions al+al=ly bl+bl=l and aifci+fitA=0 
are fulfilled. These equations give a2=±6i and b^^^au where aj + fei = l, 
so that the most general affine transformation (29) which leaves JEJ, F and G 
unaltered, consists of a motion and a reflection. Hence a net is determined, 
except for a motion and a reflection, by the nine fundamental quantities, JEJ, F, 
G, a, . . . ., 6", where the coefficients a, . . . ., 6" are subject to the integrability 
conditions (4), and -B, F and G must satisfy the conditions (28). 
We may formulate our final theorem as follows : Let 

e,,=ae,+be,, e^=a\+b%, e^=a"(>„+6"0,, (3) 

be a completely integrable system of partial differential equations^ so that its 
coefficients satisfy the integrability conditions (4). // two linearly indepen- 
dent non-constant solutions j x{u^ v), y{Uy v), of (3) be interpreted as the car- 
tesian coordinates of a points the equations 

X=x{UyV), r=y{u,v), 

determine a net N. The most general net obtained in this way from (3) is an 
affine transformation of N. 

If the curves u = const, and v = const, of the net N be regarded as 
curvilinear coordinates, the square of the element of arc assumes the form 
ds^=Edu^+2Fdudv + Gdv^. If the coefficients of this quadratic form are given 
in any way subject to the conditions (28), the net is determined uniquely 
except for its position in the plane and a reflection in any line in the plane. 

Finally, it is evident that any net may be studied in this way, since the 
nine quantities a, . . . ., b", E, F, G are easily determined when the finite equa- 
tions of the net are given. 

The latter half of this theorem is, of course, an immediate consequence of 
the fundamental theorem of the theory of surfaces. 

§ 9. Orthogonal Nets. 

Let us assume that the net under consideration is orthogonal; that is, 
F=0, by (12). Then equations (28) become 

a) E,=2aE, c) 0=:a'E+bG, e) G,=26'G,1 

b) E,=2a'E, d) 0=a"E+b'G, f) G^=2b"G.\ ^ ^ 
52 
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If we differentiate E^ with respect to v, and E^ with respect to w, and equate 
the resulting values, we obtain the equation 

a^=<. (31) 

Then the first equation of (4) gives 

ha" = a'V. (32) 

From (31) we conclude that 

«=*«, «'=*«, (33) 

where ^ is an arbitrary function of u and v. 

If we differentiate G^ and G^, as expressed by (30), with regard to v and 
t/, respectively, we find 

K=K, (34) 

whence, by the fourth of equations (4), we have 

as before. Equation (34) tells us that 

6'=^., 6"=4.„, (35) 

where -J/ is an arbitrary function of u and v. 

If we differentiate c) and d) of equations (30) with respect to u and v, 
making use of a), b), e) and f), and equate the resulting values of the ratio 
— GiEy we obtain the equalities 

a;+2aa^ _ a'^ + 2a'^ _ a'; + 2aa" _ a'^ + 2a 'a" _a^_a^ 
6„+266' ""fe^+26fe" "" 6;+2fe'* " K + 2h'h" ^ 6 "^ 6' ' 

If we make use of equations (33) and (35), these equalities become 



»u.+2»,», ^ »^+2»g ^ a^h24>X ^ < + 2^X ^^v ^^ 

K+^h'^, K+2b^, '^,,+2-^1 ^«.+24'A & ^«' 



(36) 



From the equalities 

(4^.,+24>„4>,)/(6„+2HJ=V* and {^^+2fpl)/ (h,+2h^,)=<pjh 

m 

of (36), we readily find 

log 6=log ^^+2{^—^)+c^(v) and log 6=log 4>„+2(4>— ^) +C2(w), 

where Ci{v) is an arbitrary function of v alone and Cziu) is an arbitrary func- 
tion of u alone. From these two values of log 6 we get Ci{v) =C2{u) =Ki^ 
where Ki is an arbitrary constant. Hence, we have 
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In the same way, by using those equalities of (36) which involve a", we 

find 

a" =k^^^e-^^*-'^\ 

Here ki and k^ are arbitrary constants. 

But we have found that a" b must be equal to ^^^^^ , so that k^k^ must be 
equal to unity. Hence, we have 

b=k^,e'^^'^\ a" = ^^,e-^*-^>, (37) 

where k is an arbitrary constant which does not vanish if we assume that 
neither family of the net is composed of straight lines.* We shall suppose 
here that A;:^0, and shall later consider the case where k vanishes. 

We have now made use of all our conditions except the second and third 
of (4), which must still be satisfied. If we substitute in the second equation 
of (4) the values we have found in (33), (35) and (37), we get 

(^S+>^.«-*A)e^^-*(4^H4>.,-*A)e^=0. (38) 

• 

Similarly, if we substitute in the third of equations (4), we obtain precisely 
the same result. We have then found the following result : 

Let ^ and il^ be any two functions of u and v satisfying the condition (38), 
and let 






(39) 



Then any orthogonal net may be regarded as a solution of a system of partial 
differential equations of the form (3) with the coeflScients (39). Of course, 
not all nets which satisfy such a system of form (3) are orthogonal; they are 
all aflSne to an orthogonal net. However, we may find E and G by quadratures 
from (30). We get 

where c and c' are constants satisfying the condition c+k& =0j imposed by c) 
and d) of (30). If we adjoin the conditions that E and G shall have these 
values and that F shall be equal to zero, the corresponding orthogonal net is 
determined uniquely except for its position in the plane and for a reflection. 
But thi^ result may be simplified a little. The constant kj appearing here, has 

* " One-Parameter Families," § 4, p. 490. 
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I no geometrical significance for we may, by a linear transformation of the inde- 

pendent variables, make this constant assume any value we please. To show 
this, let us make the transformation 

U=aUy V=^Vy 

where a and ^ are arbitrary constants. Then 4>„=^- a, ^uu=^^' «*> ^tc, and 
(38) becomes 

We may now put a^ : ^ equal to any constant we please and thus make our new 
k have any arbitrary value. In particular, put the ratio a* : ^ equal to — A:, 
and our new k becomes equal to —1. The constants c and & of (40) then 
become equal, the coeflScients take the form of (39) with — 1 in the place of k 
and with u and v barred,* and our theorem becomes as follows: 

Let 4> and t^ be any two functions of u and v satisfying the condition 



and let 

Moreover, let 

E=ce^, F=0, G=ce^, 



(41) 



where c is an arbitrary constant. Then there exists an orthogonal net^ uniquely 
determined by these quantities except for a motion and a reflectionj and any 
orthogonal net, neither of whose families is composed of straight lineSy may be 
obtained in this way. 

Let us now consider the case when k=0 in (39). If we proceed in a 
manner similar to that followed above, we readily obtain 



6=0, 6'=^., 6"=^„, 



(42) 



where ^ is any function of u alone, and '4^ any function of u and z;, such that 
'4^+'^uu—i>u'^u=^j ^^^ where k is an arbitrary constant. 
If we now make the transformation 

u=U{u)y v = V{v)j 

* " One-Parameter FamilieB," equations (17) . 
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where U and V are defined by the equations 

we readily obtain the following result : 
Let ^4/ be any function of the form 

^=\og{VoU + V,), 

where Fq and Vi are arbitrary functions of v alone^ and let 

a=0, a'=0, a" = —^^e^, 

6=0, fe'=^,, 6''=^,. 

Moreover J let 

E=cy F=0, G=ce^, 

where c is an arbitrary constant. Then there exists an orthogonal nety of 
which the family of curves v= const, are straight lineSy* uniquely determined 
by these quantities except for a motion and a reflection. 

If in (39) we had taken k equal to infinity, that is, if we had taken a" 
equal to zero, we should have obtained a similar theorem regarding the 
existence of an orthogonal net of which the curves m= const, are straight 
lines. 

Again, let us suppose that the arbitrary constant k in (42) vanishes. We 
then find the following result : 

A system of partial differential equations of the form (3), iw which all the 
coefficients vanish^ when considered along with the equations 

E=Cy F=0, G=c% 

where c and c' are arbitrary constants^ determines uniquely^ except for a 
motion and a reflection^ an orthogonal net both of whose families of curves are 
composed of straight lines. Moreover^ any such net can be represented in this 
way. 

This system of partial differential equations with vanishing coeflScients, 

is readily integrated, and gives as one fundamental set of solutions, the 

equations 

x=Uy y=Vj 

which represent the two families of straight lines parallel to the axes of 
coordinates. 



*<' One-Parameter Familiea," p. 489. 
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Let us consider again equation (38), and let us suppose first that k^O. 

Then if 

>/4+^.«-4>u^«=0, (43) 

it follows that 

*S+*..-*A=0 (44) 

and conversely. By comparing these equations with (13) and (14), and 
remembering that in the present case F is equal to zero, we see that the equa- 
tions (43) and (44) are respectively the conditions that the minus first and 
the first Laplacian transformed nets are orthogonal. 

Again, if in (37) the constant k should be zero, the family of curves 
t; = const, is composed of straight lines, from which it follows that the minus 
first Laplacian transformed net degenerates.* Further, for this case we found 
that a' vanishes, from which it follows by (13) that the first Laplacian trans- 
formed net is orthogonal unless it should be degenerate. 

A similar conclusion is true if in (37) the constant k should become infinite. 
We have then found the 

Theorem: If a given net is orthogonal^ and if either of its Laplacian 
transformed nets is orthogonal or is degenerate on account of the fact that one 
of the families of the original net is composed of straight linesy then the other 
Laplacian transformed nets will also be orthogonal or degenerate. 

Let us suppose we have the conditions 

fulfilled. Then, by integration, we find the equations 

^«=Foe*-^ ♦.=^7oe^-^ 1>Au=UoVo, 

where Uq and Vq are, respectively, functions of u alone and of v alone. By a 
transformation of variables we may reduce these equations to 

if we assume that neither 4), nor 4', is identically zero. Putting iUo/VQ)e*~^=x, 

1>=Sl,Xdv+Ur, ^=S:,^+V,, (45) 

which gives rise to the following integral equation for Xt 

log Uo-log Fo+Fi-t/x+j:.^ -Sl,xdv=log X' (46) 



'^ "One-Parameter Families/' p. 490. 
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Hence, we may state the following result : 

If Uo , Ui are arbitrary functions of w, Vq , Vi arbitrary functions of Vy if 
Uq , Vq are arbitrary constants, and if x is ^^J function of u and v which satis- 
fies the integral equation (46), then the equations (41) and (45) together with 

E=ce^*y F=0, G=ce^, 

will determine (except for a motion and reflection) an orthogonal net whose 
Laplacian transforms are also orthogonal. The integral equation (46) may 
be replaced by the partial differential equation 

dudv du dv * 

obtained from it by differentiation. 

§ 10. Isothermal Nets. 

Let us now suppose that the net is not only orthogonal but also isothermal, 
that is, such that 

F=0, E:G=U:V, 

where ?7 is a function of u alone, and V a function of v alone. Then 

8* log E/G 



dudv 
From (30) we obtain readily 



=0. (47) 



Uniting the results of equations (47), (48) and (49) we find 

Hence, 

a^=K. (50) 

Similarly, 

a:=K. (51) 

But since the isothermal net is a special case of the orthogonal net, the results 
of ^9 must hold here, and we obtain from equations (33), (50) and (51) 

where s is an arbitrary function of u alone, t an arbitrary function of v alone, 
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and ^ is a function of u and v. Hence the function V" of § 9 is replaced here 
by ^+fsdu+ftdv. Putting this value of ^ in (37) we get 

and (38) reduces to 

{1>uu+1>uS+s,+^)e'^^'^-k{<l>^-^J)e-'f^'=0. (52) 

These expressions may be simplified a little by replacing fsdu by s and 
Jtdv by tj after which the bars may be dropped. Thus we see that the coeffi- 
cients of the system of partial differential equations of an isothermal net may 
be written in the form 



a=4>., a'=^,, a"=i(4^.+5.)«''-'^ 



(53) 



where ^ is a function of u and v^ s a function of Uj t s, function of t;, and k is 
an arbitrary constant (which we assume here to be different from zero), and 
where these quantities satisfy the relation 

(^uu+1>uSu+Suu+sl)e^-ki^,-^J,)e'-''=0. (54) 

In order to make (53) more symmetrical, let us put 4>+5=^, and then 
omit the bar. We shall find 



a=1>u-Su. «'=♦., a" = |*«e«^•-^'^ 



(55) 



and the condition* (54) becomes 

{i>uu+1>uSu)e''-k{^,-i>,t,)e-''=0. (56) 

Let us now transform the independent variables by putting 

u = U{u), v = V{v). 
Then (56) becomes 

[U''l^zu+1>Av+U'sji)U']e''-k[V''^-,,+^^^^^ (57) 

where 

If U and V are so determined that 

yi + U'su=0, ^—rt^=Oj i.e., U' = ae-% V' = fie\ 

where a and fi are arbitrary constants, (57) reduces to 

oi^^uu—k^(p^y=0. 
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If we put a^= — k^j this becomes 

and this is the fundamental condition which ^ must satisfy. The coefficients 
(55) now assume the very simple form* 

We then obtain from (30), by quadratures, 

E = ce^, G=ce^, 
where c is an arbitrary constant. Thus we have found the following 
Theobem : If ^ is any function oi u and v satisfying the condition 

*««+4^i,=0, (58) 

then any net which satisfies the differential equation (3) with the coefficients 

will be affine to an isothermal net. If we have besides 

E=ce^y F=0, G=ce^, (60) 

where c is any constant^ the net will be isothermal^ and moreover the parame- 
ters will be isometric parameters. 

To complete the proof of this theorem it suffices to remark that among the 
integral nets of a system of form (3) with the coefficients (59) there always 
exists an isothermal net ; namely, one for which the Ej F and G have the values 
(60). All other integral nets of the system are, of course, affine to this par- 
ticular one. 

It is of interest to note here that since the function ^ satisfies equation 
(58), which is Laplace's equation, this function must be either the real or the 
imaginary part of some monogenic function of a complex variable. 

Again, if we put the coefficients (59) in the first and last of equations (3), 
we get 

whence 

which says that each of the cartesian Coordinates of the generating point P^, 
of our net, is the real or the imaginary part of some analytic function of a com- 

♦ " One-Parameter Families," § 3, equation 17. 

53 



426 Kingston: Metric Properties of Nets of Plane Curves. 

m 

plex variable, a very familiar theorem. The whole theorem might, of course, 
be proved on this basis. 

Further, the Laplace-Darboux invariants, H and £", are given by the 
equations 

If in these expressions we substitute the coefficients (59), and remember that 
C'=0, we find 

and, therefore, the invariants H and K are equal. A very elegant geometrical 
interpretation of the meaning of the equality of these two invariants has been 
given by Wilczynski in a memoir entitled " Fldchen mit unbestimmten Direc- 
trixkurven/' This interpretation is embodied in the following 

Theorem: ^^Let us suppose that P is an arbitrary point of a net of plane 
curves with equal Laplace-Darboux invariants^ and let Pi and P_i be the corre- 
sponding points of the first and of the minus first Laplacian transformed nets. 
Then there exists a curve of the first net which touches the line P^P at Pj , and 
a curve of the second net which touches the line P_iP at P__i . Let Mi and N_^i 
be the conies which osculate these two curves at Pi and P_i, respectively. 
Then either the conic of the pencil determined by J/i and N^u which passes 
through P, intersects the segment PiP_i harmonically ^ or this conic degenerates 
into a pair of straight lines, of which one constituent part is identical with 
PiP-i9 or else the conies Mi and N^i are coincident. '^ 

We now observe that this theorem is applicable to all isothermal nets, 
since any isothermal net may be represented by a system of form (3) with 
coefficients of form (59), and hence with equal Laplace-Darboux invariants. 

We can easily prove a more, specific theorem regarding isothermal nets 
than we have yet developed. Under conditions (59) the equations (28) become 



E,=2^,E-2^,F, E,=2^,E+2^,F, 

F,=^„{E-G)+2^,F, F,= -<pAE-G)+2^^, 
G,=2^,F+2^,G, G,= -2^,F+2i>,G. 



(61) 



Suppose the net is orthogonal. Then, by the third and fourth of equations 
(61), either E = G or ^„=^^=:0. In "the latter case the coefficients (59) all 
vanish and the net consists of two families of straight lines. This case we 
exclude and therefore E must be equal to G. We then have the result : 

* " One-Parameter Families/' equations (29) . 
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Any integral net of a system of form (3) with the coefficients (59) is iso- 
thermal if it is orthogonal J and the parameters u and v are isometric parameters. 

Again, suppose that E = Gj F=0 for some particular regular point u=Uqj 
v = Voj of the plane. We may express this hypothesis by saying that the net 
is isothermal at that particular point. Then E^ F and G may be expanded by 
Taylor's theorem as power series whose coeflScients have as factors the suc- 
cessive derivatives of E, F, and G at the point {Uq, Vq). When equations (61) 
are differentiated it is found that the successive derivatives of F may all be 
put in the form, p{Eo—Go)+qFQj where Eq, Fq and Gq denote the values at 
(uqj Vq). Also, the successive derivatives of E — G have this same form. Con- 
sequently, we find F=0, E=G at all points of the plane. We then have the 
result : 

// an integral net of a system of form (3), with the coefficients (59), is 
isothermal at a single regular pointy it is isothermal over the entire plane^ and 
the parameters are isometric. 

§ 11. Effect of the Laplace Transformation on an Isothermal Net. 

Let El , Fi and Gi be the fundamental quantities of the first order for the 
first Laplacian transformed net. Then 

with correspouding expressions for Fi and Gi. If we make use of (7) and (3) 
we find 

El- ^7i «, 

F^=Skz^[_a'a"F+{a'-a'b"+a'*)G], 
a 

Oi= \ [o'»o"*£— 2a'o" (a',—a'b"+a'^)F+ (oi— a'fc"+a'«)*G]. 
a 

Let us suppose that the given net is isothermal with coefficients given by (59). 
Then F=0, E=Gy and we find 

^1= T4 ^^ ^1— Ti 9t^Aj "^1— Ti ^• 

^v <Pp ^v 

The first Laplacian transformed net will be orthogonal also, if Fi=0, that 
is, if either ^1,^— ♦ii^»=0, or 9„^=0. The first case is not permissible, otherwise 
El would vanish and the Laplacian net would degenerate, the curves w= const. 



i 
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reducing to points, and the curves i;= const, to one and the same curve. The 
second condition gives, by (58), 4>„«=0. Hence we can only have 

^z=iau+^v + iuv+yy 

where a, /3, y, 8 are constants. Thus, we find in this case 

G^i"" {oL+8vyi^+8uy ' 

If we take the second logarithmic derivative of Ei/Gi with respect to u and v, 

we get 

8^ log E^/G, ^ -25^ 

dudv " [S—{oL+Sv){fi + Su)Y' 

Hence ^ p) — ^ ^^^^ vanish if, and only if, 5=0. It follows that the ratio 

El : Gi is of the form, a function of u alone divided by a function of v alone, if, 
and only if, 5=0, in which case Ei=Gi. Therefore, the first Laplacian trans- 
form will be isothermal together with the original net, if, and .only if, 

^=au+^v+Y. (62) 

Again, if we let E_i , F_i , (j_i be the fundamental quantities of the first 
order for the minus first Laplacian transform, and proceed as before, we find 
that the minus first Laplacian transform will also be isothermal together with 
the original net, if, and only if, the condition (62) is satisfied. 

When ^ is of the form (62), the coefficients (59) become 

a=a, a'=^, a" = -a, \ 

where a and ^ are arbitrary constants. We may now make the following 
statement : 

The isothermality of a net and of one of its Laplacian transforms implies 
that of all of the others. Every net of this kind may be regarded as an integral 
net of a system of partial differential equations with constant coefficients of the 
form (63). 

This system of partial differential equations with constant coefficients is 
readily integrated. The system, written out explicitly, is 

It may be satisfied by putting ir=e*""'"**', where a and b are constants to be de- 
termined. We readily find the non-constant solutions 

Xz=ze ^^~*"^ «tt-»-v) y -— g(^+»a) (-iu+v) ^ 
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The corresponding net is imaginary for real values of a and p. However, 
these solutions may be put into the form 

ir=e"-*-^''[cos (pu—av) +i sin (^li— at;)], 
y=e*"+^''[cos {^u—av)—i sin (/?ii— at;)], 



whence 






If we make the imaginary affine transformation 

^={x+y)/2, yi={x-y)/2i, 

we obtain 

^^ga«+/jr g^g (^^_Q^^)^ ,7 = e"«+^'' sin {fiu—oLv), (65) 

and these equations represent a net which satisfies (64) and which is real if a 
and j3 are real. If we now put V^*+>7*=r, >7/^=tan 6, we obtain 

« 

^^^au+pv^ e=^u—av + 2n% (66) 

as the polar coordinates of the generating point of the net. For the curves 
w= const, and t;= const, in (66) we find 



r 



de 



= — 3l and r— =^ 
dr ^ dr" OL^ 



respectively. But r , is the tangent of the angle at which the radius vector 

cuts the curve. Hence, our net is composed of two families of equiangular 
spirals, which intersect their radii vectores at the angles whose tangents are 
— d/P and ^/a, respectively. Hence the two families are actually orthogonal 
to each other and therefore (by a theorem of § 10) form an isothermal net. 
Hence, we have the result : 

The isothermal net composed of two orthogonal families of equiangular 
spirals has the property that all of its Laplacian transformed nets are also 
isothermal. Itf oreover, it can be readily shown that this is the only real iso- 
thermal net having this property. 

In order to study the Laplacian transforms of the nets considered in the 
foregoing paragraph, we set up the Laplacian transforms for the general net 
(3). If we proceed in a way similar to that followed by Wilczynski,* using 
equations (7), we find for the first Laplacian transform the system of partial 
differential equations, 

* '< One-Parameter Families/' §4. 
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where 

, a'b'-a: a'b'-a: 2a' a: 

Similarly, we find for the minus first Laplacian transformed net, the 
equations 

P«. = C'-lfu + &-lP» > Puir = 0-lP« + &-lP» , P»» = O-lPn + &-lP. . 

where 

2fe; , 6. , a'b'—K ., a'b'—b', 
a_,=a p- + y, a_,= — ^^-, a_.= j— , 

When the coefficients (63) are substituted in these two sets of equations, 
it is found that the coefficients of each transformed net are exactly the same 
as the corresponding coefficients of the original net. Hence the Laplacian trans- 
formed nets are affine to the original net. We may state our result as follows : 

The only real isothermal nets both of whose Laplacian transformed nets 
are isothermal^ are those which are composed of two families of equiangular 
spirals^ and then both Laplacian transforms are affine to the original net. 



On a Special Elliptic Ruled Surface of the Ninth Order. 



By Habry Clinton Gossabd. 



The object of this paper is to discuss the following problem connected 
with a tetrahedron : 

Are there lines connected with a tetrahedron^ such that if the vertices are 
rejected in these lines j the reflections will fall on the opposite faces? If so^ 
what is the locus of these lines? 

It has been shown by G. T. Bennett* that for any given tetrahedron there 
are cx)^ such lines, and that when the opposite edges are equal, the locus con- 
sists of three cylindroids. The existence of these lines will be established by 
direct geometric considerations, and their locus will be discussed together with 
other related questions. 

§ 1. Special Displacements of a Given Tetrahedron. 

Let {(ix){aYi) = Q be a collineation between a point x and a point x\ To 
within a factor of proportionality, the coefficients of the ri'B are the coordinates 
of the point a?', i. e., A:a;< = a^(aa;), where i=0, 1, 2, 3, and where k is the factor 
of proportionality. If we put x'^ = Xi^ the eliminant of the four equations, 
giving the fixed point, is 



^0 <*i a^cf^ ^0 ^ 

aiOLi — k aiOi aiOa 

a^ Oil a^ cti — k a^ Og 



= 0, 



^0^ — k 
aiOo 
a^oLQ 
a^ Oq 

which may be written as 

k'—I^T^+hk^-hk+l, = 0, 
where 

7j = (aa) =aoao+aiai+a2a2+a8a8, h= (a/ff'aft), 

Zj = (a^y • ahc) , I^ = (a/ffyS • abed) . 

We are concerned with those coUineations for which (aa) =0.t 



* Proo. London Math. 8oc,, Series 2, Vol. X (1911), PartB 4 and 5. 
t These are Study's "Normal CoUineations." 
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Suppose the above collineation to be a displacement. The normal form 
of a displacement is , __ ^ 

JU — e iX/m 

z' = z + paj 

where p is the pitch of the screw, a the angle turned through, and the barred 
variables are the conjugates of the unbarred variables. 
Written homogeneously these equations become 

Xq ^= e Xq J 

x[ = e'^Xij 
^2 = Xi + paXsj 

^8 --— "^ > 

for which Zj is e**+e-**+2 or /i=:2 + 2 cos a. 

For a displacement Ii will equal when a =180°. Thus we see that 

There are displacements of T which send each vertex onto the face oppo- 
site it, and these displacements consist of rotations about an axis^ through an 
angle of 180°, and a translation. 

The general collineation has 15 independent constants. In the displace- 
ment herein considered, the plane at infinity (which we shall name TF), the 
absolute in this plane and the size of T are all left unaltered. This puts 
3+5 + 1 or 9 conditions on the displacement. It is one condition for each 
vertex to go onto the face opposite it. This leaves 15 — 13 = 2 constants at 
our disposal and consequently c»* axes of rotation. Taking the pitch of the 
screw motion to be 0, which is one more condition, leaves qo^ axes of rotation 
and reduces the above displacements to rotations of 180° only, about these 
cx)^ axes, and therefore to reflections in these lines. 

Throughout this paper T is taken to be the reference tetrahedron, and the 
one formed by the reflection of the vertices in any one of these qo* lines will 
be designated as T\ Then for a given T, there are oo^ T"8. Or, 

For a given tetrahedron T, there exists (»' lines such that reflections of T 
in these lines give c»^ tetrahedrons T', which are inscribed to T. 

§ 2. The Axes of Rotation. 
Consider the four reflections of T, given by 



Roi 


Xq= Xqj 


X[ = Xly 


^2 = ^2? 


^8=^8; 


Rii 


Xq = Xq^ 


a?l= Xly 


a;J=a?2, 


x'^=x^; 


R2'. 


i^o=^o, 


x[=Xi, 


X2= Xij 


^8=^ ; 


Rzi 


ojq = a/Q , 


x[=Xi, 


a?2=^2> 


x^= x^ 
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Rq sends a line p, whose coordinates are 

POIJ P02J P08> Pl2j P2SJ Psl 

into a line whose coordinates are 

P0l7 P02J —P08j Pi2j P28> PbI j 

which we shall call pRo. Ri sends p into a line pRi whose coordinates are 

« 

—Poi9 Po2j Po3> —Pny P28J —Pzi- 

If n be an axis with coordinates Tt^y , meeting pRo , then 

Poi ^1 P02 ^ P08 ^ + P28 ^ + P«l ^81 + P12 7ti2 = 0. 

If n meets jpBi, 

P01^1 + jP02^ + P08^ + P28^ PSI^SI Pl2^12 = 0. 

If 7t meets both pRq and pRi , then 

jP01^1=jP28^j (1) 

i. 6., 9< belongs to a linear complex. Similarly, if n meets pRo and pRi , 

P02^2 = P3l7t8l, (2) 

and if n meets pBo and pR, , 

P08^ = Pl2^12- (3) 

Or, if n meets pRo^ piJi, pRz and p-Bg, then it is common to three linear 
complexes. Consequently, there are oo^ lines n meeting the four lines above, 
and these four lines pRi belong to a regulus. p and n play dual roles and so 
p must also meet the same four lines. 

We now seek. the equation of the quadric on which pR^ lie. From (1), 
(2) and (3) we have for any given line 7t, equations of type 

{Xoyi—XiyQ)7toi — {Xiy^—x^yi)7t2s = 0. 
Eliminating t/i , y^ and ys , 

with three similar equations. These equations are satisfied by a?^y, and by 

^0^1^^ + ^^2^13^0 + ^^0^l7t28 + ^^07t8i 71182 = 0, (4) 

which is the desired equation. It represents a quadric referred to a self-polar 
tetrahedron of reference^ on which the four lines pRi must lie, as well as the 
lines p and n. 

The relation of p and n in (1), (2) and (3) is that the reflection of a 
vertex e^ of T in jp and n is on 6,-, the face opposite e<. This reflection can 
be made a physical one by sending the line n to infinity in a direction perpen- 
dicular to p. This makes n the polar line, as to the absolute in TF, of the 
54 
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point of intersection of the line p and the plane W. . This makes the quadric 
(4) touch the plane TF, i. e., makes it a paraboloid, and because of the way n 
is sent to infinity, makes this paraboloid orthic, i. 6., makes it apolar to the 
absolute. 

Making a slight change in coordinates we shall write (4) as 

\y/ 2/0 «/i Pi Vi 

which is any quadric referred to a self-polar tetrahedron, adding the necessary 
requirements to make it an. orthic paraboloid. To be a paraboloid it must 
touch the plane at infinity, whose equation is (a?) = 0, This condition is 

+ TTZ^ + :;7^:7^ + ttttz = o, or f/o+t/i+yi+ys = o. 



"^=0, 



ViViVz yaViVz VoViVz y^yxVt 

To be orthic, i. e., to be apolar to the absolute, the equation of which we shall 
write as (-40^=0, where An is the square of the area of the face e^ of T, the 
condition is 



(f) 



-4 00 , -4 11 , -4 22 I -4 33 Q 

yo y\ ^2 ys "~ * 



Then all lines p lie on the quadrics represented by ( — j = 0, where these 

quadrics are subject to the relations ( — j =0 and (t/) =0, where y is the point 

of n where the axis of the quadric meets TF, i. 6., is the point of contact of W 
and the quadric. The quadric being orthic, its axis and principal generators 
form three mutually perpendicular lines, which meet TF in three points forming 
a triad, self-conjugate with regard to the absolute. As n is the polar linje of 
the point p (i. e., the point where the line p meets the plane TT), and the prin- 
cipal tangent plane meets TF in a line which is the polar line of the point t/, 
the line p must be one of the principal generators of the quadric. It is at once 
seen that both of the principal generators play the same role; and, conse- 
quently, both are lines p of the kind herein discussed. For either as a line p, 
the corresponding n is the polar of the meet of p and W as to the absolute, 
and these two corresponding lines n and tC meet on the point y. So we have 
this theorem : 

All the lines sought are the principal generators of the quadrics I — j =0, 



where {y)=0 and ( — j=0. 
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A case in point is the rectangular hyperboloid xy=z. The polar plane 
of a point x\ y\ z' is xy' -{■ x'y = z -\' z' . This equation is satisfied by 
^S — y'^ — ^' ^^d — ^S y\ — ^\ ^h® reflections of a?', y\ z' in the lines a?=0 and 
t/=0, respectively. These two lines are the principal generators of xy=z. 

% 3. The Plane at Infinity and the Surface Sought. 

The reflection of a vertex e». of T in any line at infinity, will lie on the 
face Bi , opposite e,. . For, to get a reflection of a point in two lines, one takes 
the fourth harmonic of this point and the two points where the two given lines 
are intersected by the line on the given point, meeting the two given lines. 
As one of the two lines is a line n in the plane TF, any other line in TF, that is 
on the meet of n and the intersection of W and c,-, would do for a line p. 
For, then the reflection of e^ in p and n would be at their intersection and 
consequently on Si . Therefore, in a certain sense the entire plane W is to be 
considered a part of the locus of lines for which we are seeking.* 

§ 4. The Curve at Infinity. 
Let n denote the surface on which the lines lie. We seek the intersection 

— j meets the plane TF in a cubic curve, the 



locus of all points t/, where the axes of the quadrics ( — ) ==0 meet the plane W. 

Also, as before stated, these points y are the intersections of pairs of lines n 
and n' on which are the points, where the principal generators meet the plane W. 

These line pairs n and n' are conjugate as to the absolute and form the 
degenerate conies of the net of apolar conies of some cubic. The cubic 

( — ) =0, being on the double points of these degenerate conies, is the Jacobian 

of this net, and the Hessian of the cubic of which this is the apolar net.f The 
Cayleyan of this latter cubic would be enveloped by these line pairs n and n\ 
and the reciprocal of this Cayleyan as to the absolute passes through the point- 
pairs on n and n'. Therefore : 

The intersection of all lines p and the plane W is a cubic curve, which we 
shall name R. This cubic R meets the absolute in six points, and the tangents 
to this cubic at these points can be seen at once to be special lines of £i. The 

* This plane W will not be included as a part of Q in this paper. 
t See Clifford's Papers, "Polar Theory of the Plane Cubic." 
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n's corresponding to these six tangents are the tangents to the absolute, where 
it meets the cubic R. Moreover, an examination of other possible special lines 
of £1 in the plane W shows that there are none other than these six. Conse- 
quently, 

The intersection of the plane W and the surface ft consists of a cubic curve 
and six special lines and is therefore of the ninth order. 

These six lines meet in fifteen points ; they meet the cubic in six points 
other than the points of tangency ; and the six lines meet lines p at the six 
points of tangency. In all the intersection of the plane W and the surface ft 
has 27 double points, one less than the total maximum number for a curve of 
the ninth order. Therefore, 

The intersection of the plane W and the surface ft is an elliptic curve of 
the ninth order^ and it follows that ft is an elliptic surface of the ninth order. 

§ 5. Special Lines of ft. 

There are some lines of ft that are, in a special way, connected with the 
tetrahedron T. G. T. Bennett* has mentioned the two following types: 

(1) The two perpendicular normals to an edge at its middle point, each 
equallv inclined to the faces through that edge, i. e., lying in the planes that 
bisect the dihedral angles on an edge. 

(2) Any line which can be drawn, meeting two opposite edges and 
bisecting, internally or externally, at each of its extremities, the angle sub- 
tended by the opposite edge. 

It is seen from simple geometric observation that these lines are proper 
lines of ft. The six pairs of perpendicular lines of type (1) are evidently 
pairs of principal generators of six of the quadrics of '^ 2. For each pair of 
opposite edgies of T there are seven lines of type (2). This is shown by the 
correspondence set up on the pairs of opposite edges. For, if 12 and 34 are 
opposite edges of T, then for two points 1 and 2 on one edge, we have one 
point y on the other edge. This point y definitely determines two points x on 
the first edge, one on the internal and one on the external bisector of the angle 
1 y 2, i. e.j for one point y there are four points on the edge 12. Similarly, 



for one point x on the edge l2 are four points on the edge 34. Therefore, 
the correspondence between the two edges, thus established is a 4 — 4 corre- 
spondence. The lines xy are given by the coincidences of this correspondence 
which must be eight in number. However, the plane W contains one of these 

* See page 431, footnote. 
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lines, which is not to be included as part of £1, or there are seven lines of 
type (2). It is evident that no other lines of fl meet an edge of T, and 
consequently, 

A given edge of T meets nine lines of the surface fl — two of type (1) and 
seven of type (2) — or^ what is the same thing ^ an edge of T meets the surface £i 
in nine points^ which verifies the fact that £i is of the ninth order. 

The equation of £1 can be written from this point of view, by expressing 
the coordinates of any line of £1 in terms of an elliptic parameter. To do this, 
it is only necessary to suppose the cubic curve R to be expressed in terms of 
an elliptic parameter u. Then since for each point of R there corresponds 
one line, in general, the lines can be expressed in terms of this parameter u. 
The six coordinates p^y of each line of £1 will each equal the product of nine 
terms like a{u — a), one for each of the lines that meets an edge of the tetra- 
hedron of reference, t. e., 

Pi^=a {u—ai)a {u — (h) • . . .<y('w — ^9). 

Since two of the nine lines on an edge of T are perpendicular, their 
parameters would differ only by a half period, i. e., if one is (w— a), the other 
would be {u — a+cj). Moreover, since seven of the nine lines on an edge of T, 
also meet the opposite edge of T, seven of the a factors would be the same for 
the two coordinates Py and pj^i . The coordinates of any line of £1 would then 
be written : 

Poi=a {u—ai)a {u — a^) . . . .a{u — af)a{u — (Xoi)o{u — Oqi+o), 
P23=a{u—ai)a{u — a^) . . . .a{u-^ai)a{u — ais)(y{u — Ogs+w), 

Poi=cf{u—bi)a{u—b2) a {u—bf)a {u—aQi)a {ti—aQ2+(^) y 

Psi=a {u—bi)a {u — 62) . . . .a{u — bj)a{u — asi)a{u — Osi+w), 
Poi=(y{u — Ci)a{u — Ca) . . . .c{u — C'j)a{u — oco8)o'(w— oos+w), 
Pi^=a{u — Ci)a{u — Cj) . . . .a{u — Cf)a{u — ai2)(y(w — ai2+(«)). 

§ 6. Introduction of Elliptic Functions. 

— ) = contains the edges of the reference tetra- 
hedron T. By putting (t/)=0, and thereby getting the cubic curve which is 
the intersection of the plane W and this cubic surface, one gets a cubic curve 
which passes through the six points where the edges of T meet W. 

Let this cubic bear an elliptic parameter u, and for the above six points 
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of this cabic let u have the values a, 6, c, a?, y and ^, respectively. As these 
six values of the elliptic parameter are coUinear by three's, we have 

a+b + c=0, b+x+y=0, 
a+y+z=Oj c+x+z=0. 

Adding these four equations and substituting for a+b + Cy the result is 
x+y+z=Oy or =1^1, where cji is a half-period. Then, 

x=c^ — y—z=c^+a, and similarly, y=ch+bj z=cii+c. 

Consider yQ=Xoo{u—a)a{u — b)a{u—c). This represents a line od the 
points whose parameters are a, 6 and c respectively, where a+b+c=0. The 
line on the points whose parameters are a, y and z respectively, is 

yi=7ii(y{u — a)a{u — b — Ui)(y{u — c — cji), 

and similar equations for the lines that are on 6, y, z and Cy Xj z. The function 
a{u — b — Oh) will 1>^ replaced by ai{u — 6), where cTi is the allied sigma-function. 
Then we have 

yo=yioa{u — a)a{u — b)a{u — c), 

y^=?.ia{u—a)ai{u — b)ai{u—c)y etc. 

It is necessary now to so determine ^< that (y) =0, and [ — | =0. If (y) =0, 

7iQa{u — a)a{u — b)a{u—c) +^<t(w — a)ai{u — b)ai{u — c) 

+^iai{u—a)a{u—b)ai{u—c)+Xs{ )=0. 

Dividing by the coefficient of Xo , 

'^o"l"'^l — 7 ^ — 7 tTI — 7 ^ — r ^( • • • • ) T"^( • • • • ) ^^0' (^) 

a{u—a)(y{u—b)a{u—c) -^x / -^x / 

To remove the infinities for a, b and c, put u=ay u=bj u=c in succession 
in (5), observing that a^{Q) = 1, this gives 

< Ti(a~c) a^{a-b) _ 

<Ti(&-g) , ^ a^{a-b) _^ 
^(T(6-c)+^(T(a-6)""' 

^<t(6— c) * <t(o-c) 

Solving for the X's, we have 

_ o^^6— c) _ q(o— c) _ o;jo— 6) 

'^'-<Ti(6-c)' '^~(ri(a-c)' '^-<Ti(a-6)' 
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which substituted in (5) reduces that equation to 

a{b—c)ai{u — b)ai{u — c) 



^0 + 



ai{b—c)a{u—b)a{u—c) 



+ (....) + (... 0=0. 



(6) 



To determine Xq, let M=a+6>i' Then u — a=Oi and ai{u — o)=<ri(d=0. 
This eliminates the last two terms in (6), and leaves 



whence 



a{b—c)aiiu—b)ai(u—c) _ 
"^ ai{h—c)a{u—b)a{u—c) ~ ' 

^- (e -e Ue-e) g(&-c)q(c-o)(r(o-5) 
^-^^^ ^*^^^^ ^'' a,{b-c) a,{c-a) aAa-b) ' 



(7) 



which gives as the equation corresponding to (y) =0, by substituting in (6), 



(ei— 62) (ei-^ej) 



a{b—c)a{c — a) a {a — 6) 
ai{b — c)ai{c — a)ai{a — 6) 



l^ a{b—c)a^{u—b)a^{u—c) ^^ 
o'i(6 — c)a{u — b)a{u—c) ' 



(8) 



or, 



yo = (ei—Ci) (ei— eg) 



a (b—c) c (c—a) a {a~b) 



<Ti(6 — c) ai{c—a) ai{a — 6) ' 
a{b — c)ai{u — b)ai{u—c) 



^^ a^{b—c)a{u~b)a{u—c) ' 

and similar expressions for j/2 ^^d y^ . 

If we substitute u+t^i for u in equation (8), and for 



(9) 



Oi{u—b) . 



a{u—b) 



its corre- 



sponding value — ryV (61—62) (ei — eg), and then divide the result by 

(61 — 62) (61 — eg), we obtain the equation: 

-c) 1 



a\{b-c)aUc-a)al{a-b) ^^' '»' ^^' ^'^ y, ^ ^ a\(b-c) y. 



T^ = 0, 



which is manifestly of the form i — 1 =0, where 



•^00 — (61 — 62) (61 — e^) All Afn A^ y 

_ G^(b — C) 

a\{b — c) 



(10) 



By means of these equations (9) and (10) we shall now get an equation 
of that part of the double curve on fl, which is the locus of the intersections of 
those generators of £i which meet in perpendicular pairs. 
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» 

§ 7. The Double Curve. 

The plane section of £lj as stated in <^ 4, has twenty-seven double points, 
and so the surface £1 must have a curve of double points of the 27th degree. 
At least a part of this double curve will be the locus of the vertices of the 
quadrics of this paper. This part we shall now find. We first seek the locus 
of the tangent planes of the quadrics at their vertices. Since the principal 
generators meet the plane W in points which, with the corresponding point y 
where the axis of the quadric pierces TF, form a self -conjugate triangle, the 
plane on these two generators will meet TF in a line that is the polar line of y. 
Consequently, the polar plane of y as to, say the circumsphere of T, will be a 
plane parallel to the principal tangent plane of the quadric above. 

The equation of this circumsphere is given in quadri-planar coordinates as : 

where e^^ is an edge of T, and x'^ is the altitude to the face a?<=0. In barycen- 
tric projective coordinates, this equation is : 

e\iXxX2-\- .... +628^20/3=0, or 2ejya:^it?y=0, 

where (t=0, 1, 2, 3, and ;=0, 1, 2, 3). 

The polar plane of y as to this sphere is : 

6 

2efy(a?^^+a;yyJ=0, 
which for convenience we shall write as (^a;) =0 where 

To get the planes tangent to the quadrics f — j=0 at their vertices, it is 

only necessary to get the plane parallel to {^x) =0, which touches the quadric. 
Any plane parallel to {^x) =0, is given by 

{^x)+H^)=0. (11) 

The condition for this plane to touch the quadric f — )=0 reduces at once to 

^'{y)+2M^y) + {ey)=0, (12) 

where the y's are subjected to the two relations (y) =0 and I — )=0. 
Substituting the values for f, in {^y) this term reduces to 

4 
2 t/it/2.V8 [2(612628 + 628681 + 681612) 612 618 628 J. 

*'' Rogers's revision of Salmon's Geometry of Three Dimensions/' p. 235. 
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As the coefficient of yxy^yz is sixteen times the square of the area of the face 
a?o=0 of T, t. 6., equals 16u4oo, this last quantity can be written as 

Therefore (ft/) =161/0^12/22/8 (—)=0, and (12) reduces to 2a(^t/)=0. This 

last equation has the roots ^=0, 00. If ^=00, (11) reduces to (x) =0, the plane 
W already discussed. If ;i=0, (11) becomes (^ir)=0, the principal tangent 

plane of ( — )=0, and as y traces out the cubic curve f — j=0 in the plane TF, 

(^0?) =0 gives the locus of these planes. 

The y% as given by equations (9), are cubics in a, and as (^a;)=0 is 
linear in y, when the cr's are substituted the equation resulting will be a cubic 
in (T. Therefore these double tangent planes of £i envelope a cubic curve. 

An interesting property of these double tangent planes is derived very 
simply. The points of any plane cubic reciprocate, with regard to a sphere, 
into planes on a cone of class 3, with its vertex at the point which is the 
reciprocal of the plane on which the cubic lies. In this case the latter plane is 
the plane W which reciprocates with regard to the sphere circumscribing T 
into the centre of this sphere. Thus : 

All the planes {l^x) =0 pass through the centre of the sphere circumscrib- 
ing the reference tetrahedron T. 

The equation ( — )=0, in planes, is (ft/)=0. The pole of ^, one of the 

planes enveloping {j^x) =0, will be the vertex of the quadric of which ^ is the 
principal tangent plane. Taking the coefficients of f in (^^'y) =0 as the coor- 
dinates of Xj we have Xi=l^^i as the locus of the vertices of all the quadrics 

( — )=0. This is a quadratic in y and therefore a sextic in a, t. e.\ 

The locus of the intersections of those generators of £i which meet in per- 
pendicular pairs, is an elliptic space sextic. 

The six points where this sextic meets the plane W are the points where 

« 

the cubic R meets the absolute. It is at once seen that the tangent to R at any 
one of these points — which is a line of fl, as before stated — ^is perpendicular 
to that generator of £l which pierces W at that point. 

As the mid-points of the edges of T are points on this sextic, we have at 
once that three of the points where this sextic pierces any face of T, are the 
mid-points of the edges of T which lie in that face. 
55 
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The complete curve of double points being of degree 27, there remains a 
part of degree 27 — 6 = 21, which is the intersection of those generators which 
are not perpendicular. This part meets each generator of £1 seven times. 
Also since the curve of double planes is of degree 3 less than the degree of 
the curve of double points, the complete curve of double planes would be of 
degree 24. Of this the cubic (^rr)=0, has already been accounted for, there 
remaining a part of degree 21, 

§ 8. A Quadratic Transformation Connected with £i. 

The equation of the sextic curve of double points suggests a quadratic 
transformation. Let this equation be written as 

^i = <^iyiyi + (^ihym + ^nv^i , ( 13 ) 

where aiy=6f^ and i, ;, ft, Z=0, 1, 2, 3, i^j^k:!fzl. If in {^x) =0, the relation 
of incidence between a point x and a plane ^, we substitute these values for 
Xiy the correspondence established by (13) takes the form 

8 

^{cf'iiyiyi^i+fx^ikyiykii+oLiiyiy^i) =0. (14) 

Let us regard this as a correspondence between two spaces s^ and s^ . To 
a plane ^ in s^ corresponds a quadric in 5^ . To a line in s^. corresponds a 
quartic curve in 5^ . To a point in 5^. corresponds four points in 5^ . A plane 
in Sy meeting a quartic curve in four points, the correspondent in 5, must meet 
a line in four points ; and, therefore, must be a quartic surface which can be 
shown to be a Steiner's Quartic Surface. To a line in s^ corresponds a conic 
in s^. A plane rj meets the three-fold system of quadrics in a three-fold sys- 
tem of conies, which map the plane >7 onto the corresponding Steiner's Quartic 
Surface. 

The Jacobian of the system of quadrics is a quartic surface whose equa- 
tion is 



J= 



«02y2, <^ity2f ao2yo + ai2yi-f-a282/8. a28yi> 

^OZVS * ^IsVb y ^^tVz > <»08yo + «18yi + <»28y2 > 



= 0. 



Or, J=(iQi(toia^2yoyiy2 ( aosyo + aist/x + a^y^, ) 

+aoi«o8ai8t/oyiy8 (ao2t/o+ ai2yi+ Osst/s) 
+ ao2ao8a282/o«/2j/8 ( OoiJ/o + ai2y2 + aiat/s ) 
+ cL^oL^a^yiy^yz (aoiyo+aoiyi+aosys) =0. (15) 

4 

Or, J^^CLifiLikajj^yiy^j^ianyi+a^fyf+ajtiyk) =0. 
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Since to a line in s^ corresponds a quartic in 5^ , the correspondent of J will 
meet the line in the same number of points as the number in which the quartic 
curve will meet J, or in sixteen points. Then the correspondent of J is a sur- 
face of order 16. A plane £ will touch this latter surface whenever J touches 
the quadrics of the system, i. e., when the discriminant of (15) vanishes. The 
equation of the correspondent of J is given in planes, by bordering this dis- 
criminant, and is 

2aJic4(^o+^i)'(f2+^s)*-22aoiao«ai8a2s(?o + ^i) (So + s^s) (fi + ^a) (^E+fs) =0, 
or, which can be written 

Q^VaoiO^(go+gi)(g2 + gs) + V Q^i3(£o+£2)(gi + ^J 

+ Vao8ai,(go+^3)(^i + ?2)=0. (16) 

As this is of the fourth degree in ^ the correspondent of the Jacobian is a sur- 
face of class 4. Since the reflection of the plane ^o+f^=0 in the centroid of 
T, whose coordinates are (1, 1, 1, 1), is the plane fg+^s, and similarly for 
^0+^2 aiid ^o+^sj which reflect into the planes ^i+^g ^^^ Si+^2> Q reflects into 
itself, and is therefore symmetrical about this centroid. Thus : 

The correspondent of the Jacobian of the system of quadrics is a surface 
of order 16 and class 4, which is symmetrical with regard to the centroid of T, 

The equation of the Steiner's Quartic Surface corresponding to the plane 
W is found by forming the Hessian of (14), changing the resulting equations 
in planes into the point equation, and making this surface touch TT, . The 
result is 

iJ= (ai2 + «lS — «23) («01«23 + a02«03) + (^M" «18 + ^2s) ( «02^18 + ^Ol^OS ) 

+ ( ^12 + «18 + ^28) ( ^08^12 + ^01^02 ) = ^01^23 + ^02^13 + ^08^12 + ^12^18^^28 > (17) 

where 

«ii=aii(£i+^y)- 

The cubic Cg , i. e., the intersection of W and H, maps into the sextic curve 
Xi=^iyi, the curve of double points of § 7. The quadric corresponding to the 
plane TF, whose coordinates are (1, 1, 1, 1), is seen from (14) to be (^t/)=0, 
i. 6., is the circumsphere of T. This is one of the quadrics of the system and 
consequently the absolute is one of the conies of the system which map the 
plane W onto its corresponding surface R. Since to the plane W in Sy corre- 
sponds the quartic surface R in 5, and to W in s^ corresponds the quadric 
(^y) =0 in 5y , to the intersection of W and (^t/), t. e., to the absolute, will cor- 
respond the intersection of W and 12, i. e., a rational quartic on R, As the 
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absolute meets the cubic c^ in six points, this quartic on R will be on six points 
of the sextic Xi=j^^^. These two sets of six points are one and the same. 

To the four lines t/i=0, which are the lines of W cut out by the planes of 
T, correspond a set of four lines on R whose equations are 

and three similar ones. 

% 9. Surfaces Connected with ft. 

If three points are chosen, whose Cartesian coordinates are (a, &, c), 
{dj ^» /), (^» 5, t) and their polar planes, with regard to the quadric xy=Zj 
are determined, they will meet in a fourth point, whose coordinates are 

\-Q 7 — -7T ^ — 7^ ) ' ^here 4, 5, C, D are the first minors of a?, y, «, 1, respect- 
ively in 



= 0. 



X 


y 


z 


1 


a 


h 


c 


1 


d 


e 


f 


1 


r 


s 


t 


1 



If we put the ^-coordinates of these four points, which we shall consider 
as the vertices of a tetrahedron T, equal to zero, the resulting coordinates 
represent the projections of the points in the plane, z=Q. This is the principal 
tangent plane of the above quadric. These four projected points lie on a circle, 
for if the coordinates are substituted in the determinant 

6 1 
e 1 



2 



a 
d' 



+ 
+ 



^2 



(#J 



^ )' + (?,)' ^ 



s 
A 



a 

d 
A= r* + s^ r 

\CI C 
which vanishes if the points are on a circle, A becomes 



1 
1 



.•. The vertices of T are on a circular cylinder which is perpendicular 

to the principal tangent planes of all the quadrics I — ) =0. 

The reflections of the vertices of T in either of the principal generators 
of xy=z] t. e., in either of the lines a?=0, or t/=0, will give a new tetrahedron 
which is inscribed to T, i. a., of the kind called T' in the first part of this paper. 
Let them be T' and T". It is easily seen, either analytically or geometrically, 
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that the vertices of T' and T" are also on circular cylinders perpendicular to 
the plane z=0. It follows directly from the way in which T' and T" are deter- 
mined that r, T' and T" are symmetrically placed with regard to the e-axis 
of the quadric. 

Thus, T, T' and T" are inscribed in circular cylinders of equal radii, all 
of which are perpendicular to the principal tangent plane of the quadric xy=Zj 
and the axes of these three cylinders are on a circular cylinder whose axis is 
the z-axis of the quadric. 

For a point to lie on a cylinder is one condition, and as five conditions 
determine a cylinder, for it to be on four points leaves one degree of 
freedom. Then there are oo^ cylinders on four points. Beltrami has shown 

that axes of such cylinders meet the plane at infinity in the cubic curve ( — ) = 0. 

The axes of the above cylinders will all meet W on this same cubic. 

The axes of the circular cylinders on T form a ruled surface of the ninth 
order.* Each generator of this surface is then perpendicular to a double 
plane of H, and conversely, each double plane of £1 is perpendicular to one 
generator of the above surface. 

The axes of the paraboloids ( — ) = ^ ^^^^ form a ruled surface whose 
order can not be more than nine, for its generators pass through and are 

determined by the sextic curve of double points, and the cubic curve ( — ) = ^ 
at infinity. 

* J. B. Eck, "\jber die Verteilung der Axen der Rotationsfl&chen zweiten Grades, welche durch 
gegebene Punkte gehen" (Dissertation). 
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